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The djstribution of carriers and change of potential has been investigated in the interior 
of asemiconductor considered semi-infinite, when on the surface minority carriers of arbitrary 
distribution have been generated. The results have been obtained for the case of not too strong 
generation in the form of exact integrals. ; 

As a special case the light-spot diameter dependence of the photovoltage for the gene- 
ration by circular light spot has been calculated. According to measurements it is possible to 
determine the inner recombination and the surface recombination velocity. 


1. Introduction 


The aim of the investigations pursued in our Laboratory was to determine 
the distribution of carriers and the potential distribution in the interior of a 
semiconductor considered as semi infinite, in the case when electron — hole 
pairs were generated in an arbitrary distribution on the surface. 

The motion of electrons and holes in a semiconductor is partly governed 
by the strength of the electric field, partly by the thermal diffusion due to 
irregular thermal motions of the carriers. Besides, there are also recombination 
processes in the bulk of the semiconductor as well as on its surface. Experi- 
ments show that in general strong recombination centers are formed in the 
neighbourhood of the free surface of the semiconductor. The effect of these 
centers may be accounted for by choosing suitable boundary conditions. 

Considering the electric field, the diffusion and recombination, differen- 
tial equations and boundary conditions describing the distribution of carriers 
and the potential distribution can be established. The equations are based on 
experimental facts, but it is extremely difficult to solve them and up to the 

_ present no general solution has been found. 

In order to avoid these difficulties the experimental conditions have to 
be chosen in a suitable way, giving thus the possibility of obtaining an exact 
solution of the equations or at least approximating it as much as possible. 
In this way the theory may be supported by the experimental results and the 
characteristic physical data of the semiconductor too may be determined by 


means of these measurements. 
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It is possible to examine some special cases, reducing a three-dimensional © 


problem to a one-dimensional one. Thus C. Herrinc [1] discussed a one-— 


dimensional problem, where the diffusional current and recombination can be 
neglected. The problem treated by W. van RoossroeK [2] is also a one- 
dimensional problem, starting from more general conditions. Under such 


conditions, however, the effects due to bulk and surface recombination cannot _ 


be separated. 
Another method feasible in these circumstances seems to be the exami- 


nation of the number of holes and electrons if the number of holes is small in 
comparison with that of the free electrons in an n-type material, i.e. when the 
holes are in fact “minority carriers”. Then in the first approximation the 
differential equations are linear. This is the way followed by SHocKLEy in the 
discussion of the problem of p — n junctions. [3, 4] 

In this paper this linear approximation is used for the determination of 
the distribution of the concentration of electrons and holes and of the potential 
in an n-type semiconductor,* filling the infinite hemisphere in three dimensions 
in a general case, the electron — hole pairs being generated by arbitrary 
intensity on the free surface of the semiconductor. The exact solution of the 
differential equations is given in integrated form. For some special cases the 
integrals are approximately calculated. Consequently, the problem of generation 
by a point light spot is solved and the concentration of holes and electrons in 
the center of a light spot uniformly illuminated is calculated as well as the 
electric potential. 

While preparing this paper a communication by Roosproek [5] was 
published, dealing in general with similar three-dimensional problems. 
Nevertheless, he does not attempt to solve the differential equations in an 
exact way, but he starts from the assumption that the condition of local 
neutrality is fulfilled. He also neglects the calculation of space and is satisfied 
with obtaining an approximate solution. His results are very good indeed, 
being more general than ours, giving the distribution of carriers even in time- 
dependent cases, but — as it will be shown later on — the calculations based 
on the conditions of local neutrality cannot be used in order to determine the 
potential distribution. 

As to our calculations they are perfectly exact giving also the potential 
distribution. 

In our discussions the MKS mass system has been used. 


* For the sake of simplicity the investigations are limited to n-type semiconductors. 
Because of the existing analogy, the results obtained may be of course applied to p-type 
semiconductors too. 
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2. The physical problem 


Let us consider a partly illuminated semiconductor; the surface being 


_ illuminated in order to measure the physical constants determining the life- 


time of minority carriers from the potential and their distribution. 

The following conditions were assumed to be fulfilled : 

A) The semiconductor is perfectly homogeneous, both in the bulk of 
the material and on its surface. 

B) The effect of traps on the mobility of carriers may be neglected. 
This condition is important because it means the essential simplification that 


the recombination of electrons with holes is direct. In the case of Ge this 


assumption is usually justified. 

C) The semiconductor contains only one type of impurity (donors). 

D) The temperature is so high that practically all the impurities are 
ionized ; nevertheless it should be sufficiently low to allow the concentration 
of minority carriers in thermal equilibrium to be neglected. 

E) The number of minority carriers (holes) generated is everywhere 
negligible as compared to that of majority carriers (electrons). This assumption 
allows the linear approximation of the differential equations mentioned.in the 
introduction. This means that the calculations are limited to an illumination 
of not too high intensity. The results thus obtained may help in establishing 
the limit of the intensities of light which may be employed when making a 
linear approximation. 

F) The semiconductor is electrically neutral. If the semiconductor was 
originally neutral, then, as a whole, it remains neutral, since the process of 
generation creates holes and electrons in equal number. 

RoosBroEK goes a step further, supposing that not only the semicon- 
ductor as a whole is neutral, but that the conditions of electric neutrality are 
realized by each volume element of the bulk material. This “local neutrality” 
essentially means neglecting of space charge and application of the Laplace 
equation instead of that of Poisson. The adequacy of this hypothesis and the 
limits of its application, resp. will be treated in the following sections of 
this paper. 

It is well known that, if conditions (A) and (B) are satisfied the distri- 
bution of carriers in the bulk of the semiconductor and the electrical potential 
distribution in it, in a stationary case, are described by the following partial 


differential equations [6] : 


i, = — eu, pVy—eD, VP: (2.1) 
i, = —eu,nVy+eD, Vn, (2.2) 
Vip = (8: — 7) (2.3) 


Vin = e+ (1; — 81), (2.4) 


1* 
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Ay= _ (n +1, — P — Pa): (2.5) 


The notations mean: — 

i, = the current density of electrons, 

ip = the current density of holes, 

p = the number of holes per unit volume, 

n = the number of free electrons per unit volume, 

Mn = the mobility of electrons, 
yp = the mobility of holes, 

= the electric potential, 

e = the absolute value of the elementary charge, 
D,, = the diffusion coefficient of electrons, 
D, = the diffusion coefficient of holes, 

e = the dielectric constant of the semiconductor, 
nq = the number of acceptor impurities filled per unit volume, 
Pa = the number of vacant donor impurities, 
number of carriers generated by thermal motion, 

rj = the number of recombinations in unit volume per unit time. 

In consequence of condition (C) n, = 0 and p, = constant. 

According to condition (D) the concentration of the carriers far from the 
spot of generation must be p ~ 0, n ~ p, resp. as a consequence of thermal 
equilibrium. 

The electric potential is related to a very distant reference point where 
it is taken as zero. 

The condition (E), neglecting terms of secondary order, leads not only 
to the linearization of the differential equations, but also allows the assumption 
of the exponential decay of carrier concentration deviating from thermal 
equilibrium, e.g. the sum of generation and recombination is [6] : 


= 
| 
o 
=a 
o 


7 “ ; (2.6) 
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where t, is the average lifetime of holes; being independent of the number of 
minority carriers and of the way of their injection, it may be taken as constant. 

Maintaining the above assumption, the system of equations just mention- 
ed will evolve into a system of linear equations as follows : 


i, Shoe eD, VP; (2.7) 

i,= — Cy Pa Vy+eD, Vn, ' (2.8) 
: e 

Vi,= seg (2.9) 


Pp 


yale ee 


(2.10) 


(2.11) 


Now let us pass on to the boundary conditions of the differential equa- 
tions. At points where no generation takes place the following boundary 
conditions are valid for the normal components of the currents [6] : 


Tpt = — esp, (2.12) 
t,1 = “‘esp. (2.13) 


If electron — hole pairs are generated on the surface of a semiconductor 
charge carriers are created in a thin surface layer and they enter the bulk of 
the semiconductor. In order to include these spots of generation into our cal- 
culations, the number of carriers entering the bulk material per unit time will 
be given by an arbitrary space-dependent distribution function g In other 
words, the general boundary conditions valid for the normal components of 
the currents are th? following : 


tpi = — esp + eg, (2.14) 
i,j, = esp—eg, (2.15) 


where s is. the surface recombination velocity. The boundary conditions as 
stated in this form involve the above special case when g = 0. 

. It will be shown that the boundary condition (2.14) is sufficient to deter- 
mine the distribution of concentration of minority carriers, i.e. holes. In order 
to determine the distribution of electrons and of the potential supplementary 
boundary conditions are needed besides (2.15). The missing boundary con- 
ditions are easily found and fulfilled. The electric field formed in vacuo in the 
neighbourhood of the semiconductor defined by potential y, must be deter- 
mined and the values of the potential on the free surface of the semiconductor 


‘must be equal : 
Yo=¥: (2.16) 


On the other hand, since no real charges are supposed to exist on the 
surface the normal components of the displacement vectors must be conti- 


nuous across the surface : 


Eo (VP)i = E(V¥P)1- (2.17) 
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3. The solution of the differential equations for a special case of rotational 
symmetry 


The investigacions were started by examining generation due to a special 
rotationally symmetrical light distribution. Let us take a cylindrical coordi- 
nate system (r, y, 2). The semiconductor is then occupying the hemisphere 
z => Oand r = O should be the axis of the system. 

In this case g means a function in the z = 0 plane depending only on r. 
This function may be converging more strongly towards zero with increasing r 


Pract | 
than is —. 
a 


Furthermore it is necessary that g should be of such a form that Hankel 
transformations can be applied. Using the Hankel transformation 


G(w) = s g(r) Jo(wr)rdr. (3.1) 
g(r) may be written in the form : 
g(r) = {6(@) J (ro) w dw, (3.2) 


where J, is a Bessel function of the first kind. 
Eliminating the currents from formulae (2.7)—(2.10) by substituting 
equations (2.7), (2.8) and (2.11) into equations (2.9) and (2.10), we get the 


system of partial differential equations (in cylindrical coordinates) of the 
following form : 


—e a eat ete Se eae 0, r 
or? Oz? aS sl nate F Ga 
02n O2n 1 dn eu, Pa a 
Or? Oz? r Or éD, a 
4+ [Feet . 1 ] € Ly, Pa 0 aie 
éD, D, Tp éeD, 
ay dp 13M. 8 
Or? 022 - or se E Spit a gs eS G5) 


Let us simplify the notation by putting 


t= —n+ p+ Py, (3.6) 


| L,= (Dpt,)¥? _ (3.7) 
‘is the diffusion length of holes, 


: o= € hy Pa (3.8) 
_is the electrical conductivity of the semiconductor in equilibrium state, 
5" D 

es (3.9) 
Dy, Mp 
q is the ratio of the mobilities, 
= — : 
f ' ¢ sg (3.10) 


is the “surface diffusion length” and 


—_ ee )" (3.11) 


; 
; 
4 
; 


is also a quantity of the dimension of length, meaning the distance within 
which the space — charge effect is significant. It may be called the Debye 
_ length, emphasizing the similarity to the characteristic length in the Debye— 
_ Hickel theory of strong electrolytes. 
With these notations and subtracting equations (3.3) and (3.4) we get 
the following system of differential equations : 


op, tp 1 ep 1 


ee = 0, 3.12 
or? 82” r) Sr... L} < ne) 


2 a 
Oe? ay 1 ae Bde FF (3.13) 
or os r Or~ DL} bL? 
2 2 
PS PO PI es, (3.14) 
or? Oz? r Or é 


In the first step we did not consider the boundary conditions and we 
solved the differential equations for the case when functions p,t,y are 
vanishing at infinity z—> + oo and the Hankel transformation can be applied. 
Denoting by P, T and ¥ the Hankel trausform of p, n and y, ie. 


P(o,z) = { plr.2) Jo (r) r dr, (3.15) 


p(o,2) = { P(o,r) Jo (ro) @ do, (3.16) 


a sore — 7, 


dz? € 


The general solutions of the homogeneous equations vanishing at 
z—>-+ oo are: 


P,,(oo,2) = A(w) e a a) 2 | (3.20) 
T (0,2) = B(o)e ae is (3.21) 
W ,(@,z) = C(w) e?. (3.22) 


A particular solution of the inhomogeneous equations (3.18) and (3.19) is: 


(6 — 1) L? toy PRY ee 


T (w,z) = b(L3 — L3) (3.23) 
V fo) = O— DEE yy ) 
eb (L3 — L}) eae 


Summing up the solutions of the homogeneous equations and the inhomoge- 
neous equations we get the general solution which contains the arbitrary 
functions A(w), B(w), C(w). Thus three boundary conditions can be fulfilled. 
These boundary conditions may be different for various semiconductor prob- 
lems, therefore the general solution was determined independently of the 
boundary conditions. 

Satisfying now the boundary conditions of § 2, we get the interesting 


result that boundary conditions (2.14) and (2.15) determine A(w) and C(a), 
but B(w) remains arbitrary. 


: saci conditions (26) aan 


} holds : 


Its Hankel tanberse is: 


EN (3.26) 


ae : Oz? 
F is solution vanishing at z > — oo is: 

\ D() e”, (3.27) 
_ The above two equations determine B(w) and D(o). 


L Introducing notations (3.5)—(3.11) and applying the Hankel transform- 
: _ation, the boundary conditions (2.14)—(2. 17) take the form : 


4 

E> ‘ oP) = 1 

Z ae er GG) 5 3.28 
4 oe ois Bpoceae 5, Ga) 
Ses pe ar ai 

: el? \ 82 Jz-4 =| 8% Jz~0 8z Jz=0 

4 1 (3.29) 
= — aed Phy G @), 

: 2bL, z o+ eD, ( ) 

7g (Y,)2=0 = P2=o (3.30) 
Fall = (s) (3.31) 
: 8z }2=0 82 Jz=9 


From this it follows: 


2 Go) ‘“ 
© leas on 


€ 
@ 
(6 — 1) L? Eq 
B(o) = -—_——"_?. 
b(L3 — L3) o+=(or+ 7)" D,| 1 +(+ 3)" ] 
& L L ae 


ie oe kOe, 8 vibe hot LP | 


= 1?) ee 


Thus the general solution is given wale the Hankel transformation. 
It may be shown by simple substitution that our solution nie he 
_ neutrality condition (F) : 1 


and its Hankel transform : 


(T(0,z) dz =0. (3.37) 
6 


4, General solution for the case of arbitrary generation of carriers 


The general solution of the problem of arbitrary generation on the 
surface of the semiconductor may be found as follows. 


a. | 


As a first step the distributions are determined for a point generator. 


Supposing the function g(r) 


G 4 


aes (4.1) 


a(r) = 
in the form of a Gaussian distribution, G: the number of carrier pairs gene- 


rated in the semiconductor is independent of a: 


r? 
A ——- 


47a” 
G(w) belonging to (4.1) is 


Cla) = ea, (4.3) 


if a—> 0, we get a point source with divergence G : 


C(a) = = (4.4) 


cA : ices rdrdy=G. (4.2) — 
; ; 


« 


a 


gray bein? G ante Da - 
thescltion is: ae 


ti . eae 


ee A (rw) w dw, 4.5 
= z. = "f (4.5) 


Ye {r. fr) Gc} Se 
in eae oe 


Notations p,}r, zG{ etc. are introduced for the sake of simplicity in writing 
the further formulae. 

Now let us consider a general case. The coordinate system used by us is a. 
Cartesian system (Fig. 1). z = 0 is the free surface. The arbitrary function 
g(x, y) describes the number of electron — hole pairs generated in the point 
(x, y, 0). Applying the divergence we get the solution in any arbitrary point 
inside the semiconductor : 


P(%o> o> 20) hs (e Pei L(x = Xo) + ly = 0) 714s 20 B(x )} dx dy, (4.8) 
W%npYor%) = {| my fl(x— xo)? + (¥ —yo)"T4s tale y)pdxdy, (4.9) 


(9 Yor 20) = ate a eA (x — %0)* + (¥ —Fo)*}t 7.8(% y)Paxdy. (4-10) 


eae” ‘he PJ 7 


rand (1). SRA Pe 
| Taking into coneklavaion ie Ree oe Wei ta: 
_ Appendix, the integral (4.5) may be calculated and oS : 


se 


_ (+e 
(r, 2) = a (ais, ts 
Pe 3x D, (e+e)? 

on ei 9 Gace 1 

aa , a (r2 + 22)12 bre ig a 41 Et 
~ + |) eee . Eo 

7 reed bp Tp ls (s3- 4 oy | 

Si iL 


Te ee 


and, accordingly, on the free surface z = 0: 


pir Ofereee f een 8 ( Ly ||; (5.2) 

2x Dr 2h, Ly ~ Vy why: 7 
L, 
The term in the square bracket depends only on the values of — and aL, 
p 
In what follows this latter dimensionless constant which is characteristic ics 
the substance will be denoted by : 

~ 5.3) 

\# (6.3) 
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bracket were calculated for various values of J’ and drawn with a solid line in 


Knowing the values of the function @, the values of the tecm in the square 


i 
Fig. 2 as a function of In = . According to relation (5.2), if oer is repre- 
p 


é J rT 
sented as a function of In —, the curve thus obtained will correspond to one of 


the curves in Fig. 2.; that is to say, it will be obtained as a function of In r 
by a horizontal displacement of the former by the value In L,. In such a 
‘representation the results of measu:ements may be easily evaluated. 

The case s = 0, when there is no recombination on the surface, is repre- 
sented by the curve L, = © and J" = 0, this is the steepest among the curves. 
With growing surface recombination the curves become flatter and flatter and 
displaced. From this flattening and from the degree of shifting, the extent of the 
inner and surface recombination may be separately determined. 

If in the first approximation we do not take into consideration the 
distortion of the curves, the influence of the surface recombination on the 
lifetime of the holes may be visualized as followed. First let us introduce an 

“effective lifetime’. The curve corresponding to the case s = 0 will reach its 


half-value 0,5 at aa 0,69. Accordingly : 


p 2 
2 
a Sp (5.4) 
0,69°D, 
thus in the case s + 0 
Th 
pa 5.9 
me 0,692 D, se 


will be called the “effective lifetime’’, where r, denotes the value at which the 
corresponding curve will decrease to its value of 0,5. 
Accordingly also an “‘effective diffusion length” can be defined : 


Th 


0,69 


Lpett = (D, Tet) ?2= (5.6) 


According to Fig. 2 the values of a corresponding to the half values 


p 


ce! is plotted against In J"?. In turns 


of various I" were determined. In Fig. 3 In 


out that for large values of I’ the curve becomes an inclined straight line. 
The slope of the line gives the following relation for large values : 


0,493 


L, = 0,986 L, ~ L,- (5.7) 


ipeff — 


\ 
g q 
fie UB) (Bo ]B z WN 
ME TTT TPN NORA 
MTT 
OL 5 Or ll 


,-OL 


ee eee vee eee 
- obtained also directly if we examine what kind of 
ieeear: for ‘Tp—> co, ie. when the inner recombination 
le beside the surface recombination. In this case (5.1) beco- 


=e Eeyore el 
md, eae an a, Vath} 8 


af] 
Dp 


_and on the surface according to the results of the Appendix : 


G % 2 T ro 
, 0 a 1 — — Q at ad . Ci 
aah aaa 2 2L, Gets 2 oF No(57-]| ED 


The function in the square bracket was plotted in Fig. 2 with a dotted line. 
From it it is seen that 


Tpett = 0,242 wi ; (5.10) 
s 
that is to say 
Lyest = 0,986 L, ~ Lg. (5.11) 


Let us apply our result for Ge at room temperature (D, = 4,4 - 10-° 


m? sec~!), Numerical results are given in Table I, values of Los are given in 


microns. 


0 
4) 
0. 
0 
a 
0 
0 
0 
0 


From the results thus obtained we can also examine up to what values of 


G and r our linear approximation will hold. (et us arbitrarily assume that the — 


number of minority carriers is nowhere more than 10% of the total of the 
majority carriers. 
Accordingly, we require that 


Erg Pe (5.12) 


Pa . 
From this applying (3.10), (5.2) and (5.3) we obtain : 


asks Le. ; (5.13) 


eu, [e+e — "6, [=e : r) 
: Pp Pp 


G< 


the value of the term in the bracket may be read from Fig. 2. : 

Now we go on to the discussion of the expressions (4.6) and (4.7). Of the 
integrals occurring in these expressions only one can be determined by our 
method described in the Appendix. However, in the case of Ge at room 
temperature the physical constants allow a good approximation for the other 
integrals. For Ge [6]: 


e = l6e,= 16- 8,86 10°” A bee Vom, 


ih < 0,50. 2m, 
o 


« | women laa paar 


alse gl Sha bok steer oe, np AOA sec,'- sakes 
fisiere bf Ted? © ; D, = 4,4.10-3 m? sec, r). a 
| b =2,1, 

s <10?m?sec". j 7 


ils < 2,2- 108 m-?, 
Ly 


1 


: - > 1,6- 102 m-2, 
3 oon 

4 - 

f 


<2,2-10¢m—, 


Knowing these values, let us consider first the expression (4.7) of y(r, z), 
where the difference of two integrals occurs. 


As 


<— (5.14) 


the second integral decreases with increasing z and becomes negligible com- 
pared with the first integral. z = L, measures roughly the critical depth, if it 
becomes much larger the second integral disappears. Let us now consider the 
case z = 0, which is from the viewpoint of depth, least favourable. In this _ 
case after the reduction of the two integrals into a single one the function _ 
J)( r) in the integral is multiplied by the following terms : 


fi(o) = 
Wocls ae (2 ae rhc 


o & L? @ 
— ; i — % Af . 7 eae i 112° (5.15) 
o — Chak a— | oo w ae 
Be rah he (ap) Mar: | za] 


From the conditions (5.14) it follows that for small w the second term 
becomes negligible relative to the first one. Both terms will become of the same 
order of magnitude only if @ becomes very large. Thus we tried to approximate 
the function f\(@) by the following one : 


fir(o) = 


@ Ww 


ee efor Sy 
Beers el alr 
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Ee arg oe 
Fa ied ses in the den 
; Ss : ot : se 
nator partly to obtain the best possible approximation for large values of w. 
Our approximation was checked by using the values : ‘oe 


values of w its value might become suitably small, 


x 


| 29.108. ms) = at6toe ms ana 1 = 2210-0 
L 7; Oe ary ae | 


Ss 


which are unfavourable from the point of view of approximation, and tabulating 
filw) and fi;(@) for various values of w. Table IT shows that when the functions 
take large values the deviation remains within 1—2°% and it never becomes 
larger than 6,2%. 4 


Table II 
o(m~-*) fj | Sut | % } 
0 =i ~ 7 +1,6 
102 0,00425 0,00418 +1,6 
103 0,0520 0,0512 +1,5 
5+ 103 0,183 0,180 +1,6 
104 0,309 0,304 +1,6 
5+ 104 - 0,665 0,655 +1,5 
105 0,751 . 0,742 +i,2 
5+ 105 0,598 0,596 +0,3 
108 0,358 0,367 —2,5 
5+ 108 0,0327 0,0342 —_4,6 a 
10? 0.00743 0,00787 —5,9 
108 0,0000753 0,0000800 - —6,2 


co — — —6,2 


If we now examine the expression (4.6), we shall find first eats . 
L 


becomes negligible beside 1, and secondly the integrands deviate from (4.7) 
only in so far as the coefficient of the second term takes only about half the 


value met in the first case. Thus the approximation used with the expression 
(4.7) will become even more useful. 
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On the plane z = 0, with (5:14), and taking also (1.3) into consideration 
we get 


tr bag LE te) 
n(r, 0) = Ppa + 2n Dr f 2L, L, 0 L,* 20: 
(5.19) 
oer | L, a4 Fal 
3%. neke — eee 0 
2x D, br 2L, L; L; 
and 
Ceti 1) ie ok, oF B Ly } 
, 0) ~ ———— |e — Soma, | eet aes | ae 
Aad ere TW Ae) Pek Te 
(5.20) 
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In this expression the form of the first term again corresponds to one of 
the curves of Fig. 2. The second term on the other hand corresponds to the 
curve I’ = 0 of Fig. 2, only with an opposite sign and instead of L, we have L; 
which is by orders of magnitude smaller than L,. Consequently, also on the 
surface, at distances from the place of generation considerably greater than L; 
these terms will be negligible.The curves of Fig. 2 are also suitable for the deter- 
mination of n and y we must only know that for very small values of r= L; r-y 
decreases to 0 and the value of r - n reduces to ————. 
2x D,b 
It is worth while to compare the distributions p(r, z) and n(r, z) with 
those which can be obtained by assuming a priori a local neutrality. Our 
results show that the expression for the distribution of holes obtained with the 
latter approximation is really exact. The exact electron distribution on the 
other hand deviates from the distribution of holes, thus giving the deviation 
from the condition of local neutrality. The fact that the expression 


1 — L3/bL2 
1 — L/L 


approximates 1 quite well, but is in fact a httle more than 1, shows that far 
from the place of generation the electrons are to a certain extent in the majo- 
rity, thus producing a small space charge. These surplus electrons which are 
distributed over a relatively large area are absent from a small environment 


ev L, of the place of generation, here a relatively large positive space charge 
exists. : 


q ON THE DISTRIBUTION OF CARRIERS IN A SEMICONDUCTOR =i 
e A further valuable result of this more exact analysis was the exact 
determination of the potential distribution. This cannot be made by assuming 
an a priori local neutrality. With this latter condition we would obtain from 
the equations (2.7)—(2.10) 
z | 


Ay=0 . 
s (5.21) 


fet e(D,, — D,) ee (Dy, —D,) |p 
0 o Dit 


AY 


+0, (5.22) 


which are apparently contradictory. 

Our results show that at a great distance from the place of generation, 
where the condition of neutrality is already well realized, the following equation 
applies : 


fee ep) 


, 2 
2 P (5.23) 


while in the immediate neighbourhood of generation rather the former will be 
valid and 
y ~ const. (5.24) 


6. Excitation with a circular light spot of uniformly distributed intensity 


We have determined the concentration of holes and electrons and the 
potential in the centre of the light spot for the case of a spot of radius R and 
uniformly distributed intensity. 

Re-writing (4.8) in polar coordinates for the case ry = 0 and z = 0 we 


obtain : 
ane 
a 1 {J | g(r) Jo (wr) ra - dw dr dg. (6.1) 
2x D, ! +{o* 4. | 
00 0 QL, \ L2 
As in this case 
g(r) = ¢ = const. if r<R 
& (6.2) 
g(r) =, if’ rR 


it follows that 
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and according to the calculations given in the Appendix : Irevtage 
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Introducing /’, with a small transformation we obtain : 
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The term in the square bracket is here again a function of only — andl. 


P 
As the function was known this could be computed and was plotted in Fig. 4 
with a solid line, Similarly to the former group of curves we again find that the 
curve which belongs to I’ = 0 is the steepest, with increasing values the curves 


i ‘4 
=—,ie. I= 1(6. 
Thee? e (6.5) becomes 


meaningless. In this case, according to the Appendix the distribution of holes 
is given by 


become gradually flatter and displaced. If 
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For special cases we also examined the case, where the inner recombi- — 
nation becomes negligible relative to the surface recombination. Now we 
obtain t,—> co, A—> co: 
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The term in the square bracket of the expression was plotted in Fig. 4 with a 
dotted line. | 

For the electron concentration and potential distribution according to 
the analysis of the previous section, we now obtain : 
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In these expressions at values R ~ L, the second term becomes negligible 
as the coefficients of the second term are by orders of magnitude smaller than 
those of the first term. They play a role only at values R ~ Ly. 

Finally it is worth while to examine the limiting values of the expressions 
(6.5), (6.8) and (6.9) for the case of R—> co, that is to say in the case when the 


diameter of the illuminated area becomes very large. In this case, neglecting 
the terms L,, we obtain : 


A= Sa ay (6.10) 
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. These expressions give the charge concentration and the potential 
‘ istribution in the semiconductors uniformly illuminated on their whole 
surface. . 

With ithe aid of the expression (6.10) we may determine the limit of the 
strength of illumination up to which the linear approximation may be used. 
Similarly to the previous sections it must be required that 
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is taken into consideration and 
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must necessarily apply. 


7. Experiments 


From Fig, 4 it may be seen that with the increase of the ratio of surface 
recombination te bulk recombination, the graphs flatten out. The curves are 


plotted against log = plotting them versus log R causes a horizontal shift 
by log L,. c 

We had to determine the value of t, resp. s by this method from 
horizontal displacement and the slope of the curves. 

The experimental arrangement is presented in Fig. 5. The image of a 
variable diaphragm D was projected on the surface of a germanium sample by 
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the lens systems I and II. A point contact was placed in the centre of the.cir 
cular light spot and the dependence of the photo e. m. £5 on the spot radius wad | 
determined. The light beam was chopped by a rotating disk and the alternating | 
photo e. m. f. was amplified. a 4 
Since the photo e. m. f. is proportional to the number of minority car- 
riers, its values correspond to a quantity proportional to the term (6.4). The — 


proportionality factor depends partly on the recombination, partly on the | 


iaputie? fae 


Fig. 5 


Voltmeter 


point contact. It was eliminated by normalizing the saturation value of the 
photo e. m. f. at very large values of R to 1. 

Fig. 6 represents our experimental results for a germanium sample. 
Applying a fine polishing and etching the surface recombination rate decreased 
to a negligible value of the bulk recombination. The curve 1 corresponds to 
s ~ 0 and L, = 430 uw. The curves 2 and 3 belong to later states of the same 
sample. The sample was held in air without any further treatment. The surface 
recombination rate was s = 440 cm/sec. resp. 1200 cm/sec after 1 resp. 2 weeks. 

Then the surface was roughened. In this case, however, no photo e. m. f. 
was observed with the apparatus, having a sensitivity 1 wV. Finally the 
roughened surface was etched for 1 minute. Then a slight photo e. m. f. was 
found and according to the curve s = 6500 cm/sec. 

Summarizing the results, a suitable method was developed for the deter- 
mination of slight changes in the surface recombination rate of a germanium 
sample, without destruction of the crystal. Unfortunately, the method is not 


applicable in case of high values of s because of the low values of the photo 
e.m. f. 
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Appendix 


Let us introduce the following functions of two variables : 


r etdé 
ar A.l 
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a ia =| (2 — 02 + T? x2)? (4.2) 
These functions can be reduced to known ones if [= Oand/'=1. 
If I = 0 (substituting € = x7) 
o eon dy oy A3 
Gy (x, 0) = J (q?#—1)" = K, ) ’ (A.3) 
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In the expressions given above K, and K, are modified Hankel ichetiaae : 
and Ei is the exponential integral. The functions ¢, and ¢, exhibit continuous 
transition between Bessel functions and exponential integrals and exponential 
_ functions respectively if I’ is varying continuously. Their values were deter- 
mained with an accuracy of 1°, and they are presented in Tables III and IV. 
_ With the aid of these functions the following integrals can be evaluated : 
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_ by the simple substitution : 


&=ac + ax + b (x? + 2ex + d?)12, 
Ifc=0O and b-+0: 


. —ax J. 4 
J Gexane = 7 Mole) —-No(aay] (A.8) 
B) If a>0, b>0, c>0, d>0, a+b 
2_ 59) (a2 — 2 
+ba, |/ EHO 41], (A.9) 


as also follows from the substitution given above. Furthermore, this substitu- 
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Integrating (A.12) partially 
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_ AstopoM paOoThl HccneqoBaHbI pacipefenenve HOCHTeNeH SapxqOB HM HSMeHeHHe T10- 
feHiMasa BHYTPH NosyOecKOHeYHOrO NONyNpOBOAHHKa, — Kora Ha NMOBeEPXHOCTH reHepH- 
VIOTCA HEOCHOBHBI€ HOCHTEIM 3apAQOB B MpOHSBONbHOM pacnpexeneHnu. PesynbTaTH ObIH 
IOJIVYEHI WIA CyYaA He OYCHb CHIbHOrO BOSOyKAeCHHA B BHe TOUHOTO HHTerpasa. 

- Kak cneuManbyHpli cayyai BHYHCIeHa 3aBHCHMOCTh OTONMOTeHIMasla, reHepHpOBaH- 
-CBeETOBLIM MIATHOM KPyrnoH MOpMbI, OT AHaMeTpa cBeTOBOrO NATHA. Ilo pesybTaTaM 
JCHHIX H3MEPeHH OTKPbIBaeTCA BO3MOXKHOCTh iA OMpeeneHHA BHYTPeHHeH PekKoM- 

es a TakoKe HM CKOPOCTH NOBepXHOCTHOH peKOMOHHAaLMH. 
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4 LAUFENDE SCHICHTEN KLEINER AMPLITUDE 
_ IN DER ARGON-NIEDERDRUCK-ENTLADUNG* 
4 


Von 


Karu WojyaczEK 


DEUTSCHE AKADEMIE DER WISSENSCHAFTEN ZU BERLIN, PHYSIKALISCH-TECHNISCHES 
sae : INSTITUT, BERLIN 


(Vorgelegt von G. Szigeti. — Eingegangen: 17. II. 1959) 


Unter kewissen Entladungsbedingungen kénnen in der homogenen positiven Sdule 
aurch geeignete Stérungen am Kathodenende der Saule kiinstlich laufende Schichten erzeugt 
werden, welche als kleine Stérungen der homogenen Siaule aufzufassen sind. Das Dispersions- 
verhalten dieser laufenden Schichten wurde fiir Argon-Niederdruckentladungen bei verschie- 
denen Drucken experimentell untersucht. Die beobachteten Gesetzmassigkeiten lassen sich 
gus einer linearisierten Diffusionstheorie der nichtstationéren positiven Sdule herleiten. 


1. Einleitung 


In weiten Bereichen der Entladungsparameter ist die positive Saule der 
Niederdruckentladung nicht homogen, sondern geschichtet [1]. Unabhangig 
davon, ob laufende oder ruhende Schichten vorliegen, kann man dem Aufbau 
der Ejinzelschicht nach zwei extreme Schichttypen unterscheiden: Die 
Schicht des ersten Typs besteht aus einem ausgepragten Schichtkopf mit 
scharfem Kathodensaum und einem langeren Schwanzteil. Der Verlauf der 
Lichtintensitat langs des Rohres lasst sich in diesem Fall als eine Folge von 
Zackenimpulsen darstellen (6-Schichten). Die Schichten des zweiten Typs sind 
dagegen durch kleine sinusférmige Schwankungen der Lichtintensitaét bei 
einem hohen Gleichlichtanteil zu charakterisieren. Derartige Schichten erschei- 
nen bei visueller oder photographischer Beobachtung nur als verschwommene, 
wenig ausgepragte Gebilde. Die unter nicht besonders ausgewadhlten Bedin- 
gungen beobachtbaren Schichten stellen meist einen Zwischentyp zwischen den 
beiden genannten Typen dar. , 

Beide Extremfalle sind einer theoretischen Behandlung zuginglich. 
Wegen der starken Nichtlinearitaten ist die Theorie der 6-Schichten kompli- 
ziert und erst in neuerer Zeit mit Erfolg in Angriff genommen worden [2]. 
Eine grdssere Anzahl von Arbeiten dagegen behandelt den Fall der verschwom- 
menen Schichten, in dem die Schichten als kleine Stérungen der homogenen 
positiven Saule aufgefasst werden kénnen [3 ]—[8]. Die Ubereinstimmung 
zwischen den Ergebnissen dieser Theorie und dem Experiment ist aber im 


* Vortrag auf dem Colloquium tber Gasentladungsphysik in Balatonvilégos 1958. 
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allgemeinen noch sehr unbefriedigend. Man erhalt zwar die Schichtweite in anni- 
hernd richtiger Grosse, jedoch fiir die laufenden Schichten stimmen die errech. 
neten Schichtfrequenzen bzw. Laufgeschwindigkeiten nicht einmal grésse . 
ordnungsmassig mit den Messwerten tiberein [4], soweit tiberhaupt quantitative | 
Resultate in dieser Richtung geliefert werden. Ob die Diskrepanz zwischen | 
: 


Theorie und Experiment darauf beruht, dass die bei der Theorie Voransgesetat BO 
Linearitat der Stérungen verletzt ist oder darauf, dass die bisher oe 
ten Theorien der kleinen Stérungen der Sadule noch in entscheidender Weise — 
mangelhaft sind, kann solange nicht entschieden werden, wie zum Vergleich 
_nur »nichtlineare« Schichten herangezogen werden. 
Um dieser Frage auf den Grund zu gehen, ist es notwendig, laufende : 
Schichten kleiner Amplitude zu ziichten und somit gerade die bisher wenig 
beachteten verschwommenen Schichten eingehend experimentell zu unter- 


suchen. 


2. Messanordnung und Messbereich 


Laufende Schichten kleiner Amplitude lassen sich im Ubergangshereich - 
zwischen homogener und geschichteter Saule beobachten. Oberhalb der im 
schraffierten Gebiet der Abb. 1 verlaufenden Grenzstromstarke ig ist die 
positive Saule bei ungestértem Gleichstrombetrieb frei von laufenden Schich- 
ten [9]. ig betragt bei den Edelgasen gréssenordnungsmassig einige Ampere 
und ist fiir Ar kleiner als fiir Ne und He. Deshalb wurde als Untersuchungs- 
substanz Argon gewahlt. Der Aufbau des verwendeten Entladungsgefiasses ist 
der Abb. 2 zu entnehmen. Der Innendurchmesser des Rohres betrug 3,1 cm. 
Das Rohr wurde an der Pumpe betrieben, sodass die Messungen bei verschie- 
denen Drucken durchgefiihrt werden konnten. Die Drucke variierten zwischen 
0,2 und 4 Torr. Zwei Sonden tblicher Bauart gestatteten, die Elektronentempe- 
ratur und den Potentialgradienten der Saule zu messen. Die laufenden Schich- 
ten selbst wurden auf photoelektrischem Wege mittels Elektronenstrahl- 
oszillographen ausgemessen. 

Die Untersuchungen zeigten, dass man laufende Schichten kleiner 
Amplitude mit besoders deutlichen Gesetzmassigkeiten erhalt,wenn man von 
einer Entladung mit homogener Saule bei einer Stromstarke dicht oberhalb ig 
ausgeht und in ihr laufende Schichten kiinstlich anregt. Dies kann dadurch 
geschehen, dass man das kathodennahe Gebiet mit einer geeignet gewahlten 
Frequenz auf elektrischem Wege stért [10]. Hierzu diente die Hilfselektrode H. 
Zwischen ihr und der Kathode K, wurde eine Hilfsentladung meist im Impuls- 
betrieb gebrannt. Die anregenden Einzelimpulse dauerten jeweils etwa 10 pus, 
die Impulsamplitude betrug etwa 1 kV. Die Anregung der kiinstlichen Schich- 
ten mit Impulsen hat den Vorteil, dass man die Lichtschwankungen auf Grund 
der Strommodulation gut von den eigentlichen laufenden Schichtev trennen 
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parameter verschieden. Dies erscheint zunachst als eine Komplizierung der 
Verhiltnisse, erméglicht aber bei naherer Betrachtung einen tieferen Einblick 
in den Schichtungsmechanismus. 


3. Messergebnisse 


Die kiinstlich erzeugten laufenden Schichten kleiner Amplitude zeigen 
ein streng sinusférmiges Schwingungsbild, auch wenn sie durch eine Impuls- 
entladung angeregt werden (Abb. 3). Sie sollten also treffender als Wellen 


38 K. WOJACZEK 


bezeichnet werden, und zwar, wie noch naher begriindet werden wird, | 
Elektronentemperaturwellen. ; | — 
Die Wellenlange, d. h. die Schichtweite s, hangt linear von der se 
frequenz ab, wie Abb. 4 fir p = 0,5 Torr zeigt. Die Laufgeschwindigkeit 
v =s- », die ibrigens von der Anode zur Kathode gerichtet ist, wachst daher _ 


Abb. 3 


etwa quadratisch mit der Frequenz. Es lassen sich allerdings nicht Schichten 
von beliebig kurzer oder beliebig langer Schichtweite erzeugen, sondern nur 
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solche, bei denen der Schichtabstand nicht kleiner als etwa der zweifache und 
nicht grésser als etwa der sechsfache Rohrradiu; ist. Von der Stromstarke sind 
die Schichtweiten oberhalb der Grenzstromstarke nur wenig abhangig. 
Dagegen kann noch folgende wichtige Beobachtung gemacht werden: 
In axialer Richtung bleiben die Schichtamplituden nicht konstant, sondern 
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ae uid, x = ae Auch die Amplifikation d ist bei festgehaltenem 
Entladungsrustand eine Funktion der Ba ae (Abb. 5). d(v) nimmt bei einer 
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_bestimmten Frequenz ») ein Maximum an. Diese Frequenz stimmt recht genau 

mit der Frequenz iberein, mit der unterhalb der Gienzstromstarke natiirliche 
laufende Schichten auftreten. Bei Stérungen der positiven Saule mit Frequen- 
zen weit ab von der Resonanzfrequenz werden die erzeugten laufenden Schich- 
ten sehr stark gedampft, und man kann sie nur auf einem kurzen Sdulenab- 
schnitt anodenseitig von der Stérstelle beobachten, und ihre Ausmessung ist 
daher schwierig. 

Die Amplifikationskurve ist noch stark vom Strom abhangig. Eine 
Vergrésserung des Stroms verschiebt die Kurve als Ganzes in Richtung kleine- 
rer Amplifikation. Die Frequenzlage des Amplifikationsmaximums bleibt 
dabei innerhalb der Messgenauigkeit erhalten. Abb. 6 zeigt die Abhangigkeit 
der maximalen Amplifikation d) vom Entladungsstrom. In Nahe der Grenz- 
stromstarke hat d,(i) eine Nullstelle und steigt mit sinkendem Strom tasch an. 
Auch noch unterhalb der Grenzstromstaérke kann d, am Kathodenende der 
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4. Folgerungen 


Aus den experimentellen Beobachtungen ergeben sich fir den Aufbau 

einer linearen Schichttheorie folgende wichtige Hinweise : 

1, Bei Schichten kleiner Amplitude hangt die Amplitude exponentiell 
vom Abstand von der Anode (genauer gesagt, vom Abstand von der 
Kathode) ab. 

2. Die Schichtfrequenz ist als ein innerhalb gewisser Grenzen frei wahl- 
barer Parameter aufzufassen. 

3. Das natiirliche Schichtungsverhalten ist durch die Lage des Ampli- 
fikationsmaximums festgelegt. 

4. Die Grenzstromstarke fiir den Existenzbereich laufender Schichten ist 
annihernd durch die Nullstelle der maximalen Amplifikation bestimmt. 


——— 


Die bisherigen linearen Theorien der laufenden Schichten [3], [4], [6] 
rechnen dagegen von vornherein mit d = 0 und kénnen daher nicht in der 
Lage sein, die Gesetzmiassigkeiten der laufenden Schichten richtig zu liefern. 
fine genauere Uberpriifung [11] zeigt nun, dass man zu keiner besseren 
sereinstimmung zwischen Theorie und Experiment kommt, wenn man nur 
len Wellenansatz durch Zulassung einer frequenzabhangigen Amplifikation 
rweitert. Die so im Ansatz erweiterte Theorie liefert noch kein Maximum der 
Amplifikation bei einer endlichen Frequenz. Das Verstandnis des Amplifika- 
tionsmaximuns stellt daher einen Schliissel zum Verstandnis des Mechanismus 
der laufenden Schichten iiberhaupt dar. 


5. Das Modell 


E Wir machen uns von dem Mechanismus, der den laufenden Schichten zu 
; Grunde liegt, folgendes Bild [13] : 
q Wie viele experimentelle Untersuchungen [12] zeigen, unterliegen in der 
_ geschichteten positiven Saule die Elektronenkonzentration und die Elektronen- 
_temperatur periodischen Schwankungen. Dementsprechend variiert auch die 
_ Tragerneuerzeugung ortlich bzw. zeitlich. Da die Elektronen auf Grund ihrer 
_hohen Beweglichkeit schnell abwandern, bilden sich durch [oneniiberfluss bzw. 
_Ionenmangel bedingte Raumladungen heraus. Diese Raumladungen sind mit 
einer Potentialwelle verkniipft, durch welche den Elektronen, die sie durch- 
_laufen, eine periodisch variierende Energie zugefiihrt wird. Die Elektronen 
_setzen diese dem Feld entnommene Energie sehr rasch durch Stiésse in _ther- 
mische Energie um und sorgen damit fiir die Aufrechterhaltung der Elektronen- 
temperatur- und Elektronenkonzentrationsschwankungen. Da die Tragerneu- 
bildung der Elektronenkonzentration proportional ist, aber exponentiell 
gemiass exp (—U;/U,) von der Elektronentemperatur abhangt, spielen fir die 
Schichten die Elektronentemperaturschwankungen die bedeutendere Rolle. 
Somit kann man die Schichten definieren als Elektronentemperaturwellen, die 
sich im Wechselspiel mit Ionenwelleu aufrechterhalten. 
Soweit kann dieses Modell auch die Verh4ltnisse bei stehenden Schichten 
verdeutlichen. Das Auftreten wandernder Elektronentemperaturwellen ist 
_offensichtlich eng verknipft damit, dass die Amplifikation bei einer endlichen 
Frequenz, der natiirlichen Schichtfrequenz, ein Maximum annimmt. Dieses 
Maximum kann unter Zuhilfenahme de®experimentellen Erfahrung, dass sich 
die Schichtweite mit wachsender Frequenz vergréssert, als Wirkung zweier 
gegenlaufiger Effekte verstanden werden: Da die Tonen gegeniiber der 
Wanderungsgeschwindigkeit der Temperaturwellen als praktisch ruhend anzu- 
sehen sind, muss die Schichtfrequenz mit einem entsprechenden Auf- und 
Abbau. der positiven Raumladung, also mit Ionenerzeugungs- und Vernich- 


fe “ Bepreescies jamie: Gane: — sein. Pa 
Ionen einen endlichen, durch die Geometrie des Entladungerohres b 
Wert hat, wird die Ionenkonzentration drtlich umso weniger zu : 
vermégen, je grésser (bezogen auf die reziproke Lebensdauer) die Fane 
Dies entspricht einer grésseren Dampfung der Potentialwelle und damit der 
Schichtamplituden bei héheren Frequenzen. Fir niedrige Frequenzen sind die 
Schichtweiten kleiner, und die Warmeleitung der Elektronen, welche die 6rt-— 
lichen Elektronentemperaturunterschiede auszugleichen sucht, kommt ent- 
scheidend ins Spiel und sorgt fiir eine starkere Dampfung der Elektronen- 
temperaturwelle und damit der Schichtamplituden. . 
Somit ist der Abfall der Amplifikationskurve fiir abnehmende Frequenzen © 
durch die Warmeleitung der Elektronen, der Abfall der Amplifikationskurve _ 
fiir grosse Frequenzen durch die »lonentragheit« bedingt. Diese beiden Effekte 
miissen also bei einer theoretischen Behandlung der Schichten vor allem beriick- — 
sichtigt werden. 


6. Ergebnisse der Theorie 


Das beschriebene Modell wurde unter Zugrundelegung der Tragerbilanz- 
gleichungen fiir das Elektronen- und Jonengas, der Poisson-Gleichung und der 
Energiebilanz der Elektronen fiir kleine Stérungen der homogenen positiven 
Saule durchgerechnet [13]. Dabei wurden die Warmekonvektion des Elektro- 
_ nengases, die Thermodiffusion, die Temperaturabhangigkeit der Energie- 
verluste durch Elektronenstoss vernachlassigt und ttberwiegende Direktionisa- 
tion durch Elektronenstoss angenommen. Unter der Voraussetzung 


|d| <|x|, (2) 


die bei den beschriebenen Versuchen immer erfiillt ist, ergeben sich fiir die 
Wellenzahl x und die Amplifikation din Abhangigkeit von der Kreisfrequenz 
w = 2xv folgende Ausdriicke : 


2x 10° b: CU 
9610@)) eee 2 Sok eRe 
) s 2 R oW ’ (3) 
22 x 
— WU, + WU, — EUs 
Re R? 
d(w) = syd ——-.. (4) 
— —UTU, 
2 R 


Dabei sind 1 = 2,4,b, die Beweglichkeit der positiven Ionen, U, = kT,|/e 
die Volt- sHlekironantemaaetne E der axiale Potentialgradient und R der Rohr- 


[ Uj = U;+ 0,5 U, ist U; die Ionisationsspannung des verwendeten. 
s. Die Grésse W bedeutet im wesentlichen das Verhltnis zwischen der 
eitfahigkeit der Elektronen und der Stromdichte. W ist frequenz- 
mabhangig und kann hier als offener Parameter angesehen werden, solange die 
Warmeleitfahigkeit nicht genau bekannt ist. 
_ Nach Gleichung (3) ist die Schichtweite proportional der Schicht- 
requenz. Dann erkennt man leicht aus Gleichung (4), dass die Amplifikation 
ei einer endlichen Frequenz ein Maximum annimmt. Die Lage des Maximums : 
st durch 


— 
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2 
ari) 


z 2x2 
=> pe SE (5) 


bestimmt. Die zugehérige maximale Amplifikation betragt 


a 
a 72 

f WU,— —4EU* 

fi feats R? 6 
5 Pee 2U,U? (6) 


Fir die Grenzstromstarke ist d) ~ 0. Daraus erhalt man im Grenzbereich fir 


E W den Wert 
W (ic) = 


: 
’ 


4 ER? 
U,#? 


Ut, (7) 


_welcher bei bekanntem W = Wi) als Bedingungsgleichung fiir die Grenz- 
stromstarke angesehen werden kann. Setzt man diesen Wert in (3) und (4) 
ein, so kann man fiir den Grenzbereich die Schichtdispersion und die Ampli- 
fikation allem aus U; und 6, und den Entladungsparametern R, E, U, berech- 
nen. Unter Zuhilfenahme von (5) ergibt sich fiir die Resonanzfrequenz, in der 
Form des Pupp’schen Ahnlichkeitsgesetzes [14] aufgeschrieben, der Ausdruck 


3 2 
Revs cided ae : (8) 
820 2 (Rpo)? (E/Po) 
 Dabei ist b,, = a. und Po der auf 0°C reduzierte Gasdruck. 
0 


7. Vergleich mit dem Experiment 


Bei 0,5 Torr betragt die Grenzstromstarke ig = 3,6 A. Dicht oberhalb der 
Grenzstromstarke wurde aus Sondenmessungen die Elektronentemperatur zu 
T, = 15 600 °K und der axiale Potentialgradient zu E = 0,3 V/cm bestimmt. 
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die theoretische Kurve tiefer liegt, ist darin begriindet, dass die Amplifikation 
eben fiir den Fall d) = 0 berechnet wurde. 

Abb. 7 gibt die Messpunkte fiir die relative Schichtweite S,/R im Reso- 
nanzfall bei der Grenzstromstarke auch fiir andere Drucke wieder. Wie man 


y 
erkennt, stellt der theoretische Wert s,)/R = 3,71 eine gute Approximation fiir 
die experimentellen Werte dar. 


sslich kann auch noch der Ausdruck (8) itberpriift werden. In Abb. 8 
lesswerte durch ein Kreuz gekennzeichnet, der zu der gleichen Abszisse 
theoretische Wert (8) ist als ein Kreis eingetragen. Die gestrichelte 
e stellt die von Pupp [14] angegebenen Frequenzen der natiirlichen 
hichten dar, die durchaus zum Vergleich herangezogen werden kénnen, da 
natiirliche Schichtfrequenz mit der Resonanzfrequenz praktisch zusammen- 
fallt. Fiir die kleinen Rpo-Werte ist die Ubereinstimmung gut. Dagegen ergibt 
sich fiir Ry, noch ein zu starker Abfall mit wachsenden Rp,- Werten. Hier muss’ 
die Theorie noch verbessert werden. 
3 _ Zusammenfassend kann man sagen, dass die Ubereinstimmung zwischen 
‘den theoretischen und den experimentellen Schichtparametern durchaus 
_befriedigen'd ist, besonders wenn man an die vielen Vereinfachungen denkt, 
inter denen die Theorie entwickelt wurde. Man darf daher hoffen, durch weitere 
‘Verfeinerung der Theorie auch eine volle quantitative Ubereinstimmung zwi- 
schen Theorie und Experiment zu erzielen. Diesbeziigliche Untersuchungen 


sind noch im Gange. 
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BELYLIVE CIO MAJION AMMVJIMTYDbI B APTOHOBOM PA3PAE IPH HH3KHX 
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B onpeyesneHHbix paspaAgHbIX PeKUMaX COOTBETCTBYIONIMM BOSMYHICHHEM Ha KaTORHOM 

KOHI[€ B OJHOPOHOM MOJOXKUTEIIbHOM CTONGe BbISBIBAIOTCA GerymMe COM (CTPaThl), KOTOpbie 
cnefyeT CUHTATh HEOOJIbUIMMM BOSMYIICHHAMH OAHOPOAHOrO NOMOKUTeIbHOrO cTOI6a. ABTop 
MSy4aeT SKCHEPHMeHTAJIbHO AMCHepCHOHHble. CBOHCTBa STHX CIOCB B aproHoBOM paspsxjle pu 
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- In this paper using analytical representations of the Thomas-Fermi function ¢(x) ;- 
_and the Hartree functions Z;/Z we derive the total cross section formula for pair production = 
_in the field of an atom of atomic number Z for high photon energies. Our numerical results ie a 
_ for the total cross section for pair production as can be seen from Table I agree well with a 

the exact numerical values of BETHE and FRASER. > 


As known the total cross section (®) for pair production in the field of = 
- an atom of atomic number Z, and for high photon energies E,(E > 137 mc®Z~ 1/8) = 
is given by the well-known formula [1] = 


= (28/9) {1+ ((dg/a) [1 — F @P}— 2/27). () 


In the formula for &/@ given by eq. (1) q is the recoil momentum of the atom 
in units of mc, F(q) is the atomic form factor and ® = (Z*/137) - (e?/mc?)?. 
In the expression for ® the symbols e, m, c have the following meanings : 
_ m is the electron rest mass, c is the velocity of light, and e is the electronic 
_ charge. In case if the charge distribution is spherically symmetric, then the 
atomic form factor is expressed by the following formula 


Ue ele i a 


ao 


F(q)= Joos (137qr) iz =| dr (2) 
r 
0 
or by the equivalent formula 
1 — F (q) = 137q { sin (137qr) 9 (r) dr, (3) 
0 


where in eqs. (2) and (3) g(r) is the potential at r multiplied by r and divided 
by Z,, and r is measured in units of the first Bohr radius for hydrogen, 1. e. 


a of nya ast Q (E}« 


where fy = vt) is the Thomas-Fermi function for a free neutral atom, 


c=rle ree p= 0.88534 2-18, Using the Hartree method we > have instead | 


of eq. (3) the following equation : 


I—Fi(gj= 1314 si (137qr) {=| dr, st . 2 


where Z,/Z represents the screening effect of the orbital electrons on the 
nucleus. Adopting for the Thomas-Fermi function g(x) for a free neutral 


atom the approximate solution of Rozenrau [2] given by the following | 


equation 


gy (x) = a,e-°* + ase + a, e°s*, (6) 


as will be shown, we can express analytically the total cross section (©) for — 
_ pair production in the field of an atom of atomic number Z for high photon © 
energies given by formula (1). The constants a@,, a,, a; and 6,, b,, bs appearing © 
in the RozENTAL approximate formula for a free neutral atom given by eq. (6) — 


have the following values : a, = 0.255, a. = 0.581, a, = 0.164 and b, = 0.246, 
b, = 0.947, b, = 4.356. MoxiErE [3] has modified the constants a,, dy, dg 


and ,, b,, bs which appear in eq. (6) and has given them the following values: — 


a, = 0.35, ag = 0.55, ag = 0.1 and 6b, = 0.3, b, = 1.2, bs = 6. Substituting 


7 


' 


eq. (6) in which we replaced x by r according to the relation x = 7 with eq. (4) _ 


we obtain for 1 — F(q) the equation written below : 


| 1_F = (137q)? tf 
(q) = (1374) (1379)? + (6,/2)? a (137g)? + (o/s)? 


(7) 


’ as | 
(137q)? + (b3/)? 


Umepa [4] discussed the atomic form factor in the Thomas-Fermi theory 
using the approximate RozentTau formula g(x) given by eq. (6). He showed 
‘that the numerical values for the atom form factor agree quite well with 
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he exact numerical results. The author [5] of this paper has shown that the 
to ENTAL approximate formula for a free neutral atom gives good results 
1 comparison with the numerical data concerning different problems, e. g. 
or the total cross section, diffusion cross section and so on. Substituting 


| — F(q) given by eq. (7) into eq. (1) we obtain for the total cross section 
D) for pair production in the field of an atom of atomic number Z after a 
ong but simple calculation the following expression for (6/9) : 


¥5 8 fy 1 oF), (37)? + (fn)? (137)2 

i she inne 2 ! (b,/u)? cues 
3 [yy G37 + G/e (137) |i hn (137)? + (by/m)? 
21 (b,/1)? (137)? + (b./u)? 2 | (b3/u)? 
zs (137)? a; a, gly; 21n (b,/)? 

(137)? + ao * ya — (bm [ ey Gan + ee 

21, (137)? + (b2/p)? a, as (by/)? 

b hy at bay lh 

Net (64/1)? | (ba/u)? — (b,/n)? { fy Ast + la) 


vy (137)? + (bala)? ia: (b,/1)2 
Te Repl me et (ad a SI Yd PP 
px?) nee (bam)? — (fu? ee (137? + (byw? 


(137)? =a (b3/u)? 
6 2In ee — 2 27 ° 
Ft 3/4) (t ; ? | ( / ) 
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Bat 


a 


a 1 
in Table I we have given a comparison of our results for {1 + 5 (dq/q) [1 —F (q) 7} 
0 


fer Hg with the numerical results of BETHE [6] and Fraser [7] and further 
the numerical values for ®/® given by eq. (1). 


* Table I 


1 
\ comparison of our results for {1 + { (dq/q)[1— F(q)]}*} and /® with the numerical results 


0 
of BETHE and FRASER 


jee { (dala) [1 — F@}} D/® 
0 

3.75 BETHE 11.61 

3.77 FRASER 11.66 

3.766 our results 11.642 
ROZENTAL approximation 

3.731 our results 11.534 
MOLIERE approximation 
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Table I shows that the numerical values for {1 + j (dq/q) {1 —F oF 


as also for 0D agree quite well with the numerical ae of BeTHE and 
Fraser. In the case when we use the Hartree method the factor 1 — F(q) 
is given by eq. (5). We can also calculate 2/® given by eq. (8) if the factor Z,/Z 
which represents the screening effect of the orbital electrons on the nucleus 
is approximated by exponential fits. Fortunately, HoLTsMaRK [8], RuaRK [9] 
and Byatt [10] gave exponential fits of Z,/Z for several elements. In Table II 
we have collected the known exponential fits of Z,/Z. 

Using Table II and formula (8) for ®/® we can calculate the total cross 
section (®) for pair production in the Hartree field of an atom of the atomic 
number Z for high photon energies. 


Table II 


Exponential fits of Z)/Z given by HottsMark, RuaRK and Byatt 


Element Zp /Z (one term) | Zp/Z (series of terms) [References 


He e—1.60x 1.25e—1-75x —_ 0,25¢e—3-845x [10] 
Be e 0-574x — 0.48e— 1.081x ae 0.48e—3.06x [10] 
C 1.25e7 9-828x —_ 0).44e—1-41x 1 0,19e—4.29x [10] 
N e—0.95x 1.20e— 9-940x —_ 0.32e~ 1.48x + 0.12¢—9-65x [10] 
oO emcees ex 1.25¢e7 9-991x — 0.35e— 1.68x + (0.10e—18.3x [10] 
EF eater [10] 
Ne e7 0.978x [10] 
A [0.84e~~°-586x — 0. 24e~ 1.056x + 0.40e—3.25x] [8] 

0.659e— 9-574x 4. 0.34] e—2.77x [9] 
K 0.124e 0.0514x + 0.68e—9-765x 1 0.196 e—2-80x [10] 
Ca 0.20e7 9-195x +4 0.56e—9.770x 1 0. 24e—3.08x [10] 
Cr e 0. 781x e 0.781 __ 0). 20e—1.26x 4 0.20¢e—8.70x [10] 
Fe 0.25e— 9-8%5x + 0.56e~ 9-828x +4 0.19¢—3.76x [10] 
Zn 0.22e7 9.318x + ().78e— 1-081x [10] 
Ge 0.22e7 9-268x 1 0.78 e—1.165x [10] 
As 0.295e— 9.38% +4 0.705e—1.295x ; [10] 
Br 0.360e— 9-366x 1 (.640e—1.488x [10] 
Kr [0.335e— 9-290x + Q.60e—1.38x 4 0.065e—7*] [8] 

0.415e~0-878x + 0.51e—1.48x 4 0.075e—7x [10] 
W 0.192 9.216x + 0.72¢—0.970x 4 Q.QGe—15x [10] 
Hg 0.19e~ 0.257% + 0.56e—9.779x 4 0.25 ¢—8.16x [10] 


T ; ‘ F reek 
he expressions in square brackets contain a polarization correction (see reference (8]) 
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- 

ee The effect of the surrounding electrons on the nuclear barrier penetration probabe 


‘lity is considéred. Accepting the Thomas-Fermi potential barrier for a free neutral atom ani- 
using the LANGER’s approximation we have calculated the penetration probability that tha 
particle will penetrate the Thomas-Fermi potential barrier. The effect of the surroundind 
electrons causes the lowering of the barrier height and the decrease of the thickness to be 
penetrated. The theory is applied to the evaluation of the penetration probability of alphg 
particle. ; 

A particle of charge Z,e approaching an atomic nucleus of charge Z,e 
is repelled by the Coulomb potential Z,Z,e?/r at distances greater than the 
nuclear radius R, as well as attracted by the electrons surrounding the nucleus. 
The effect of the surrounding electrons on the nuclear barrier penetration 
probability of the penetrating particle was for the first time discussed by 
Erma [1]. Before the consideration of Erma only the penetration probability 
of a pure Coulomb potential barrier was calculated. BeTHE [2] considered 
the effect of angular momentum of the penetrating particle. If the penetrating 
particle has angular momentum with respect to the nucleus, a centrifugal 
potential is added to the field of the nucleus. In reality, as Erma has pointed 
out, the potential V(r) existing in the vicinity of the nucleus is nut a pure 
Coulomb potential Z,Z,e?/r due to the nucleus alone but is also affected by the 
electrons surrounding the nucleus. In this paper we extend the considerations 
of ERMA concerning the penetration probability, namely we shall take into 
account the angular momentum of the penetrating particle as also we shall 
calculate the penetration probability using instead of JEFFREYS’s approxi- 
mation [3] the LANGER correction [4] concerning the JEFFREYS approximation. 
The accuracy of JEFFREYS’s approximation concerning the penetrability of 
a Coulomb potential due to the nucleus was discussed by Yo’t, WHEELER 
and Breit[5]. They found that the corrected JEFFREYS approximation by 
LANGER much improves the accuracy for the penetrability of a Coulomb poten- 
tial barrier. The penetration probability of a particle of charge Z,e approach- 
ing the field of the nucleus V(r) is given in the JEFFREYS approximation 
by the following formula 


oP = [— 2/f(R) exp {2 ft = f(r)? dr}, (1) 


oa — 
- *, at ote 


fo) = B— By) — CED for r>R. (2) 
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where f(r) is 


In the last formula R is the nuclear radius and m is the reduced mass of the 
nucleus and the penetrating particle. k? is related with the energy E of the 
penetrating particle by hk? = = E. The upper limit R, of the integral which 
appears in eq. (1) is the classical closest distance of approach and is determined 
by f (Ro) = 0, so that R, > R. Substituting for V(r) the Coulomb potentiaa 
2Z,Z,¢2/r we obtain according to Yost, WHEELER and BREIT using equations 
(1) and (2) for P, the following formula 


.° l—Q@& 
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in the last formula the symbols f, x, y, a have the following meaning: 6 = 

1% . 
= (2 mZ,Z,e" R/h?)'?, x = k?R?/B2, y = ; “—F = /B? and a= Z,Z,e?/hiv. In the 
formula for a the symbol v denotes the velocity of the penetrating particle 


2 
and is related to k by k = mv/h, so that a is given by gq — Atetm . If we 
take into account the effect of the surrounding electrons we have to specify 
the field V(r) of the nucleus. According to the statistical theory of the atom 
as well as the considerations of ERMA we adopt for V(r) the Thomas— Fermi 
potential [6]. As known this potential is given by 


Z,Z,¢7 
VQ ==* 0), (4) 
where x is related to r by x = r/u. The unit of distance # is given by uw = 
= 0.88534 a)/Z}/8 and a, is the first Bohr radius of hydrogen. For very small 
values of x we can expand the Thomas—Fermi function ©(x) for a free neutral 
atom according to BAKER [7] as a semiconvergent power series, namely 


Pa1teet [Pent aad, (5) 


where a, is given by a, = ©'(0). Substituting eq. (5) into eq. (4) and expressing 
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by R we obtain for the Thomas—Fermi potential for small values of r the 
owing expression ' 


V(r) = (Z,Z,e%/r) [2 + a,r/u + (3 crupe+ ...]. (6) 
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2 Since the thickness to be penetrated R,—R is small we can neglect in 
eq. (6) in the first approximation all terms in the square brackets except the 
first two. Taking in account only the first two terms of eq. (6) and substituting 
‘the so approximated Thomas—Fermi potential into eq. (2) and using the 
formula (1):for the penetration probability, we obtain for ,P, the following 


formula, 


1] — 2x 
P,=—2 + 1 — x,)¥2 + a, /x + 2 are sin ——__1 _ 
aan Py ties (1 ++ 4x, y)t? 
(7) 
je _ x \l2 
+2(14+—)Im 1 + 2y + 2ytP (y+ 1—x)2( 1 xy 
‘ 2 (1 + 4x, y)"? 2 im y=; 
‘where the symbols f, x,, y, a, are 
2m Z,Z,e2a,R 
B = (2mZ, Z, e? R/h?)'?, xy = xX — 1 up 
(8) 
Z,Z, evn 


1)\2 
eget is rie hV2(E—Z,Z, ea,/p 


The penetration probability in case if the Coulomb potential is corrected by 
the surrounding electrons is exp (—,P;), where ,P, is given by eq. (7). In Table 
I we have a comparison for ,P; and P; of ,,.Rn®*. The symbols R, m, m,, E, E, 
‘have the following meanings. R is the nuclear radius and is given by R = 
— 1.48 -10~1341/8, where A is the atomic mass of the residual nucleus, m 
and m, are the reduced mass and the alpha particle mass, respectively. The 
total energy of the alpha particle is taken as the total kinetic energy E when 
the emitted alpha ray and the residual nucleus are widely separated. Thus 
E is the sum of the kinetic energy of the residual recoiling nucleus and the 
kinetic energy E, of the alpha ray. Then it is to be shown that E = E, (m,/m). 
For Z, and Z, appearing in equations (3) and (7) for the parent nucleus ,¢Rn™? 
we have Z, = 84 and Z, = 4. : 

Table I shows the difference between ,P, and P,. If T is the period of the 
alpha decay for Coulomb potential and T, is the period of alpha. decay for 
the potential modified by the surrounding electrons, then according to the 
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zamow theory the ratio of T/T, is given by 


T/T, = exp [P, (1 —, P,/P,)]. (9) 


; Using the values for ,P, and P, given in Table I we have in Table II the ratio 


of T/T, as given by eq. (9) as a function of the quantum number I. 
Table II shows that the ratio of the uncorrected to the corrected period de- 
creases when the quantum numbers ! increases. ERMA has calculated for some 
parent nuclei the ratio of the uncorrected to the corrected period using JEF- 
_FREYS’s approximation only for the quantum number | = 0. In case of the 
parent nucleus ,,Rn?” and for the same total collision energy as given in Tables 
I and II he has obtained for T/T, = 1.55. Calculations show that the effect 
of the third term of V(r) given by eq. (6) is of a lower order of magnitude than 


_ that of the second term, when we do not require a too great accuracy one 


can omit it. The expression for ,P, if We respect the third term can be calcul- 
ated analytically, but is is not simple and convenient for practical calculation. 
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NPOXOQUMOCTb NOTEHLMAJIbBHOrO BAPbhEPA TOMACA—®EPMH 
T. THTU 


PeswMe 


PaccmaTpHBaeTCA BAMAHHE OKPyKalouMX IACKTPOHOB Ha BEPOATHOCTh MpOXOKMeHHA 
sagepHoro Oapbepa. YuNTBbIBAaA MOTeHIUHaI Tomaca—®epmu AA cBoOofHOrO HelTpanbHoro 
aTOMa H MO.Ib3yACb NpHOnWKeHHeM JlaHrepa, BbIYHCACTCA BCPOATHOCTh Toro, YTO YaCcTHa 
npoxogzuT Oappep Tomaca—Pepmu. IhpeKT I1eKTPOHOB COCTOMT B CHH>KCHHH Oapbepa H B 
YMeHbUICHHH Cro TOMMMHbI. [loab3yACb HACTOAMICH TEOPHeH, BbIMHCJICHA BEPOATHOCTb MpoxoK- 
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E- AUF DIE PHOTOLEITFAHIGKEIT RONTGEN- 


is BESTRAHLTER NaCl-KRISTALLE 
os Von 

I. TargAn, R. Voszka und A. Somi6é 
Zz ARZTLICHES PHYSIKALISCHES INSTITUT, BUDAPEST 


(Vorgelegt von Z. Gyulai. — Eingegangen: 30. VI. 1959) 


Es wurde das Produkt von Quantenausbeute und Schubweg im Einheitsfeld (nw) an 
natirlichen und synthetischen réntgenbestrahlten Kristallen bei Zimmertemperatur und bei 
_verschiedener Konzentration der F-Zentren (NF) gemessen. Laut dieser Messungen lasst sich 
der Zusammenhang durch die Funktion 7w = 1/(A + BNpf) ausdriicken, wo A und B fiir 
gleiche Kristalle charakteristische Konstanten sind. Ihre Werte sind sturkturempfindlich 
und geeignet zur Charakterisierung der einzelnen Kristallexemplare. Die Untersuchungen 
liefern gleichzeitig auch dafiir Angaben, wie weit die Warmevorbehandlungen bei verschie- 
denen Temperaturen die A- und B-Werte beeinflussen. 


Auf der II. Moskaucr Konferenz fiir Kristallziichtung haben wir eine 
_Methode erwahnt, die Folgerungen auf gewisse strukturelle Vorgange zulasst, 
welche in Alkalihalogenidkristallen durch thermale, mechanische und andere 
Behandlungen hervorgerufen werden. Im folgenden wollen wir unsere Me- 
thode ausfihrlich darstellen und auch iiber neuere Untersuchungen berichten. 


Das Wesentliche der Methode 


Es wurden natirliche und aus Schmelzfluss geziichtete NaCl-Kristalle 
mit diversem »Vorleben« durch Réntgenbestrahlung bei Zimmertemperatur 
verfarbt. Wahrend der stufenweisen Verfarbung massen wir im Maximum der 
F-Bande die Werte der Absorptionskonstante und des Photostroms. Aus den 
Messwerten kann man nach bekannter Art [1] das Produkt von Quantenaus- 
beute (7) und Elektronenschubweg im Einheitsfeld (w) berechnen. Das Produkt 
nw andert sich wahrend der stufenweisen Verfarbung mit der wachsenden 
Konzentration der F-Zentren Nf, und die Veranderung lasst sich nach unseren 
Messungen — im Bereich* 3 - 1014—3 - 1016 Zentren/cm*® — durch die Funktion 


nw = ———— (1) 


* Wir arbeiteten in dem sog. schnellen Intervall der Verfarbung [2]. 


” 
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ausdriicken, wo A und B Konstanten sind. Die Bestimmung von N- geschah 
auf optischen Wege [3]. Die Abb. 1 zeigt die Messergebnisse an einem der 
Kristallexemplare. Auf der Abszissenachse ist Ny aufgetragen, wahrend die 
Ordinatenachse 1/nw angibt. Der Ordinatenabschnitt liefert den A-Wert, 
die Tangente den B-Wert. Sowohl A wie auch B kénnen — je nach Vorleben — | 
verschieden sein und gerade durch diese Werte wollen wir die Kristalle charak- 
terisieren. . 
In Bezug darauf, wie man den obigen Zusammenhang deuten kann und _ 
mit welchen Gréssen die Werte 4 und B in Zusammenhang gebracht werden 
kénnen, erwahnen wir folgendes. Der Wert von w wird nach Morr und 
Gurney [4] — abgesehen von gewissen Konstanten (e,6k) — durch fol-— 
gende Gréssen bestimmt: freie Weglange der ins Leitungsband gelangten — 


x10’ Vcm-2 
nw 


20 


10 


x10%cm-4 Ng 
8) 1 z 


Abb. 1. Abhangigkeit des 1/nw von der Konzentration der F-Zentren 


Elektronen (A), Temperatur T, Konzentration und Wirkungsquerschnitt der 
Kristallfehler, die sich wie Elektronenhaftstellen benehmen. Es ist in jedem 
Kristall schon von vornherein eine gewisse Anzahl von Elektronenhaftstellen 
vorhanden. Ihre Anfangskonzentration wird durch N, ihr durchschnittlicher 
Wirkungsquerschnitt durch o bezeichnet. Im Laufe der Verfarbung kann sich 
die Anfangskonzentration andern, und es entstehen auch Haftstellen anderen 
Typs, wie z. B. die F-Zentren und gewisse Zentren des Typs V. Zum Zwecke 
der Deutung der Funktion (1) nehmen wir an, dass die Konzentrationsanderung 
fir alle Typen mit N; proportional ist. Bezeichnen wir die Konzentrations- 
anderungen durch ¢;- Np (c; : Proportionalitatsfaktor ; i = 1,2,3...), den 
Wirkungsquerschnitt der Haftstellen verschiedenen Typs durch o; (i: == 3s 


3...), 80 diirfen wir nach Morr und Gurney auf Grund einer einfachen 
Uberlegung aufstellen : 


Cn 


nw = ——______, : 
No+ N,p2c;o; 6KT (2) 
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erste Glied im Nenner bezieht sich auf den Anfangszustand, das zweite 
d beriicksichtigt die im Laufe der Verfairbung aufgetretenen Verande- 
gen. 


ay Durch den Vergleich von (1) und (2) ergibt sich 


= = No and Bey 
a Cyd Cna 


‘Obwohl bei den verschiedenen A- und B-Werten, die zu verschiedenen Kristall- 
-exemplaren gehéren, simtliche Gréssen — ausser C — eine Rolle spielen kén- 
nen, méchten wir hier hauptsachlich die Rolle von N und ¢; hervorheben. 


! 
Messeinrichtung 


Die natiirlichen Kristalle stammten aus Wielicka, die synthetischen 
Kristalle wurden mit der Methode Kyropoulus aus pro anal. Rohmaterial 
(Chinoin) aus Platintiegel gezogen. Einen der synthetischen Kristallblicke 
erhielten wir aus Turnov. 


Rontgen- 
licht 


Mess- 
licht 


Se 
Feldstarke 
Abb. 2. Ausmass und Lage des Kristalls 


Die Messungen fihrten wir an Exemplaren mit einem Ausmass von 
etwa 9 X 9 x 2 mm? durch, die aus verschiedenen Blécken gespalten waren. 
Bei Absorptions- und Leitungsmessungen wurden die Exemplare in eine mit 
Glasscheiben versehene, geschlossene Messdose gelegt, deren Innenraum durch 
Phosphorpentoxid getrocknet wurde. Zur Réntgenbestrahlung (58 kV, 5 mA, 
in etwa 8 cm Entfernung von der Wolframantikathode durch einen Aluminium- 
filter von 1 mm Starke) hoben wir den Kristall aus der Messdose und wickelten 
ihn in schwarzes Papier. Einlage und Herausnahme geschah bei rotem Licht. 
Einer dieser Vorgange nahm ungefahr 2 Minuten in Anspruch. Die genaue 
Zuriicklegung des Kristalls in die Messdose war in allen Fallen gesichert. 


. 
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Ein nach Pohl zusammengestellter Doppelmonochromator lieferte das 
Messlicht (Bandbreite 15 my). Bei den Absorptionsmessungen fiel ein Licht- 
fleck von etwa 1,5 - 1,5 mm? auf die Kristalloberflache (Abb. 2), bei den Photo- 
leitfahigkeitsmessungen iiberdeckte das Messlicht die ganze Flache. Zu den 
Absorptionsmessungen wurden Cs-Photozellen verwendet, und die Bestim- 
mung der Absorptionskonstante geschah durch Vergleichung mit einem farb- 
losen Kristall. Zur Sicherung eines homogenen elektrischen Feldes wurden 
plattenférmige Messingelektroden verwendet, von grésserem Ausmass als die 
Kristalloberflache von 9 -9 mm?. Die Photostréme massen wir mit einem 
Réhrenelektrometer (maximale Empfindlichkeit 3,5 - 10-4 A/sk). Zwecks 
Reproduzierbarkeit der Messungen wurden die Kristalle vor jeder Messung 
in kurzgeschlossenem Zustand etwa 5 Minuten einem infraroten Licht (fokus- 
siertes Licht einer Gliihlampe von 500 W, durch ein Ebonitfilter von 0.7 mm 
Starke) ausgesetzt. i 


Messergebnisse 


1. Zuerst wurden Orientierungsmessungen an natiirlichen und an synthe- 
tischen Kristallen vorgenommen, die vorlaufig keiner weiteren Behandlung 
unterworfen wurden. Bei den natiirlichen Kristallen erhielten wir fir A 


2-106—11-106 V cm 2, fiir B 1.10-§ — 1,9 -10-8 V cm (Tabelle I). Diese 


Tabelle I 
Kristall- 
nummer A [Vem—*] B [Vem] 
1 2,6- 108 16,7 - 10-9 
2 5,3 13,2 
3 2,6 18,5 
4 5,3 15,5 
5 10,6 18,5 
6 6,4 18,7 
7 4,2 14,8 
8 3,2 11,5 
9 2,1 14,3 
10 2,8 9,3 
1] 8,4 10,9 
12 8,4 15,4 


Werte wurden mit der Methode der kleinsten Quadrate aus den Messpunkten 
bestimmt. Der durch Strenung der Messpunkte sich ergebende Fehler kann 
bei den A-Werten héchstens 20%, bei den B-Werten héchstens 10% betragen. 
Bei den synthetischen Kristallen liegen die A- und B-Werte in wesentlich 
grosseren Intervallen (Tabelle II), und der Bestimmungsfehler kann 25°, 


, 
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Tabelle II 
ars A [Vem=*] _ B [Vem] 
oe Se ee eee ae ee ee oe ee 
S, 
TV! 33,4- 106 34,4. 10-9 

1/2 | 66,8 20,7 
ia 6,7 30,9 
a eee 36,7 
1/5 66,8 28,5 
1/6 66,8 35,3 
1/7 6,7 25,4 
11/8 200 52,9 
Iv/9 100 16,7 
1/10 153 28,6 
' I/ll | — 146 50,5 
1/12 113 31,4 
11/13 6,7 31,4 
11/14 13,4 25,5 
11/15 6,7 19,6 

V/16 60 40 

V/17 60 40 
v/18 167 43,2 
IV/19 173 17,7 
IV/20 253 17,7 
IV/21 200 21,6 


I, Il, V Kristallblécke bei, 350° C 1 Monat vortemperiert. 
III Kristallblock ohne Vortemperierung. a 
IV Der aus Turnov stammende Kristal], dessen Vorleben uns unbekannt ist. 


bzw. 20% ausmachen ; soviel ist aber zweifellos, dass bei diesen die A- und 
B-Werte im allgemeinen grésser sind als bei den natiirlichen Kristallen. Die 
A-Werte kénnen unter Umstanden um eine Gréssenordnung, die B-Werte 
etwa zwei bis dreimal grésser sein. 

Die Kristalle weisen freilich einen Unterschied an Verunreinigung und 
an anderen strukturellen Feinheiten auf, welche mit dem Vorleben zusammen- 
hangen. Zur Verschiedenheit der A- und B-Werte bei den einzelnen Kristallen 
kénnen selbst dann vielerlei Faktoren beitragen, wenn wir die Unterschiede 
bei A nur den Werten von N, die Unterschiede bei B nur den Werten von ¢; 
zuschreiben. Die Tatsache jedoch, dass zwischen den natiirlichen und den 
synthetischen Kristallen sich voneinander wesentlich abweichende Mess- 
werte zeigen, berechtigt uns, dabei vor allem an die Wachstumsumstinde 
als entscheidenden Faktor zu denken. Die natiirlichen Kristalle sind bei 
gewohnlicher Temperatur gewachsen, wahrend die synthetischen Kristalle aus 
Schmelzfluss geziichtet, vom Schmelzpunkt auf Zimmertemperatur abgekiihlt 
werden. Ihr Wachstum ist schnell und weniger gleichmassig als das der natiir- 
lichen Kristalle. Bei den einzelnen Exemplaren konnten die Wachstums- und 
Abkiihlungsumstande verschieden gewesen sein und dies erklart eben die 
gréssere Streuung bei den synthetischen Kristallen. 
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2. Sodann wurden sowohl die natiirlichen wie auch die synthetischen | 
Kristalle einer Warmebehandlung unterworfen. Der Kristall wurde wahrend 
einiger Stunden auf eine Temperatur von mehreren hundert Graden erhitzt 
und einige Tage so gehalten. Nach Ausschaltung des Ofens wurde dann der 
Kristall (samt Ofen) im Laufe eciniger Stunden auf Zimmertemperatur abge- 
kiihlt. Dieser Prozess wurde an demselben Kristallexemplar mit Anderung 
des Erhitzungsgrades mehrfach wiederholt. 

Im Verhalten der natiirlichen und der synthetischen Kristalle ist ein 
wesentlicher Unterschied zu beobachten. Die Abbildungen 3a und 3b zeigen 
die Messergebnisse an einem der natiirlichen Kristalle. Auf der Abb. 3a sind 


250 | x 108 Vem-? 


0 200 400 600 C° 0 200 400 600 C* 


a i) 
Abb. 3. Verinderung von A und B bei Steinsalzkristallen als Funktion der Vorbehandlungs- 
temperatur 


die A-Werte, auf der Abb. 3b die B-Werte zu sehen. Die Ausgangswerte sind 
auf beiden Abbildungen durch 1 bezeichnet. Wir erhielten diese Werte vor 
der Warmebehandlung des Kristalls. Da es anzunehmen ist, dass die natiir- 
lichen Kristalle bei gewéhnlicher Temperatur wuchsen, wurden die Ausgangs- 
werte 0° zugeordnet. Danach wurde der durch Réntgenbestrahlung verfarbte 
Kristall auf die oben beschriebene Weise auf 200° erhitzt und wieder abge- 
kihlt. Wahrend der Erhitzung- entfarbte sich der Kristall. Nachdem der auf 
Zimmertemperatur abgekiihlte Kristall stufenweise Réntgenstrahlen ausge- 
setzt worden war, wurden die A- und B-Werte wieder festgestellt. Die Punkte 
2 bezeichnen diese Werte. Nun folgten eine Erhitzung auf 300°, Abkiihlung, 
wiederholte Bestrahlung und so der Reihe nach eine Warmebehandlung bei 
400° und 500°. Die Reihenfolge der Zahlen gibt gleichzeitig auch die Reihen- 
folge der Warmebehandlung an. Eine Warmebehandlung dauerte im allge- 
meinen 4 Tage. . 

Aus den Abbildungen geht hervor, dass mit der Erhéhung des Erhitzungs- 
grades auch die erhaltenen A- und B-Werte héher werden. 

Die Messwerte an einem der synthetischen Kristalle weisen die Abbil- 
dungen 4a und 4b auf. Auf der Abszissenachse ist auch hier die Behandlungs- 
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Abb. 4—6. Veranderung von A ‘und B bei synthetischen NaCl-Kristallen als Funktion der 
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BDascelbe im Falle eines Steinsalzkristalls, der vor der Mess-serie 3 Tage bei 650° C 


temperiert worden war 
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temperatur aufgetragen, wahrend auf der Ordinatenachse die Werte A bzw 
B ersichtlich sind. Die ersten Messpunkte sind auch hier durch 1 bezeichnet. 
Diese Punkte sind aber diesmal 350° zugeordnet, denn der Kristall wurde 
vor Beginn der Messreihe tiber 4 Wochen auf 350° C gehalten, und erst danm 
wurde die erste Messung vorgenommen. Die Reihenfolge der Zahlen bedeutet 
auch hier die Reihenfolge der Warmebehandlungen und der Messungen. Bei 
den niedrigeren Temperaturen wurden die Kristalle langere Zeit (4 Tage), 
bei den héheren Temperaturen kiirzere Zeit (3 Tage) erhitzt gehalten. Erhit- 
zungen langerer Dauer (etwa 2—3 mal langere Zeit) schienen nicht begriindet 
zu sein, da sie in den Messergebnissen keine wesentlichen Anderungen verur- 
sachten. Die Kurven der synthetischen Kristalle weisen ein Minimum auf. 
Besonders ausgepragt zeigt sich das Minimum beim A, weniger beim B;; beii 
den Exemplaren, die aus einem der Blécke gespalten waren, weisen die B- 
Werte ein verwaschenes Minimum auf und die B-Kurven sind hier der Kurve: 
der Abb. 3b ahnlich. 

Kurven dhnlichen Charakters — also im Bereich von 350° ebenfalls: 
ein Minimum aufweisende Kurven — erhielten wir auch, wenn ein geziich- 
teter Kristall vor Beginn der Mess-serie nicht temperiert wurde (Abbildungen: 
5a und 5b). Ein solcher Kristall wurde nach Abschluss des Wachstums aus 
dem Ofen herausgenommen und auf Zimmertemperatur abgekiihlt. Die Aus- 
gangswerte waren: A = 200 - 10 Vem 2, B = 53 -10~® Vem. Diese Werte: 
sind in den Abbildungen nicht eingetragen, weil es ungewiss ist, zu welchen: 
Temperaturen sie gehéren. Das Exemplar, an dem die Messungen durch-: 
gefiihrt wurden, war namlich aus dem Inneren des Blocks gespalten. Wie sich. 
die Temperatur im Blockinneren wahrend des etwa 24 Stunden andauernden 
Wachstums geandert und wie lange sich die einzelnen Temperaturstufen 
hier gehalten haben mochten, dariiber kénnen wir nichts sagen. In den Abbil- 
dungen vermerkten wir nur die weiteren Messpunkte, denen bereits bestimmte 
Temperaturen zugeordnet werden konnten. Die Erfahrung also, dass fiir 
synthetische Kristalle an Stelle von monotonen Kurven solche mit Minimum 
bezeichnend sind, scheint allgemeingiiltig zu sein. 

Allgemeingiiltig ist ferner, dass die Werte bei der Riickkehr auf irgen- 
deine Temperatur von den alten Werten abweichen (Abb. 6a und 6b). Sofern 
besteht jedoch die Reproduzierbarkeit der Kurven, dass man standig Kurven 
mit Minimum erhalt und dieses Minimum sich bei 350—400° C zeigt. 

3. Die natiirlichen Kristalle, die einmal dauernd bei etwa 650° erhitzt 
gehalten worden waren, verhalten sich bei der weiteren Behandlung den 
synthetischen Kristallen ahnlich: anstatt -einer monotonen Kurve erhalt 
man eine Minimumkurve und die Stelle des Minimums liegt bei 350—400° 
Das Minimum auf den Abbildungen 7a und 7b ist jedoch flacher als das bei 
den synthetischen Kristallen. Je langer und bei je héherer Temperatur die 
natirlichen Kristalle erhitzt gehalten worden waren, umso scharfer pragt 
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h das Minimum aus, d. h. umso ahnlicher werden in ihrem Verhalten die 
tiirlichen Kristalle den synthetischen. Dies steht mit den Untersuchungen 
von PrinesueEr [5] iiber die Verfarbung der Kristalle durch Réntgenlicht 
und iiber ihre Entfarbung in Einklang. 
es 
F 
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Diskussion 


In Verbindung mit unserer Deutung kann man an Gitterfehler verschie- 
denen Ursprungs denken : 

E a) Be? héheren Temperaturer kénnen im Kristall Fehler in grésserer 
Anzahl entstehen, die bei der Abkihlung einfrieren und als Elektronen- 
haftstellen wirken. | 

b) Wahrend der Erhitzungen und Abkiihlungen treten Spannungen auf. 

c) Neue Gitterfehler (Elektronenhaftstellen) ruft selbst die Réntgen- 
bestrahlung hervor [6]. Wahrend der wiederholten Erwarmung und der Heiss- 
haltung kann der Kristall wahrend der Entfarbung auch einen Teil der Fehler 
verlieren, ein Teil kann jedoch zuriickbleiben und die folgende Messung beein- 
flussen. 3 

d) Die Warmebehandlungen kénnen auf die Anhadufung der Ionen- 
licken, auf die Dissoziation dieser Anhaufungen, ferner auf die Wanderung 
der Dislokationen, der Mosaikgrenzen, der verunreinigenden Atome usw. wirken. 
Alle diese Faktoren beeinflussen die Konzentration der Elektronenhaftstellen. 
Ein aus Schmelzfluss geziichteter Kristall z. B. ist wahrscheinlich schon 
von vornherein mit zahlreichen Kristallfehlern »belastet«, die er auch im 
Laufe der nachfolgenden Behandlungen nicht verliert, die Fehler nehmen 
héchstens andere Formen an. Die Veranderungen in den Gitterfehlern wirken 
sich natirlich auch auf deren Fahigkeit Elektronen zu »verhaften« aus. 
Hinsichtlich der Haftfahigkeit miissen wir also mit: einer grossen Mannig- 
faltigkeit der Gitterfehler rechnen, und gerade deshalb sind wir im obigen 
bei der Deutung der A- und B-Werte auf die Typen der verschiedenen Elek- 
tronenhafistellen nicht naher eingegangen. 

Uber die Rolle der unter 5), c) und d) erwahnten Strukturveranderungen 
sind unsere Erfahrungen vorerst noch mangelhaft, ihre Untersuchung dauert 
noch an. 

Zur Erklarung des in der Abb. 3 dargestellten Verhaltens von natiir- 
lichen Kristallen scheint vorlaufig die Beriicksichtigung der im Punkt a) 
erwahnten Strukturveranderungen allein zu geniigen. Machen wir fir die 
Veranderungen von A das N verantwortlich, so diirfen wir feststellen, dass 
ie héher der Erhitzungsgrad ist, umso mehr Haftstellenfehler bleiben im 
Kristall zuriick, und dieser Umstand verursacht die Erhéhung von A. 
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Die Verinderungen von B werden — nach unserer Annahme a im 
wesentlichen durch die Veranderung von c; beeinflusst. Der Proportio : 
alitatsfaktor c; gibt seinerseits Auskunft iiber die Anderung der Anzahl vou 
Elektronenhaftstellen verschiedenen Typs, falls ein F-Zentrum entsteba 
Diese Anderung ist umso grésser, je héher die Temperatur bei der Warme- 
behandlung war. Da zu einem grésseren A ein grésseres B gehért, so darf | 
man hehaupten, dass je grésser die Konzentration der Elektronenhaftstellen” 
ist, die in einem Kristall durch thermische Behandlung hervorgerufen werden, 
um so grésser ist auch die Anzahl der Haftstellen, die bei der Verfarbung 
auf ein F-Zentrum fallen. Es ist bekannt, dass Kristalle, die vorher bei héheren 
Temperaturen erhitzt gehalten wurden, sich schneller und mit besserem Wirg 
kungsgrad verfarben. Nach dem bisher Gesagten ist die Annahme berechtigt, 
dass bei solchen Kristallen im allgemeinen auch bei der Réntgenbestrahlung 
die als Elektronenhaftstellen auftretenden Kristallfehler mit grésserem Wir- 
kungsgrad entstehen. Ein durch thermische Behandlung verdorbener Kristall 
scheint im allgemeinen bei der Réntgenbestrahlung fiir die Entstehung neuer 


| 
| 
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Elektronenhaftstellen besonders geeignet zu sein. 

Was iiber die Abb. 3 ausgesagt wurde, bezieht sich auch auf die Abbil- | 
dungen 4—7, jedoch nur auf den rechten, steigenden Abschnitt der Kurven. 
Den Abschnitt links des Minimums kénnen wir auf Grund von a) allein gegen-_ 
wartig nicht deuten. Besonders schwer ist es zu erklaren warum die A- und 
B-Werte unter der Einwirkung einer Behandlung bei 200° ansteigen. Es ist 
moglich, dass bei geniigend langer Erhitzung des Kristalls bei 200° die A- und 
B-Werte sinken und noch niedriger werden als die Werte bei 300°; der 
Anstieg der Werte kénnte demnach nur ein voriibergehender sein, doch 
bleibt dann eben die Erklarung der voriibergehenden Steigung eine offene 
Frage. Soviel scheint sicher zu sein, dass es nicht genugt, anstatt 4—5 Tage 
den Kristall 3 Wochen bei 200° zu halten: die A- und B-Werte bleiben 
auch nach 3 Wochen praktisch dieselben wie nach 4—5 Tagen. Auch die 
in den Punkten 6) und c) angedeuteten Strukturverdnderungen erklaren 
diese Erscheinung nicht befriedigend : einfache Gedankenginge reichen jeden- 
falls zur Erklarung nicht aus. Die Kurven der Abb. 3 sind namlich unter 
denselben Umstinden aufgenommen wie die der Abb. 4: jeder Kristall 
wurde mit der gleichen Geschwindigkeit erwarmt und abgekiihlt und auch 
die Verfarbung geschah bei jedem bis zu dem gleichen Grad. Die Erscheinung 
tritt in »unversehrten« natiirlichen Kristallen dennoch nicht auf, sie zeigt 
sich nur, wenn der Kristall bei hoher Temperatur einmal schon verdorben 
worden war. Es ist méglich, dass der Anstieg bei 200° sich auf Grund von 
d) erklaren laisst. Es behandelt sich wahrscheinlich darum, dass in einem 
solchen Kristall in grosser Anzahl Kristallfehler verschiedenen Typs vor- 
handen sind, deren relative Verteilung sich wihrend der Warmebehandlun- 
gen in komplizierter Weise andern kann. 
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; Die Temperatur um 350° herum spielt auch bei Untersuchungen anderer 
eine Sonderrolle. Darauf weisen z. B. die mit verschiedenen Methoden 
gefiihrten Untersuchungen iiber die mechanischen Eigenschaften von NaCl- 
stallen hin [7]; die krummen NaCl-Nadelkristalle werden bei 350° gerade 
; die Lichtsumme gemessen an NaCl(TI)-Pastillen, die bei verschiedenen 
Yemperaturen temperiert worden waren, weist bei etwa 350° ebenfalls ein 
Minimum auf [9]. 

Als praktische Folgerung kénnen wir feststellen, dass es vom Stand- 
unkte der Photoleitfahigkeitsmessungen am vorteilhaftesten erscheint, die 
nthetischen Kristalle vorher bei etwa 350° zu temperieren. 
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BJIMAHHE MIPEXBAPHTEJIBHOM TEPMHYECKOH OBPABOTKH 
: HA ®OTOIIPOBOTHOCTb PEHTTEHH3HPOBAHHbIX KPHCTAJIJIOB 


UW. TAPAH, P. BOCKA, u A. WOMJIO 


Peswme 


Hamu u3Mepss0cb TpousBefzeHHe (7/w) KBAHTOBOrO BbIXOfa HU MYTH CMeLICHHA, OTHOCA- 
Werocd K e€(MHHUe HalpA)KeHHOCTH MOA, B Cily4ae eCTECTBEHHBIX H CHHTETHYCCKHX PCHTTe- 
“HH3HpOBaHHbIx KpHcTas0B NaCl. Usmepenve mpousBogH0cb MpH KOMHATHOH TemMepatype, 
MPU passM4HbIxX KOHUeHTpauHAx F-wenTpos (Nr). Ilo pesybTaTamM HCCeqOBAHHA 3aBHCHMOCTb 
onucpiBaeTcaA byHKUHeH BUAa Nw = 1/(A + BNp), rye A u B— koappuyHenTbl, XapakTepHbIe 
WIA OFHOrO HM Toro Ke KpHcTanna. BenMunua UX ABJIACTCA CTPYKTYPHO-4yBCTBHTEJIbHOH, OHA 
MODKeT ObITh HCNONb3OBaHa DJIA XAPAKTEPHCTHKU OTAECJIbHbIX IKSEMILIAPOB KPHCTaJIOB. Hccse- 
JOBAHHA OMHOBPeMeHHO AOCTABIAIT TaHHbIe B OTHOWeHHM TOrO, YTO MpefBapHTesbHaA TEp- 
MHYecKad OOpaboTKa, MPOHCXOAHBWIAACA Ip pasMMYHbIX TeMMepaTypax, B KaKOH Mepe OKa- 
SbIBaeT BJIMAHHe Ha BeNHYHHbI A u B 
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_ UBER DIE THEORETISCHE BESTIMMUNG DER 
WECHSELWIRKUNGSENERGIE VON EDELGASATOMEN 


Von 
 R. GAsphr 


INSTITUT FUR THEORETISCHE PHYSIK DER KOSSUTH LAJOS UNIVERSITAT, DEBRECEN 


(Vorgelegt von A. Kénya. — Eingegangen 30. VI. 1959) 


a ‘ 

=" Die Wechselwirkungsenergien neutraler Edelgasatome werden in mehreren experimen- 
tellen Arbeiten erértert. Mit Hilfe der statistischen Atomtheorie ist es méglich, ein Koordi- 
Batensystem zu finden, in welchem diese Wechselwirkungsenergien in kernnahen Gebieten 
in guter Naherung einen universellen Ablauf zeigen. Auch die mit Hilfe des statistischen, des 
-Lenz—Jensrenschen sowie des »self-consistent field« Atommodells bestimmten Nihe- 
-rungswerte der Wechselwirkungsenergie werden in der Arbeit eingehend erértert. 


_ AMDUR und seine Mitarbeiter [1] sowie BERRY [2] haben die Streuung 
‘neutraler Atome und Molekiile, insbesondere auch Edelgasatome untersucht. 
Im Laufe der Experimente wurde ein monoenergetischer Ionenstrahl herge- 
stellt, welcher durch Ladungsaustausch neutralisiert wurde ; dadurch entstand 
ein neutraler Atomstrahl, fiir welchen die kinetische Energie der Atome mit 
derjenigen der Ionen iibereinstimmte. Dieser Strahl wurde durch ruhendes 
‘Gas hindurchgelassen, und es wurden die Wirkungsquerschnitte bestimmt, 
aus denen sich die Wechselwirkungsenergien der Atome leicht bestimmen 
lassen. Die Versuche von AMDuUR und diejenigen von BERRY erganzen sich 
auf vorteilhafte Weise, da die ersteren mit kleineren, die letzteren hingegen 
mit grésseren Energiemengen durchgefiihrt wurden, sodass dabei zwei ver- 
schiedene Energiebereiche iiberdeckt wurden, und folglich die Wechselwir- 
kungsenergie sich fiir verschiedene Werte des Kernabstandes ergab. 

Durch Untersuchung der potentiellen Energie und der Dichteverteilung 
neutraler Atome haben wir festgestellt [3], dass diese sich in einem passend 
gewahlten Koordinatensystem durch eine beinahe universelle Funktion 
beschreiben lassen, falls wir uns auf die Hartreesche Naherung der »self- 
consistent field« Methode beschrinken. Auf Grund dieser Feststellung ist 
es gelungen, eine solche universelle Potentialfunktion zu konstruieren, welche 
das Focksche Potential sehr gut annahert und welche fiir Atome beliebiger 
Ordnungszahl sich durch einfaches Einsetzen der Ordungszahl angeben lasst. 

In der vorliegenden Arbeit wollen wir. zeigen, dass sich dieser Grund- 
satz auch in anderen Fallen vorteilhaft anwenden lasst, und wir wollen die 
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 Wechselwirkungsenergie der neutralen Edelgasateme mit Hilfe d 
der statistischen Atomphysik bestimmen. } ATH ae 
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§ 2. Die Berechnung der Wechselwirkungsenergie nach Jensen 


Die Wechselwirkungsenergie der neutralen Edelgasatome ist von gani 
grossen Kernabstandswerten abgesehen abstossend. Zur Bestimmung dies 
abstossenden potentiellen Energie eignen sich die Methoden der stabistische 
Atomphysik. Nach JENSEN [4] wird die Wechselwirkungsenergie zweier Atome 
oder Ionen mit edelgasartiger Elektronenstruktur in erster Naherung dure a 


U=U,+U,+U,+ U,+U,+U,, (1) 
gegeben, wobei den einzelnen Summanden folgende Bedeutung zukommt : 
U, = (Z, — N,) (Z, — N,) e?/6, (2a) 
Un = [2271 (0) +2, v2 (8)] ¢, (2b) 
| 
— yo LN 2% (8) + Ni 72 (8) + (20) 
ae $10. dv + J ¥20, dv], 
Ux = xx § [(0, + 02)5% — o9!* — 03/3] do, (2d) 
Ug = — %q§ [(01 + 22)** — of -; off] dv, (2e) 
Uw = S [Wo (e +0) —W (01) —Wo(e.)] dv. (28) 


In der Formel (2) bedeuten Z, und N, bzw. Z, und N, die Ordnungszahl und 
die Elektronenzahl der zwei mit 1 and mit 2 bezeichneten Atome (Ionen) 
6 ist der Abstand der Kerne der Atome (der Ionen), e ist die elementare Ladung, 
0, und g, bedeuten die Ladungsdichte der Atome (Ionen), und y,{r,)r; ist 
die um die Ionenladung verkleinerte Kernladung. Das potentielle Energie- 
glied (2b) beriicksichtigt die Wechselwirkung der Atomkerne mit der Elek- 
tronenwolke des anderen Atoms (Ions), (2c) hingegen die Wechselwirkung 
der Elektronenwolken. (2d) ist der infolge der Uberdeckung der Elektronen- 
wolken eintretende Zuwachs der kinetischen Energie, (2e) bzw. (2f) bedeutet 
die Veranderung der Austauschenergie bzw. der Korrelationsenergie. x, = 
= (3/10)( 370)2/8 ea) und xq = (3/4) (3/22)1/8 e2 sind Konstanten, a) ist der 
Radius der kleinsten Wasserstoffbahn in der Bohrschen Theorie. Das letzte 
Glied wurde von Gomsis [5] eingefiihrt'und dient zur Angabe der Korrelations- 
korrektion der Coulombschen Wechselwirkung zwischen den Elektronen. 


It Z,= N, und Z,= Ny, sodas diejenige 


nigen 


“hlags B. auch (2a), verschwinden. Falls wir nun ausserdem vorlaufig auch 
va den Gliedern (2e) und (2f) absehen, so wird die Wechselwirkungsenergie 
der neutralen Atome in erster Naherung durch den Ausdruck 


ik te 
U =~ e [en 71(8) + 2172(8)] + Srige do + Sr20, dv + 


3 
+m SL(e + 5) — of — of] dv 8) 


g egeben. Ausserdem beschranken wir uns, der obigen Naherung gemiss, auf 
_die urspriingliche Thomas—Fermische Lésung [6], welche fiir ein Atom das 
_ Gesamtpotential in der Form 


Ze r)r : 
et v(r) (4) 
r r 
_ und die Dichte in der Form 
4 ergy ary 3/2 
: pee (5 
¥ Amp? \ x 
Z 
4 angibt. In (4) und in (5) ist g die gut tabellierte Fermische Funktion [7] und 
: x= (6) 
, ; _ pb 
_ ist der in Einheiten 
i = a 5 (7) 


- gemessene Abstand vom Kern. Indem wir (4) und (5) in (3) einsetzen, erhalten 
- wit 


p= =f (@). (8) 


wobei die Funktion 


fis) = @ OS) + 5 =e FE atin 
(9) 
Pee crrariilaensties itt.) 1 


lediglich durch Vermittlung der Variablen x von der Ordnungszahl Z abhangt. 
6, = 6/u und dv, = dv/u3 ist der in u-Einheiten gemessene Kernabstand 
bzw. das in derselben Einheit gemessene Volumenelement. 


det punktweisen Ionenladungen beriicksich ice : 
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Die Auswertung der Formeln (8) und (9) ist eine recht mithsame Aufgabe. 
Spiter werden wir zeigen, wie man nach GomsAs [8] die Formeln (2) de a 
vereinfachen kann. -dass eine Auswertung derselben leichter durchfiihrb 4 
wird. Es ist indessen méglich, eine Kontrolle der Formeln (8) und (9) auf — 


indirektem Wege vorzunehmen, welche zugleich auch vom physikalischen 


ee bo} & r ss E- 
Standpunkt aus eine tiefere Einsicht gewdhrt. Gemiss (8) ist Y= a U eine 


von der Ordnungszahl unabhangige universelle Funktion der Veranderlichen x. 
Falls wir also die auf experimentellen Wege bestimmten potentiellen Energien 
im Koordinatensystem (y,x) darstellen, so miissen diese, mindestens naherungs- 
weise, zusammenfallen. Die Abbildung 1 zeigt die experimentellen Kurven 
in demjenigen Koordinatensystem, in welchem diese einen universellen Ablauf — 

zeigen sollten. Bei kleineren Werten des Kernabstandes bemerkt man tat- | 
sichlich eine solche Tendenz, bei grésseren Werten desselben aber nicht. | 
In § 4 werden wir diese Erscheinung noch eingehender erértern. 


§ 3. Berechnung der Wechselwirkungsenergie nach Gombas . 


Die durch (1) bzw. durch die Formeln (2c)—(2d) angegebene Form 
der Wechselwirkungsenergie ist von GomBAs [8] dadurch weiter vereinfacht 
worden, dass er die Berechnung der Energieglieder U, und U;, zusammen- 
gezogen und unter Anwendung der Thomas-Fermischen Gleichung auf eine 
einfachere Gestalt gebracht hat. Auf diese Weise ist es ihm gelungen, statt 
der komplizierten Zweizentrenintegrale Einzentrenintegrale einzufihren. Natiir- 
lich erfuhren dadurch auch die zur Lisung des Problems erforderlichen nume- 
rischen Rechnungen eine wesentliche Verminderung. 


Fir U, + U, erhalten wir den folgenden Ausdruck : 


U,+U, = — [N, 71 (6) +N, 7, (0)] e + (a, + B,) ey (6) + A, 0, (6). (10) 


Im Ausdruck (10) sind a, 8, und £, Konstanten, welchen folgende Bedeutung 
zukommt ; 


a; = doce { y, (r) r2 dr, 
0 


. 7 (11) 
B; = =a me, J lo; (r) 8 r? dr. 


0 


Indem wir uns wiederum auf die Wechselwirkung neutraler und gleichartiger 
Atome beschrinken, fiir welche also Z, = N, und Z, = N, sowie by == Be 


wir, falls wir vom Pigaeh ees ee Pe Ricci a, 


lige Wechselwirkungsenergie den Ausdruck 
LES we Ub Hl, + Uy = (4, + 26,) 0 (2). 


— UnZ-? = 3 ee (x) xdx. | (13) 


: : 
(12) lasst sich auch mit Hilfe der analytischen Lisung der Lenz—Jen- 


senschen Methode leicht berechnen. In seiner urspriinglichen Arbeit hat 


GomBAs [8] dies fiir ein beliebiges Atom- bzw. Ionenpaar durchgefihrt. Wir 


beschranken uns hier darauf, die von ihm gefundenen eg rag fir den 


; 


i 


_ Spezialfall der Wechselwirkung neutraler Atome anzugeben : 


820 
UpZ-* = lege (6b, + 24b, + 120b, + 720b, -+ 5040b,) + 


(14) 
18 Q, 7386 0, 8853/3 e — Vee 
+ 405 1 2 
(5 | i panies a) acct OR teed) 
_ wobei ; 
| i= 1. = I, =p Prat sate : 
4 ' 4 
sowie 


P = 2[2+ 18c, + 72c? + 120c3], 
2=10,91, ¢,= 0,265, © = (0,8853 A)¥2 


gilt. Wenn wir die Formelreihe (14), (15) und (16) tiberpriifen, koénnen wir 


feststellen dass ahnlich wie bei (13) die Grisse UuZ ? auch hier eine von der 


‘Ordnungszahl unabhangige Funktion von 6, ist. 


Natiirlich hindert uns nichts daran, die Berechnung von (12) fiir irgend- 
eine andere Elektronendichte vorzunehmen. So kénnen wir insbesondere die 
mit der »self-consistent« Methode bestimmten Hartreeschen bzw. Hartree- 
Fockschen Dichtewerte verwenden. Diese geben fiir die Wechselwirkungs- 
energie ganz gewiss gute Orientierungswerte, wobei man jedoch nicht ver- 
gessen darf, dass diese Dichten, bzw. die entsprechenden Potentiale dic 
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Fermi—Thomassche Gleichung, welche von GomBAs bei der Eeafubraag von | 
(10) und (11) verwendet wurde, nicht befriedigen. Endlich erwanhen wir noch, | 
dass die Schwierigkeiten, welche bei der Anwendung von (10) und (11) auf 
den Fall kleiner Kernabstandswerte auftreten, bereits in einer friiheren Arbeit _ 


des Verfassers [9] behandelt worden sind. : 


§ 4. Diskussion der Resultate 


Die Abbildung 1 zeigt uns die auf experimentellem Wege bestimmten 
Werte der Wechselwirkungsenergie der Edelgasatome grésserer Ordnungs- 
zah]. Als Ordinate wurde die Grésse Mlog(UuZ~ ?) und als Abszisse die Grésse 
6x, d. h. der in x-Einheiten gemessene Kernabstandswert genommen. Der 
Vollstandigkeit halber haben wir in diese Abbildung auch die Wechselwir- 
kungsenergie He-He aufgenommen, obwohl sich unsere Berechnungen aus- 
driicklich auf Elemente grésserer Ordnungszahlen beziehen, da wir ja mit 
statistischen Methoden arbeiten und die zwei Elektronen des Heliumatoms 
die ublichen Voraussetzungen zur Anwendbarkeit solcher nicht erfiillen. 
Diejenigen Teile der Kurven, welche kleineren Kernabstandswerten ent- 
sprechen, geben die Werte von BERRY [2] an, mit Ausnahme der Kurve des 
Heliumatoms ; massgebend fiir diese und fiir die Kurventeile, welche grésseren 
Kernabstandswerten entsprechen, waren die analytischen F unktionen, welche 
eine angenidherte Darstellung der Messergebnisse von AMDUR und seinen 
Mitarbeitern [1] liefern. So beniitzt BERRY [2] fiir die Atome Ne und Ar 
die Gestalt 

V(r) = Ae-*r (17) 


mit den Parameterwerten 


|Ne A = 10,410 erg, b = 4,25 A-, (17a) 
)Ar A = 21,9 10-9 erg, b= 4,14 A-2. . 
Natiirlich muss r in Angstrémeinheiten gemessen werden. (17) stellt die 
experimentellen Kurven im Untersuchungsbereich von BERRY mit einem 
Fehler von ein paar Prozent dar. Der logarithmischen Skala entsprechend 
werden diese auf der Abb. 1 natiirlich durch gerade Strecken wiedergegeben. 

Die Wechselwirkungsenergie He-He wird im Kernabstandsbereich 1,27 A 
—2,30 A nach Ampur und Harkness [1] durch (17) bei den Parameter- 


werten 


He A = 6,18 10-% erg, b= 4,55 An} (18) 
gut beschrieben. Endlich fanden AMDUR und Mason [1] fiir die Edelgase 


Ne, Ar und Kr bei grosseren Kernabstandswerten die folgenden Werte fiir 
die potentielle Energie : 


(218A <r<2,98A), (19) 
(2,43 <r <3,14A). . 


' Die obigen Experimente geben keine Auskunft iiber Bereiche, die vom 
o fern liegen. Fir solche Bereiche pflegt man mit Hilfe anderer Erscheinun- 
gen, durch theoretische Deutung derselben, Wechselwirkungsenergie- Werte 


Abb. 1. Wechselwirkungsenergien von Edelgasatomen. Experimentelle Ergebnisse. Ordinate: 
Hog (Up3Z-*), Abszisse: x = —_, wobei « = 0,8853 a,Z-1/8, a, den Radius der kleinsten Bohr- 
schen Bahn und Z die Ordnungszahl bedeutet. 
eee He; ————w— Ne; —.—.—.—.— A; ————— Kr. 


herzuleiten. Dazu werden zumeist die Kompressibilitat der Gase, ihre Vis- 
kositat und Eigenschaften von Kristallen verwendet. Mason und Rice [10] 
haben auf diese Weise z. B. die folgenden Potentialwerte gewonnen: 


Ne: V(r) = [73,4e-#8" — 0,0869r-*] 10-Merg (2,32A <r< 3,194), 
Ar: V(r) = [153e-%62" — 0,994r-*] 10-Merg (2,98A <r<4,83A), (20) 
Kr: V(r) = [5670r- — 2,28r-9] 10-% erg (3,4A <r<4,1A), 


welche teilweise auch bei unseren Berechnungen zur Verwendung kommen. 


Abbildung 1 gezeichneten experimentellen Kw 

unmittelbar ersichtlich, fiir kleinere Kernabstandswerte in d names 
einander, und ihr universelles Benehmen zeigt sich dadurch, dass die Ww -chse 
wirkungskurven. der Elemente grésserer Ordnungszahl nur wenig voneinan ak 
abweichen. Wir erblicken nur eine einzige Ausnahme. Die Kurve der Wechsel- 


Umgebung der Kurven von universellem Verlauf. Der Grund fiir dieses Sonder- : 
verhalten liegt darin, dass das Heliumatom lediglich zwei Elektronen enthalt, 


5 10 15 20 25 


6, -—> 


Abb. 2. Wechselwirkungsenergien von Edelgasatomen. Experimentelle und theoretische 


Ergebnisse. Ordinate: log (Uyz-*), Abszisse: x = e » wobei “ = 0,8853 a, Z1/3, a, den 
Radius der kleinsten Bohrschen Bahn und Z die Ordnungszahl bedeutet. Experimentelle 
Kurven : ; 

ote ate Hey) —Stastet Ned. ie. eet A bee KS 


und wegen dieser geringen Elektronenzahl sich weniger erfolgreich in unsere 
statistischen. atomtheoretischen Erwangungen einordnen lasst, auf Grund 
welcher wir auf den universellen Verlauf schliessen konnten. 

Es ist interessant, das Verhalten der Wechselwirkungsenergie bei grés- 
seren Kernabstandswerten zu vergleichen. Die Wechselwirkungsenergien zeigen 
in diesem Bereich offenbar keinen_universellen Verlauf. Der Grund dafiir 
liegt in folgendem. Die ‘Thomas-Fermische Approximation der statistischen 
Atomtheorie gibt in kernfernen Bereichen nur eine ganz schlechte Naherung 
an die Wellenmechanik, so dass im Falle grosser Werte des Kernabstandes 


auch die Wechselwirkungsenergie der Atome nicht denjenigen Verlauf zeigen 


kann, welchen wir auf Grund der obigen naherungsweisen Lésung, d. h. auf 


; Grund der Thomas-Fermischen Lésung, erwarten wiirden. 


Die Abbildung 2 zeigt neben den experimentell bestimmten Kurven 


_ auch einige, die auf theoretischem Wege berechnet wurden. Von diesen ver- 


_ lauft die der Thomas-Fermischen Theorie entsprechende Kurve, besonders im 


? Bereich der grossen Kernabstandswerte, hoch iiber den experimentell bestimm- 
_ ten Kurven. Die Thomas-Fermischen Atome wirken also weit mehr abstossend 


w 


als die wirklichen. Der Grund dafiir liegt natiirlich in dem bereits erérterten 
Umstand, dass die Dichte des Thomas-Fermischen Atommodells in Bereichen, 
die vom Atomkern fernliegend sind, weit grésser ist als diejenige des wellen- 
mechanischen Atommodells. Diesem Fehler haben JENSEN und Lenz abge- 


_ holfen. Die Dichte des von ihnen eingefiihrten Atommodells verhalt sich in 


kernfernen Bereichen ahnlich wie diejenige des wellenmechanischen Modells. 
Die mit dieser Dichte berechnete Wechselwirkungsenergie ist besonders in 
den inneren Bereichen sehr gut. Die Tatsache aber, dass bei grésseren Kern- 
abstandswerten die mit Hilfe des LeENz—JENsENschen Modells berechnete 
Wechselwirkungsenergie in der Nahe der Wechselwirkungsenergiekurve des 
Kryptons verlauft, diirfte als blosser Zufall angesehen werden. 

Endlich haben wir in der Abbildung 2 diejenige Wechselwirkungsenergie 
zweier Elemente, des Heliums und des Argons, aufgetragen, welche wir mit 
Hilfe der auf Grund der »self-consistent field« Methode gewonnenen Dichtever- 
teilungen bestimmt haben. Fiir das Helium haben wir die von D. R. HarTREE 
berechnete Dichteverteilung und fiir das Argon die von D. R. HARTREE und 
W. Hartree [12] unter Beriicksichtigung des Austausches angegebene Dichte- 
verteilung benutzt. Es ist auffallend, dass beide berechneten Kurven mit den 
experimentell bestimmten eine sehr gute Ubereinstimmung aufweisen. Beson- 
ders hervorzuheben ist es, dass diese gute Ubereinstimmung auch bei grossen 
Kernabstandswerten erhalten bleibt. Der letztgenannte Umstand stellt einen 
klaren Hinweis auf die allgemein bekannte Tatsache dar, dass die mit Hilfe 
der »self-consistent field« Methode bestimmten Dichteverteilungen — besonders 
wenn die auf Grund der Fockschen Austauschwirkung modifizierte Form 
der Methode verwendet wird — die tatsiachliche Elektronendichte des Atoms 
auch in kernfernen Bereichen richtig wiedergeben. 

Wir haben unsere Berechnungen durchweg auf Grund des von GoMBAS 
eingefiihrten vereinfachten Modells durchgefiihrt. Bei dieser Vereinfachung hat 
Gomis die Thomas-Fermische Gleichung benutzt, welche von der wellen- 
-mechanischen Dichte nicht befriedigt wird. Trotzdem haben wir, wie wir 
darauf bereits in einer friiheren Arbeit [9] hingewiesen haben, keinen Grund, 
an der Stichhaltigkeit der mit Hilfe wellenmechanischer Dichten gewonnenen 
Resultate zu zweifeln. Dies wird auch durch die hier berechneten Kurven 


unterstrichen. 
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1 


Two simple non-local models are investigated : a free oscillator with non-local potential 
and an oscillator with non-local kinetic and potential energies. Solutions of the Felussieal 
equations of motion for a finite time interval are obtained, which do not seem to exhibit 
physically unreasonable features. 


I. Introduction 


Recently non-local field theories have gained somewhat in interest in 
connection with the present state of theory and experiment. 

Experiments with high-energy pions seem to indicate that nucleons 
have a core with a radius of ~ 0,4 — 0,6 fermi [1]; the latter behaves as 
a “black sphere”’ with respect to “hot” particles. One is tempted to interpret 
these results — at least phenomenologically — in terms of a non-local pion- 
nucleon interaction. 

The probable importance of interactions of the second kind has recently 
been emphasized theoretically [2] and it is well known [3] that interactions 
of the second kind between “bare” fields lead to a non-localizable effective 
interaction. 

The present paper aims at clarifying some questions connected with 
a non-local theory, defined by means of an action principle. 

It has been suggested [4] that a non-local action integral needs to be 
appropriately modified, when considered in a finite time interval. 

In Section 2 we treat a classical, one-dimensional oscillator with (in time) 
non-localizable potential energy. In Section 3 this model is extended to the 
case, where both kinetic and potential energies are non-localizable. 

(The latter model possibly represents a world, where the position measur- 
ement is not completely reproducible [5].) . 

Both models show one common characteristic feature: when the time 
interval in which we define the motion by means of Hamilton’s principle, is 
sufficiently long, the classical motion is essentially well behaved and goes 
over smoothly into the “ordinary” non-local solution, corresponding to an 
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We start from the following action integral = xd 


w= ae Monee ail dea” ge) 0°) Fe — 2"). 


= i> 


The equations of motion are given by 


Ow 


‘a(t 0 with 469(— T) = 6q(T) 


When the variation is performed, the equation of motion in momentum — 
representation reads as follows : 


[k? — w2 I (k,t, T)] o(k) = 0. (2,2) 


Here the following notations have been employed : 
il —~ 
Pt) =~ | J B(k) O(k-+-k’) exp [i(kt + k’ t’)] dk dk’, 
I 


= 7 J c(k’) ex tk't dk’, | (2,3) 
1 a 
I(kst,T) = J gk’) exp i(k’ — k) T sin (k’ — hk) T (k’ — k)-1 ak’. 
ELA 


If T — co, then obviously “2 sin (k’ — k) T/,oi,—> O(k’ — k) 
La 


and 


I(k, t, T) > g(k) 


1 This probl 


em has been put forward by Pautt as the simplest non- 
of a non-local system 


trivial example 


os be Al ate Nata 


= 


~ 


ntl large T (which is the physically interesting case) the “Dirichlet 
epresentation” of d(k’ — k) in I(k,t, T) by a Gaussian one, which will turn 
out to be more convenient for our purposes: - . 


se 


| (2,4) 
a=2-1(62)18, 6 = nil6 6-1/3, 


_ Finally, for the sake of definiteness, we make a concrete Surat for the form 
factor : 
: . 8(k) = exp (— h? 7), (2,5) 
where t is some parameter, characterizing the “smearing out’. After some 


‘calculation we obtain with (2,4) and (2,5) 
Tk, t, T) = a)/x (T/O) exp [— k® 72 (1 + 1*/0)] exp ikt(z/O)? exp — 7/402, (2,6) 
. ree Soli wind abiscvintion bins besnemtlckarcolt 

| 2+ fT? = 62. (2,7) 


If T is sufficiently large, then (2,6) is “almost independent of t’’, so we 
proceed by inserting (2,6) into (2,2) and solve the equation 


k2 — w? Re I (k,t, T) = 0. (2,8) 


-(2,8) has two real roots of equal absolute values and opposite signs. Let the 
roots be +: k,, then the approximate solution of (2,2) for large T (t/O <l)is: 


¢ (k) = Cyd (2 — ke), (2,9) 


where C, is a proportionality factor. 
Bearing in mind the form of (2,6), we see that the solution is an 


oscillation with slowly varying frequency. It is interesting that k, performs 
a damped oscillation around a fixed value. 

When T —> 00, then I (k,t, T) > g(k), as it should be. (This result 
can be found by direct calculation, putting in (2, 1) T= co). It is seen 
further that, if t—> 0 (local limit), then the solution goes over into the 
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ordinary harmonic oscillation.1 We call such a dependence on T. and t oe ' 
mal”, since it seems to be a plausible assumption that both the local limit — 
and that for T—»- co should exist and be approached smoothly. 


3. Oscillator with ‘uniformly non-localizable“ action 


Here the action integral is assumed to be 


1 Fataia cate eee, ea Z 
W =| { eas ee bao a aa] (3,1) 


The solution runs exactly on the same lines as indicated in Sec. 2. 

With the same notation (2,3), (2,7) and applying the same represen- 
tation (2,4), (2,5) for the d-like factors and the form factor, respectively, the 
following equation of motion is obtained in Fourier space: 


f dhe (k) [o* — k2 (1 — 72/9%)] = 0. (3,2) 


The “normal” solution of (3,2) is obtained, if we require that the inte- 


grand in (3,2) should vanish. Then 


c (k) = ¢, 5 (k2 — Q2), (3,3) 


where ¢, is a proportionality factor and Q2—? (1 — z?/6?)-1, If either tr > 0 
or @? > oo, then Q2-+@%, uniformly. So, the solution is a harmonic oscillation 
with a shifted frequency with a “normal” dependence on T and the form 
factor. 
There exists however, a whole family of anomalous solutions of (3,2). 
Indeed, if one writes (3,2) as 


2? = {e(k) dk/{ ¢(k) dk, 
it is seen that all the functions with zero mean value and prescribed second 
moment are solutions of (3,2). (E. g. exp (—k?/Q?) is a solution.) These solu- 
tions would be obviously very dangerous from a physical point of view, since 
transformed. back to coordinate space, in general they do not give periodic 
motion at all. They can be excluded by the additional requirement that the 
“good” solutions should possess a 6-type singularity in Fourier space. This 


separation is made possible by the fact that “normal” and ‘‘anomalous”’ 
solutions do not mix in the course of time. 


tos Actually, in (2,6) the “damping factor” exp (— #?/4 ©2) still remains, but this is 
obviously a peculiarity of the solution by means of Fourier transforms and the same is 
obtained if we put g(k) = 1 ab initio. 


ius) wthivars 


Sil _ The energy pecan i fe iE. constructed for both (2,1) and (3,1) by x means 
: 's method [6]. 
_ By a straightforward calculation, (aiete closely. Soe ae Pian we 


E= = Exin a E pots 


is 
Exin = tay for (2,1) (4,1a) 


But Eifmnee one 1") de’ de" +Pffeoser | 


Tele) eee )] Fe’, ”) de’ de” ae "G, 1) 


(4,16) 


Ey = j J ae)ae 06H) Feat de 


= a ffa q(t 
oF | 


(Al the above expressions are to be understood as symmetrized with respect 


(4,2) 


- to t’ and ¢#’”’.) 


The second term in (4,15) and (4,2) is absent in the local limit, the first one 
has the form expected by an intuitive generalization of the corresponding 
local expression. This energy is an exact constant of motion, i. e. dE/dt = 0 for 
every 1. 

Inserting into (4,1 a, b) and (4,2) the expressions found in Secs. 2 and 


_ 3 their dependence on T can be investigated, and it is found that they show 


a “normal” dependence in the sense of Sec. 2. 


5. Discussion 


We have seen that both the problems (2,1) and (3,1) do possess physically 
reasonable solutions fot sufficiently large T. (Essentially for t/T <1.) The 
solutions, where’ t/@ ~ 1, are rather complicated and in general not periodic 
at all. This is, however, not an unexpected result, since the latter is just the 
region, where the form factor is effective. A disquieting result is the existence 
of anomalous solutions of (3,2), since at present it is not completely clear, 
how to exclude them physically. 
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Based on these very simple models, one might perhaps conclude that 
a theory with furm factor does not give physically unreasonable results (apart 
from the anomalous solutions, which are assumed to be excluded on account 
of some physical reason). The non-localizability might have measurable effects, 
e. g. if an oscillator like (2,1) would emit electromagnetic radiation, it would 
have a larger natural line width than a local one. The experimental obser- 
vation of such effects, though very difficult, does not seem impossible. 

Naturally, one cannot draw a final conclusion from the results of the 
present investigation. In the case of an indenumerably infinite number of 
degrees of freedom, some special difficulties might arise, which cannot be 
foreseen on the basis of our present results. 

We hope to be able to return to this and related problems in subsequent 
papers. 

Finally we wish to express our indebtedness to Dr. G. GyOreyi for 
valuable discussions on the subject. 

Note added in proof. The investigation of a classical, free Klein-Gordon 
field with a “uniformly non-localizable“ action integral shows! that — in 


7 
f 
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general — the field equation has no solution at all. In order to obtain a 
solution, one has to impose very restrictive and unphysical boundary condi- 
tions on the field function. On the basis of these investigations, it seems rather 
doubtful that such theories could describe real physical phenomena. 
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THERMONUCLEAR REACTIONS 3 
By cs 
. J. S. CHENG 
- HUA-DONG NORMAL UNIVERSITY, SHANGHAI, CHINA 
(Received 17. XI. 1958) 


7 4 ' 1. Introduction 


The probability of thermonuclear reactions that are exoergic or slightly 
_ endoergic was first calculated by Arxrnson and Hovrermans [1] (1929) 
and later improved by Gamow and TELLER [2] (1938). Berue [3] (1939) was 
the first to employ GAmow—TELLER’s formula to solve the energy production 
in the sun and other main sequence stars. In recent years various forms or 
modifications of the formula have been suggested by different authors, such 
as CHANDRASEKHAR [4] (1951), Satperer [5] (1952) and Srrémeren [6] 
(1953). All of these formulae are only applicable to the exoergic or slightly 
endoergic thermonuclear reactions. They are unapplicable to the strongly 
endoergic nuclear reactions. 

In this paper a type of formula for the strongly endoergic thermo- 
nuclear reactions is suggested. This formula was obtained in 1955 for the calcu- 
lation of the probability of various endoergic nuclear reactions which may 
occur within the contracting stars without hydrogen such as He4 (a, p) Li’ 
He* (a,n) Be’ etc. [7] [8]. 


2. Formula 


Consider a gas consisting of nuclei of types (1) and (2) with charges Zje 
ard Z,e, and atomic masses m, and m,. Let n, and n, be the numbers of the 
two types of reacting nuclei per unit volume, ~, and », the relative concentra- 
tions by weight and g and T the total density and tempetature. Then the num- 
ber of collisions per unit volume per second between the two types of nuclei 
with a relative energy in the interval E and E+ dE is given by: 


dn) | 2E \3 
mm, [ovo =m mao —fe. (1) 
n mn m 
d 2(1\8-¢3 
eee ie ee ae, (2) 
az \ kT 


fe msg” 


= = = mis the ended mass, 0 the cesecimerhln Ss the cross-sectional factor. _ 


angers @) and (3) into (1) and putting 


p= Bat Z,2Za tet (4) 


“(mu Sm,) ht 


~~ 


we have 


m,Xm, 


Integrating between limits E and © and replacing n,n, by =e we get 


the total number of effective collisions per gram per second with an energy above 
E (the threshold energy) : ; 


ee 
fol B a 


For strongly endoergic reactions between light nuclei, where (E9/E)3 i is 
negligibly small compared to E/kT we obtain the approximate expression on 
integration : 


(6) 
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In cases where (E,/E)3 i is not negligible we may evaluate the integral 
by introducing 
E 


Ey)s 
Pee 
E,3 (kT )3 


kT. 


a= 


and § B= 


(8) 
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On Rec. we obtain. ; 
Fe ie-ettobngp 


ia Subetiuting — tae te we have: 


tren tet oes 
(i): 
1 E E,)i = 
—kT — — —|—9/? | : 
7 [or kT tel f | 
q cases where (E,/E)3 < E/kT or kT < (E?/E,)3, (11) is reduced to (7). 
y ince 
‘ ae oa pairs (12) 
4 OX, Ox, 
and 


m, =m, A,, m, = my, Ay, 


_ where A is the rate of thermonuclear reactions, and A the atomic weight, 
_ then we get for the rate 


Az3A 1 \3(4E? )3 
A=T7 - 39x 1035 alts ral | 
(9) (2 As kT} \ Ey 


ieee as exp — tb 


(13) 


3 
+92" 
EJ K 


it is lacey Aes and the probability is calculated by the formula for the 
exoergic thermonuclear reactions. 


The author is deeply indebted to Prof. C. K. CHEN oe Mme. CuEn for 


helpful information on mathematics. 
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: 2 
The central temperatures of the sun, the bright component of Krueger 


€ 0 and Sirius A are commonly accepted as 2X107,3 - 2107 and2 -1x107 °K, 
respectively. The star having mass greater than CHANDRASEKHAR’s limit 
would contract infinitely after the exhaustion of hydrogen, and the temperature 


'D 
fy 
f 
S 


contracting star [1], [2]: 


in its central region is shown to be inversely proportional to the radius of the 


Tosh a 


or. alternatively, 


Zz 
T cogs, (1b) 


where 9, is the mean density of the star. 


In this paper a new formula for direct calculation of central temperatures 
of non-degenerate stars from masses and radii (or mean densities) is suggested. 
This formula was first obtained in 1954 [3] and may be represented as follows : 


5 | 
= 1 
T =| + 1M _33.49M2 Ro (2a) 
or 
5 Mer Foes Leh 
r =| : a | Mi ent = 58-98 M® o3,, (26) 
/ o : 


where K is the gravitational constant, o the Stefan—Boltzmann constant, 
C the velocity of light, M the stellar mass in grams. 

Formula (2) checks well with the data of stars given in Table 1. And for 
a given contracting star, where M is constant, it is reduced to the simple well- 
known formula T co R-! or T 9}, 


2x10 | 14 | 2x10? caxao" | = 


| 4.9x10% | 059 | 19x10? | 214x107 i) 1 


, 


a 


: Fondula (2) is : semi-empirical one which was obtained in the foll > in; : 
manner : 
. ane e gravitational energy of a star of mass M and radius R is eiuait by 7. 


The mean gravitational pressure is [8 }. [9] 


nfl) 


where V= = R®, 
Substituting the mean density 0, = = MR ’‘* into the equation (4), we _ 


get 


Pirchah <M 0. (5) 


: 
The radiation “Pressure at the central region of the star is given by: R| 
i 
1 
; 


4 4 
Pe= 36 | Bede = 2 TS, (6) 


bee 
Cc 

On substituting the accepted values of M and om (or R) into equation(5) _ 
and those of T into equation (6), we find that 


= Pm (7) 


as shown in Table 2. : 


Pe {aynes/om 


Krueger 60 (brig.) .............0.. 2.7 1038 2.7X 1018 


UM eee ee eee eee eens Kea satus 5x 1014 4x 1014 
; reg, Aves Pe Cees Se eee eet ee 3.1x 1014 4.9 x 1014 


*Calculated on the basis of accepted values of T, 3.2197, 2107 and 2.1X 107. 


: 

Bi From relation (7) we get directly the formulae (2a) and (2b) by equation 
(4) and (6),,and (5) and (6), respectively. 

s For late-stage contracting stars of masses 1.5 Mo and 3 Mo, exhausted of 
hydrogen, the central temperatures calculated at different densities are shown 
in Table 3. This range of temperature agrees with the temperatures, 2X 108 ~ 


Table 3 
: 3a ; Central Temperatures T °K 

Gelglontss M=15 Mo | M=3.0 Mo ~ 
108 2.0 x 108 2.3 x 108 

- 104 4.4.x 108 5.0 x 108 
105 _ 9.5 x 108 1.1x 10° 
108 - 2.0 10° 2.3 x 10° 
107 4.4 x 10° 5.0 x 10° 


~ 5X10° °K, required for the nuclear reactions occurring in these stars, as, 
estimated by SatrPereR[2], Hoyie[10] etc.[11]. 
This central temperature formula is unapplicable to the degenerate white 
dwarfs stars due to the excellent thermal conductivity of the degenerate matter. 
Whether the formula is applicable to stars of very low densities or not 
is uncertain. Here some values of central temperatures for these stars are 
tabulated for comparison with the calculated values (Table 4). 


Table 4 
rs Central Temp. T °K 
; om Ref 
Stars (g) (g/em*) Calc. Values Some Values ce 
eens Sele bee eye Boe Fe ee a ee 
| 
Capella (bright) ....... 8.3 x 1058 2:27510-* 3.2 108 7.2% 10° 3 {12] 


Pedurigns KE 25,0022. 30x10% | 2.61x10-° | 41x108 | ~1x10° | [13] 


pe ee ES ek ere Gai 
[YNEK, Averegacl New York, McGraw-Hill Book Co., Inc., 1951, P. 
a Zwicxy, Phys. Rev., 55, 726, 1939. = 
L. Lanpau, Zs. f. Sov. Phys., St 285, 1932. 
9. S. CHANDRASEKHAR, Ap. J., 74, 81, ‘1931. 4 
0. F. Hoyts, Frontiers of Astronomy, London, William Micicetanaee Ltd., 1955, Chae: °, 5 i 
= W. A. Fowter, G. R. Bursince and E. M. BursincE, Ap. J.,121,271,1955. 
_ 12. A. S. Eppincron, The Internal Constitution of hi Stars, Cambridge, The University. 
Press, 1930, p. 14. =f 
13. G. Gamow, Phys. Rev., 35, 718, 1939. 


ON THE ELECTROLUMINESCENCE OF INSULATED 
= SiC CRYSTALS 


By 


ae 
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INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 


(Received 14. II. 1959) 


Asis well known, theelectroluminescent phenomena observed on SiC 
crystals are classified under the heading of “carrier-injection electrolumines- 
cence” [1]. As characteristic of this kind of lighting the rectifying effect 
is emphasized [2]. In the course of our experiments we succeeded in producing 
electroluminescence on SiC crystals in the arrangement of Fig. 1, without 
obtaining a rectifying effect, either in the total tension applied on the crystal, 
or in its total current. 

The colour and the distribution of the light pattern agreed with the 
lighting found on the same point of the crystal after the removal of the mica 
sheet by piercing it across. In order to obtain roughly the same lighting with 
a mica sheet it was necessary to apply about 600V, a.c., and without it 
about 3V a.c., with a frequency of 1000 c/s. The field strength was 105—10¢ 
V/cm. 

With the mica sheet we could not observe any lighting, even at 1500V 
d. c., but without it the crystal showed lighting, already perceptible from 
the threshold voltage of 4—6 V upwards. Our crystals were made of a material 
already used in our previous investigations [3, 4, 5]. The frequency dependence 
of the lighting was examined between 20 c/s and 20kc/s. The threshold volt- 
age of lighting decreases with higher frequencies. 

Though the examination of the phenomena is still in progress and 
therefore definite conclusions could not be formed so far, the results obtained 
up to now are nevertheless remarkable enough. Since the pioneer work of 
LossEw [6] it is accepted that the lighting of SiC crystals is accompanied by 
a rectifying effect. This can be well explained — according to our previous 
measurements — by a barrier of Morr—Scuortrxy type formed on the crystal 
surface [5]. The lighting was interpreted by Lenovec, Accarpo and JaM- 
cocHIAN [7] and others as a recombination radiation following the carrier 
injection from the electrodes. In our opinion this experiment refutes the above- 
mentioned hypothesis and makes it more probable that the carriers causing 
the lighting are derived from surface states. Taking into consideration that 
Boer [8] obtained a similar result on conductance of CdS crystals it seems 
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2] 
| 
possible to postulate a similar situation in case of other materials showing © . 
a “carrier injection electroluminescence” effect. = 

Finally, it is to he noted that considering the characteristics of the 
electroluminescence of our insulated SiC crystal, this electroluminescence is 
remarkably like the “intrinsic” one discovered by Destriav. Elsewhere [9] 
we dealt already with the problems of the similarity of the “carrier-injection” _ 


and the “intrinsic” electroluminescence. So here we remark only that the 


microsco, 


oscillator 


lighting of the insulated SiC crystals also seems to support the hypothesis 
according to which there is no essential difference between the two effects 
and ZnS crystals otherwise capable of an “injection” luminescence show a 


‘‘non-injection” luminescence in lighting condensers, only because of their 
insulation. 
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. “For wave fake built up of antisymmetrical and éithoyonal™ two- 
q electron orbitals the energy expression [1] as well as the first- and second- 
‘order density matrices [2] have been given.! Later the calculations have 
been extended to non-orthogonal antisymmetrical orbitals and the first order 
-non-orthogonality correction for the first- and second-order density matrices. 
has been determined [3]. The purpose of the present paper is to take into- 
-account the second-order non-orthogonality correction. 

_. Be the number of electrons N (N to be an even number). The wave 
function ® built up of antisymmetrical and normalized y; (|), as 
: “the Pauli if principle, is the following 


: | @ = CE (=P Py (12) v5 (814) SvNNAIN. 


Here C is a normalization factor and P denotes the permutations intérchanging 
ake electrons aha the individual two-electron orbitals -y,(|A). (In this 


case there are differcat P) The arguments naturally include the spin 


PS 


co-ordinates of the electrons. 
~ Now, in contrast to [1], [2] and [3] in the evaluation of the integrals 


fer (123... -N)®(123.. _N)dr,dt,dt,...dty=1, _ (1) 
N for (23. N) (123. N)dz,dt,...dty=I(1'|2), (2) 


dal a" 23... N)@(123...N)dry... dty =I¥(1'2'|12) (3) 


a2 Tt should be noted that in [2] the expression of T1212) i is incorrect. The correct 
expression with the denotations of the present paper is; 


ge a ne hs 2 Pra 2) Fi 12)+ 2 2.4 [s.0"|) 502 2)}. 


oh oe Physica XI/1. 


only those terms are taken to be different from zero which involve only two 
or less (1 or 0) integration variables connecting different functions y. E. 8: 


§...ut@|a)... v9(4[y)... (| A)... (e|9) Lea dey dr, ... , 


Here x and yu connect the different functions »;, yp; (t #J)- —? 
In [3] only such terms have been taken as different from zero which i 
contain one or less (0) integration variable connecting different y. Owing to © 
the orthogonality of the y; in [1] and [2] only those terms differ from zero 
in which all integration variables connect identical y. 
To write the final result in simple form we introduce the following 
denotations (some of those occurred already in [3]) : 


S vt (|) via | a) dr, = 5, %| 4) = St) x), 

Ss; (x | 4) S; (4 | A) dx, = S,;(% | 4) = SF; (A|), 

JS; |) S;(4|») S, (| 4) dt, de, = f Si (% |») S, (»| a) dr, = 
é SS, (% | #) Sj, (4 | A) de, = Si jx (% | A) = Shji(A| *), 

§ vP |) vy (A| am) dr, = A), (| 2) = A}, (|x), 

§ iy (|) 4je(| 2) de, = Dy (|) = Da (Ax), 

§ Sj(4| #) dt, = j Si: (“| ») dt, = i} D;;(4| ») dt, = 

J Dj (4 | 4) dt, = Dj; = Dj, | 

§ 4 (#| ») dt, = 4; = 4}. 


The operators a, uw’ and A are defined as follows : 


a [f(1’ 2’| 12)] = f (1 2’| 12) — f(1'2’| 21), 
a’ [ (1 2’ | 12)] = f(1' 2’ | 12). — f(2’ 1’ | 12), 
A [f(1' 2'| 12)] =f (1' 2’ | 12) — f(2’ 1’ | 12) + f (2 1'| 21) —f(1' 2’ | 21). 
The operators p(ij), p(ijk) and p(ijkl) permute the lower indices of the 
subsequent expressions in brackets in every possible way and add up the 


resulting terms. Thus p(ij), p(ijk) and p(ijkl) give 2,6 and 24 different terms, 
respectively. E. g. 


P (if) {Sj ("| 1)} = S,,(1'| 1) + S,,(1' | 1), 
P (ijk) {S; (1’ | 1) Dy, (2" | 2)} = S;(1" | 1) Dy, (2’ | 2) + S, (1 | 1) Dy (2" | 2) + 
tS; (1"| 1) Dyy (2 | 2) +S; (1"| 1) Dg. (2" | 2) +S, (1"| 1) Dj, (2’ | 2) + 
+ S, ("| 1) Dy, (2'| 2). 


: “NIG 8S - woe 


(1 —43D)F0\0) eee ty nolan | 4 )+ D409} y 


ee 4 2 PHS |D Da — 28,40) oo 
} (14 y D)I*C'2 12) = F vi (12) v1 (112) + 
FPO PWIA ALS CINE OID 

| #4 (02) 4g 2129] — 2S ot 9 112)5, 2 Le] 
= Bf aL vi 0'12) 9 (hia) $0412] 459} , 


z = ee P (ijk) fy; (1'| 2) ¥ (12) Dy + 24S, Sn 2124+ (6) 


+S, (1’| 1) Dy (2’|2)] — § [vi (1! | 2’) vs |») Sy 4] 2) Sel 2) + 
+ yt (|r) (1 | 2) S ("| m) S, (2|»)] dz, dt, — 
— 2 Ca’ [ys (1'! x) y, (1| 2) Sg (2’|»)] dey, — 
— 2 fa[yi (1’|2")v, (1!) Sp (|2)] dt, — 
25 A[ vi; 4) v1») S214) Se ]2)] de, def + 
4 Sp ijkl) £4 [8,011 Su 212) + 258; (1 11) Sa 2'12)]p 


i<j<k< 


Consider now, what can be obtained from (4), (5), 6) on the basis os 
the simple MO method with aore filled orbitals? Assume all y; to be of 


the form 


y, (1/2) = 5 , (F3) %: (rs) [a(2) B2) — a(2) BCL) 


The. vi are normalized onttclention orbitals, further 
Ser) efr)dv=S if tJ 
for every pair i, J: 


7T* 


In this case with respect to S 
, S, (x | a) Pa ee a of zeroth order, 
5, (| 4)» Ay (1). SvtGelm) Sul A)de, are of first order, 
Six (%|4), Di (| 4), Dip 4ij 

Sv (ue|») 8, (|) Sy (|) de, de, 
In general the order of an expression equals the number of integration 
variables connecting different y. Thus (4), (5), (6) are an approximation 
involving all zeroth, first- and second-order terms in S. This means that the 
normalizing factor, J"(1’|1) and J"°(1’2|12) contain all terms to second order, 
in addition to these T(1'}1) and 3(1'2'|12) contain various terms of third and 
‘fourth order too (due to the denominator). The approximation used in [3] 


are of second order. 


4 


r 


corresponds to neglecting all terms in which the exponent of S is larger than © 


1. If S is large (S > 0,2) the approximation corresponding to (4), (5), (6) is 


very bad. This could be improved by taking into account terms which in- . 
volve higher powers of S, in other words taking into account in the integrals — 


(1), (2) and (3) such terms in wich there are three, four etc. integration vari- 
ables connecting different y. In this case, to be able to write the final result 
in comparatively simple form, we have to define further auxiliary functions. 
But even so the density matrices. will be very intricate. In this case it is very 
doubtful whether it is suitable to apply two-electron orbitals. It should be 
noted that for N = 4 (4), (5), (6) give the exact density matrices. 

Now as an example calculate the energy expression for CH, with the 
aid of (4), (5), (6). We neglect: the two 1s electrons of the C atom and describe 
the four equivalent bonds by: four equivalent two-electron orbitals Py> Ve 
V3 Yy the symmetry axes of which point towards the corresponding H nucleus : 


Fon, = Ph 1)? Py, (1 | 2) 2 (3| 4) Ys (5 | 6) v4 (7 |8). 
Expanding the operator H in the usual manner 
H=H(0)+ ZH() +3 HG) 
owing to the high symmetry of CH, the energy expression becomes 
Ecn, = H (0) + Tom, JEOes: (1 | 1) — 245, (1"| 1) — 24D,9 (1 | 1)— 


| 1 1 
— 965, {1"|1) Dip +192 Syog (1’ | 1)} dty-+ ———____ | —_ fat (1 2) p, (1/2) 4+ 


+ 12yj (12) y_(1|2) 4g, + 245, (1| 1) S, (2 | 2) — 248, (1 2) S,(2|1) + 


a $965; (12) Dpg(2[1) — 


| CUISINE +HlIWEIISOM SEDs 
+ 4yi (1/4) ¥1 (1 |») Sy (2 |) Sa (| 2) + ie, 
o + 4p; (1 |) vs (21>) Sr2 |) Ss] D] drat, — 
Be Be crclatee Wind n+ eal hye sewlales oe 
+ + 1925p (1| 1) Suu 2] 2) + 1925yo(1|2) Sou (2/) +” 
"+ 3845, (1| 1) Sy (2]2) — 5: (112) Sou 21D}0F te 


canal as ahaxes that ; 


i vi a2) a ae Pi (7) i; (T2) [a(1)B (2).—4 ite pay) 
A% Gi ~ Fei = Con: 
3 hybrid echiat of he C atom with the corresponding Slater 


(here pc; is an sp 
he corresponding orbitals of the hydrogen 


parameters and gyi ~ e Hi are t 


1 
at om) for C ne S~0,1, thus the above approximation is still not too 


a a a ee Pe “Wy 
ok ae 


bad. 
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DER EFFEKT DER ANODENPERTURBATION 
AUF DIE POSITIVEN SAULEN 
DER NIEDERDRUCKGASENTLADUNGEN 


: Von 
G. Sziceti und J. Brré 
2. FORSCHUNGSINSTITUT FUR TECHNISCHE FORSCHUNGSINSTITUT FUR NACHRICH- 
PHYSIK DER UNGARISCHEN-AKADEMIE DER TENTECHNISCHE INDUSTRIE, BUDAPEST 


WISSENSCHAFTEN, BUDAPEST 


(Eingegangen: 17. II. 1959) 


Nach der Mitteilung von K. WoJAczEK kénnen in einer Argonatmos- 

phare von niederem Druck bei gewissen Entladungsbedingungen in der posi- 
tiven Saule der Entladung, durch eine Stérung am Ende der Kathodenseite 
derselben, laufende Schichten entstehen [1]. Laut einiger friheren Veréffent- 
lichungen [2—5] kann solch eine Schichtenbildung unter gewissen Bedin- 
gungen auch von der Anodenseite her entstehen, vorauf auch anderswo ver- 
wiesen wird [6]. 
: Auch wir haben im Jahre 1938 die von der Anode auf die Positivsaule 
ausgeiibte Wirkung beobachtet und haben gefunden, dass mit einer Gleich- 
spannung von einiger Volt zwischen der plattenférmige Anode und der dieselbe 
umgebenden zylindrischen Hilfselektrode die Frequenz der in der positiven 
Saule auftretenden Schwingungen beeinflusst werden konnte. 

Nach dem uns die Resultate Wosaczexs bekannt geworden waren, 
wiederholten wir unsere diesbeziiglichen Priifungen mit elektrischen und 
optischen Methoden; wir konnten die friheren Ergebnisse bestatigen und 
auch die Feststellungen der obenerwahnten Verfasser unterstiitzeu. So z. 
B. diejenigen Prifungen von COULTER und seinen Mitarbeitern, die sich unter 
der Annahme eines grundlegenden Zusammenhanges zwischen den Schwin- 
gungen der Anodenorte und denen der positiven Saule mit der Bildung 
der laufenden Schichten befassen. 


LITERATUR 


. K. Wosaczex, |Vortrag am “Gasentladungs-Colloquium‘‘ der Eétvés Loérénd Physika- 
lischen Gesellschaft, Balatonvilégos 1958; Acta Phys. Hung., ll, 35, 1960. 

. W. Purp, Phys. Z., 34, 756, 1933. 

. J. R. M. Coutrer, N. H. K. Armstronc, K. G. EMELEvS, Physica, 24, 828, 1958. 

" "'T, TAKAMINE and al., Inst. phys. and chem. Res. Tokyo, Sci. Papers, No. 403, 1953. 

_ E. Rewner, Appl. Sci. Res. Section B. 5, 90, 1955. 

. K. RapEMACHER—K. WOJACZEK, Ann. Phys., 7, 57, 1958. 


— 


Ha om wb 


iin = 


eben Bor pf 
belteS tab shea 
. : t 


ees | 
aa". of 


-" 


_nictwo Naukowe, Warszawa.) 


Vor kurzem erschien im Verlage Johann 

4 Ambrosius Barth, Leipzig, das ins Deutsche 
_ tibertragene Lehrbuch des bekannten pol- 
¥ nischen Gelehrten A. Rusinowicz: Quanten- 
_ theorie des Atoms. Das Buch umfasst 30 
_ Druckbogen, wovon etwa 9 die Methoden 
_ der alteren Quantentheorie, 6 einen mathe- 
_ matischen Anhang und eine ausgiebige Auf- 
_ gabensammlung enthalten. Die verbleiben- 
den 15 Bogen (die Halfte des Buches) sind 
_ der modernen Quantentheorie gewidmet. Es 
_ ware unzutreffend, von einer Unproportiona- 
_ litat zugunsten der Alteren Quantentheorie 
zu sprechen. Es war die wohlerwogene Ab- 

_ sicht des Verfassers, nicht etwa eine axio- 
-matisch straff gefasste Beschreibung des 
Atoms auf Grund der ScurépincERschen 
Quantentheorie zu geben, sondern dem Leser 
alle jene Momente vor Augen zu fiihren, die 
geeignet sind zu zeigen, »wie reich an drama- 
tischer Spannung die Entwicklungsgeschichte 


_ der Quantentheorie gewesen ist«. Es liegt | 


sicherlich ein besonderer Reiz darin zu sehen, 

~ wie hoch ein namhafter Forscher jene Intui- 
tion, die zur Begriindung und zum Ausbau 
der Quantentheorie fiihrte, auch heute noch 
bewertet. 

Die Methode des Buches besteht keines- 
wegs in einem chronologischen Aneinander- 
reihen der Ergebnisse, es soll vielmehr ein 
schrittweise fortschreitendes theoretisches 
Verstandnis gewahrt werden. Der Entdeckung 
der Energiequanten PLaNcks folgt als zweite 
Erkenntnisstufe die Begriffsbildung der Wir- 
kungsguanten, die die Pforte des weitgespann- 
ten Anwendungsgebietes der Quantentheorie 
eréffnet. Die Lichtquantenhypothese E1n- 
STEINs wird nicht nur am photoelektrischen 
Effekt, sondern sofort auch am viel spater 
entdeckten Compton-Effekt besprochen. 
Nachdem der Verfasser die Struktur des 
Atoms durch die klassisch behandelte RUTHER- 
FORDsche Streuung dargelegt hat, wird— um 
den engem Zusammenhang mit dem Experi- 
ment zu wahren — die Theorie der Einzel- 
streuung in Angriff genommen. Es ergibt 
sich demnach schon in diesem vorbereiten- 
den Abschnitt der Begriff des Wirkungs- 
querschnittes, der Kerniadungszahl und des 
Kernradius. Als Kennzeichen des Buches 


A. Rusrnowicz: Quantentheorie des Atoms, Johann Ambrosius Barth, | 
seipzig, 1959. 486 Seiten. (Kwantowa Teoria Atom, Panstwowe Wydaw- 
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gilt, dass es auch das Vorwegnehmen solcher 
Begriffe vermeidet, die aus der Experimental- 
physik als bekannt vorausgesetzt werden 
diirften. 

Die Bonrschen stationaéren Quantenzu- 
stande und die Frequenzbedingung, durch 
das Rirzsche Kombinationsprinzip bestitigt, 
dienen nicht nur zur Ableitung der Emissions- 
frequenzen, sondern werden auch gleich zur 
Erklarung der Fluoreszenzstrahlung und der 
Stoxesschen Regel herangezogen. Ebenso 
wird die Resonanzstrahlung, der metastabile 
Zustand und die endliche Lebensdauer der 
angeregten Zustande schon in den Anfangs- 
besprechungen theoretisch gedeutet. Fiir das 
Gediachtnis des Vortragenden bedeutet es 
eine erwinschte Erleichterung, alle experi- 
mentellen Ergebnisse, die durch ein theore- 
tisches Prinzip einheitlich erklart werden 
k6nnen, gesammelt vorzufinden. 

Eine gewisse Warme fiir die ad hoc Prob- 
leme der dlteren Quantentheorie ist unver- 
kennbar. Probleme, die heute keine mehr 
sind, werden auf Kosten der Okonomie aus- 
fiihrlich behandelt. Wiirde dieser Methode 
kein ausgesprochener didaktischer Zweck zu- 
grunde liegen, so wire der Vorwurf der Weit- 
laufigkeit aufzuwerfen. Es ist jedoch eine 
wohlbekannte Tatsache, dass die Kenntnis 
der alteren Quantentheorie einen grundsiatz- 
lichen Mangel der neueren Theorie, naimlich 
den der Unanschaulichkeit, in hohem Masse 
beseitigt. Das bekannte Buch P. JorDANs 
»Anschauliche Quantentheorie« hat dieselbe 
Zielsetzung. Als Vorzug des vorliegenden 
Buches muss die ausfiihrliche mathematische 
Behandlung des Stoffes betrachtet werden, 
die die scharfe Sonderung der Annahmen 
und Folgerungen erlaubt. 

Besonders hervorzuheben ist die detail- 
lierte Darstellung und Anwendung des Bour- 
schen Korrespondenzprinzipes, des »Zauber- 
stabes« der Bourschen Quantentheorie. Die 
Auswahlregeln, die mit seiner Hilfe fiir 
elektrische Dipol- und Quadrupolstrahlung 
sowie fiir magnetische Dipolstrahlung abge- 
leitet werden kénnen, sind ausfihrlich durch- 
gesprochen, mit allen jenen Einzelheiten, die 
in die allgemeine Theorie nicht einbezogen 
sind und als Ausnahmen erscheinen. 
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Es ist natirlich, dass in einer Quanten- 
theorie des Atoms die Atomspektren eine 
zentrale Stelle einnehmen miissen. Es wer- 
den daher alle Erfahrungen und Begriffs- 
bildungen, die in den Kreis der Atomspektren 
gehéren, wie z. B. empirische und effektive 
Quantenzahl, Leuchtelektron und Atom- 
rumpf, Aussen- und Tauchbahnen etc. dem 
Leser vor Augen gefiihrt. Mit Beschrankung 
auf ein kugelsymmetrisches Potentialfeld 
werden die allgemeinen Eigenschaften der 
Folgen von Spektraltermen besprochen. Die 
Komplexstruktur der Spektralterme gibt An- 
lass zur Einfihrung des Spins und dient zur 
Erklarung der Multiplettspektren. Auch der 
Hyperfeinstruktur der einzelnen Multiplett- 
linien, veranlasst durch den Kernspin, wird Er- 
wahnung getan und die Natur der Ubergange 
zwischen zwei solchen Termen festgelegt. 
Ks folgt dann noch die Behandlung des nor- 
malen ZEEMAN-Effektes und -endlich des 
PauLischen Prinzipes. Im Zusammenhange 
mit diesem wird die eingehende Besprechung 
des periodischen Systems erméglicht. Der 
Vollstandigkeitsforderung beziiglich der Spek- 
tren wird durch die Beschreibung der Rént- 
gen- und Bandenspektren Geniige geleistet. 

Es ist sicherlich eine schéne Leistung 
des Autor’, ein ungeheueres Tatsachenmate- 
rial, theoretisch rubriziert, in den Ideenkreis 
des Lernenden eingefiigt zu haben. Die Auf- 
jgaben sind durchaus instruktiv. Kinige be- 
lhandeln Probleme, z. B. den StTaRKeffekt, die 
sonst im Haupttexte Platz finden. Die An- 
leitungen sind jedoch vollkommen aus- 
reichend, um den Erfolg der selbstandigen 
Lésung zu gewihrleisten. 

‘Als Schliissel zur neuen Quantentheorie 
wahlt der Verfasser den Begriff der Materie- 
wellen, so wie er durch De BROGLIE gebildet 
wurde. Uber die Geeignetheit dieses Vor- 
gehens kann man verschiedener Ansicht sein. 
‘Wohl gelangt man auf diesem Wege am 
‘raschesten zur SCARODINGERschen Gleichung, 
ist dann aber gendtigt einzugestehen, dass 
das p dieser Gleichung keine unmittelbare 
physikalische Bedeutung besitzt und muss 
— die Ableitung verleugnend — zur Born- 
schen  statistischen Auffassung hiniiber- 
schwenken. Es erscheint konsequenter, den 
Begriff des zugeordneten HEISENBERGschen 
Operators an die Spitze zu stellen und die 
fiir kanonisch konjugierten Gréssen giltigen 
Vertauschungsrelationen zu postulieren. Aus 
diesen folgt die ScurépDiINGERsche Darstellung 
p= Me :e die man durch die Gleichung 


a} 


H= —-. bq erweitern kann, wenn man die 
i 


|kanonisch konjugierten Gréssen gemass der 
'Grenzformel der Variationsrechnung definiert. 


Aus dem Umstand, dass A einerseits gleich 


Ao. 


H(p q, t), andererseits gleich — Ta 


i 

folgt dann sofort dieScuRéDINGERsche Wellen- 
gleichung. Durch diesen Vorgang wird sowohl 
die Scun6pincERsche Ableitung — die nach 
des Verfassers Bemerkung heute nur mehr 
historisches Interesse besitzt — vermieden, 
wie auch jene wenig sympathischen Versuche, 
die ScurépinceRsche Gleichung durch Plau- 
sibilitatsbetrachtungen herzuleiten. Das Vor- 
anstellen der Vertauschungsrelationen hat 
auch den Vorteil, dass sich die Impulsdar- 
stellung automatisch neben die Lagedar- 
stellung stellt. : 


Die weiteren Ausfihrungen eines Lehr- 
buches der Quantentheorie sind nach der 
Einfihrung des Zuordnungssatzes von Ope- 
ratoren ziemlich genau vorgeschrieben. Will 
man die mathematischen Kenntnisse des 
Lernenden nicht iiberschitzen, so ist man 
genotigt, Erérterungen beziiglich der Eigen- 
wertprobleme und der Darstellungen von 
Operatoren einzuschieben. Der Verfasser be- 
handelt diese mathematischen Probleme aus- 
fiihrlich und in leicht verstandlicher Weise. 
Als wichtigste Beispiele wurden ausgewahlt 
der lineare harmonische Oszillator, das Bahn-- 
impulsmoment, der Rotator und natirlich 
das Einelektronenatom. Das Eigenwertpro- 
blem des allgemeinen Impulsmomentes, das 
auch den Spin umfasst, wurde nicht aufge- 
nommen. 

Im folgenden Kapitel wird die Bornsche 
Interpretation der neueren Quantentheorie 
besprochen. Der ErnstErnsche Standpunkt, 
dass es unzulanglich sei, das N aturgeschehen 
in statistischer Fassung wiederzugeben, bleibt 
unberiihrt. Als Ausgangspunkt der Inter- 
pretation dient die entscheidende Feststel- 
lung, dass jede Messung eine gewisse Stérung 
im System hervorruft. Die HEISENBERGsche 
Unbestimmtheitsrelation wird an einigen 
Beispielen demonstriert. Ihre strenge Ab- 
leitung erfolgt in zwei Aufgaben der Samm- 
lung: Die eine enthalt den schénen-ScHRODIN- 
cERschen Satz der Unbestimmtheitsrelation fiir 
zwei beliebige Operatoren. Es wire in solchen 
Fallen angezeigt, Namen und Arbeit des 
Autors anzugeben. Wahrscheinlichkeits- 
dichte, Wahrscheinlichkeitsstrom, Erwar- 
tungswert und Statistik der Messungswerte 
von physikalischen Gréssen bilden den Gegen- 
stand der Untersuchungen. 

Anschliessend behandelt der Verfasser die 
HEISENBERGsche Quantenmechanik, in der als 
Fundamentalgleichungen die Bewegungs- 
gleichung fiir Operatoren und die Ver- 
tauschungsrelationen hervorgehobey werden. 
Auch die Anwendung auf den linearerr-Oszil- 
lator ist beigeschlossen. 

Die Stérungsrechnung zur Behandlung: 


von Kigenwertproblemen beschrankt sich aut 
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_ dieScHRODINGERschen Methoden fiir nichtent- 
_artete und entartete Higenwerte. Kurz er- 
-wahnt wird auch die Rrirzsche Variations- 
_methode. Als Anwendungsgebiet dient das 
-Heliumspektrum und das Wasserstoffmole- 
kil. Das erstere fiihrt zur Erkenntnis der 
_Austauschenergien, das zweite zur Erkla 
der homéopolaren Bindung. Sehr eingehende 
Behandlung erfahrt der Elektronenspin und 
das Pautiprinzip. Auf Grund der Matrizen- 
darsteller der Spinkomponenten wird auf die 
zweikomponentige Wellenfunktion hingewie- 
-sen und der Ausdruck des Hamitronschen 
Operators durch die zusatzliche magnetische 
Energie erganzt. Das Pautiprinzip erscheint 
in seiner allgemeinen Form als Forderung 
einer antisymmetrischen Wellenfunktion der 
Elektronen. Nun werden riickgingig die 
Para- und Orthozustinde des Heliumatoms 
und Wasserstoffmolekiils unter Mitberiick- 
sichtigung des Spins einer neuerlichen Be- 
sprechung unterworfen, woraus auf die An- 
schauungen von Lewis beziiglich der homéo- 
polaren Bindung und auf den Absattigungs- 
charakter hingewiesen wird. 

Abgeschlossen wird die Quantentheorie 
des Partikels durch die Drracsche Gleichung. 
Die Behandlung des Stoffes erfolgt auf 
Grund der Drracschen Matrizen. Hergeleitet 
werden das magnetische und (imaginire) 
elektrische Moment, das gesamte Impuls- 
moment, die Kontinuitatsgleichung, ja sogar 
die Eigenwerte des Einelektronenatoms. Im 
Anschluss an die Feinstrukturformel erfahrt 
auch die Lampsche Entdeckung eine kurze 
Besprechung. Die Léchertheorie, der der Ver- 
fasser anscheinend skeptisch gegeniibersteht, 
beschliesst in konzentrierter Kiirze das Ka- 
pitel. 

Uberraschend erscheint im Rahmen des 
Buches die Quantisierung des elektromagne- 
tischen Feldes. Wohl muss dem Autor beige- 
pflichtet werden, dass die Gesetze der Ab- 


sorption und Emission wesentlich zur Be- 
schreibung des Atoms dazugehéren, metho- 
disch jedoch gehért das Thema in den Ab- 
schnitt der Feldtheorien. Der Verfasser wihlt 
den nichtrelativischen Vorgang, im »physi- 
kalischen Strahlungswiirfel« die Feldstarken 
in dreifache trigonometrische Reihen zu ent- 
wickeln, wodurch dann die Energie als Sum- 
me dargestellt werden kann. Die einzelnen 
Summanden erscheinen in der Form der 
Hamittonschen Funktion des linearen Oszil- 
lators, womit die Quantisierung eigentlich 
schon beendet ist. Notwendigerweise folgt 
dann noch die Drracsche Stérungsrechnung 
fiir Anfangswertprobleme und ihre Anwen- 
dung auf das Atom im Strahlungsfelde. 

Es dirfte kaum ein Fehlurteil sein, die 
Schénheit und den Wert des Buches in der 
Behandlung der Bourschen Quantentheorie 
zu erblicken. Besonders hervorzuheben sind 
— wie schon erwahnt — die tiefgehenden 
Ausfiihrungen im Zusammenhange mit dém 
Korrespondenzprinzip. In der neueren Quan- 
tentheorie steht jeder Autor eines Lehr- 
buches typischen Schwierigkeiten gegenitber. 
Das Anwendungsgebiet ist so vielfaltig und 
weitreichend, dass eine Auswahl immer nur 
liickenhaft sein kann. Man kénnte z. B. wiin- 
schen, die Paunische Spintheorie auf das 
Einelektronenatom angewendet vorzufinden 
und auch die Harrree-Focxsche Methode 
nicht missen zu miissen.. Winschenswert 
ware auch eine strengere Zusammenfassung 
jener Interpretationsfragen, die gegenwartig 
in etwas zerfliessender Form behandelt wer- 
den. 

Es gehért keine prophetische Gabe dazu 
vorauszusagen, dass das Buch bald eine 
neue Auflage erfahren wird. Dann werden 
wohl auch einige Wiinsche in Erfiillung gehen. 


K. F. Novospatzky 


W. Kunz, J. ScarntumetsTer: Tabellen der Atomkerne, Teil I. Eigen- 
schaften der Atomkerne Band I. Die Elemente Neutron bis Zinn, 465 
Seiten, Akademie-Verlag, Berlin, 1958. Gebunden DM 105. — 


In den letzten Jahren hat sich eine be- 
trichtliche Menge von experimentellen Daten 
iiber die Atomkerne angehauft. Die vor- 
liegenden Tabellen enthalten eine kritische 
Zusammenfassung aller zwischen dem 1. 
Januar 1940 und dem 1. Januar 1958 er- 
schienenen Ergebnisse. Manchmal erganzen 
sich in ihnen die verschiedenen Angaben, 
andermal stehen sie jedoch in Widerspruch 
miteinander. Die Autoren haben alle zur 
Verfiigung stehenden Daten aufgenommen 


und diese hinlasslich ihrer Genauigkeit und 
Vernachlassigkeit klassifiziert. Dabei wur- 
den vor Allem die zur Messung benutzten 
Methoden und Apparate beriicksichtigt. Die 
sich auf die Masse der Atomkerne, auf die 
Haufigkeit der Isotope und die Umwand- 
lungsfaktoren beziehenden Daten wurden 
nicht klassifiziert. 

Das Werk teilt sich in zwei Teile. Im 
ersten Teil befinden sich die Angaben tber 
stabile und radioaktive Atomkerne, die 


tomkernes, ‘Waufigkeit, des eee die 
rt ga eventuellen radioaktiven Zerfalls, 
albwertzeit und die Energie der ausge- 
rahit fy oe Ausserdem findet man 
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_ UBER DIE QUANTENMECHANISCH MOGLICHEN 
ee PHYSIKALISCHEN ZUSTANDE _ 
Von 
Gy. Fix, I. Fényes und R. Ténds 


4 INSTITUT FUR THEORETISCHE PHYSIK, ROLAND EOTVOS UNIVERSITAT, BUDAPEST 


(Vorgelegt von L. Janossy. — Eingegangen: 10. VIII. 1958) 


__ Es ist!der gegenwartige Brauch in der Quantenmechanik die Zustandsfunktionen und 
Operatoren abwechselnd als die Elemente beziehungsweise Operatoren eines separablen und 
eines nichtseparablen Hilbertraumes zu betrachten. In dieser Arbeit soll auf die in dieser 
Betrachtungsweise liegenden Inkonsequenzen hingewiesen und die Notwendigkeit einer exak- 


teren Deutung des Hermitizitaétsbegriffes als der bisherigen gezeigt werden. 


1. Durch die Quantenmechanik werden den physikalischen Grdssen 
Operatoren zugeordnet, mit deren Hilfe der Wertevorrat und je nach 


dem Zustand die Wahrscheinlichkeitsverteilung der physikalischen Gréssen 


bestimmt werden. Hieraus folgt, dass die Operatoren gewissen Forderungen 
mathematischen Charakters geniigen miissen. Diese sind die folgenden : 

a) Die Struktur jenes Raumes ist anzugeben, welcher den Definitions- 
bereich der den physikalischen Gréssen zugeordneten Operatoren darstellt. 
Bei der gegenwartigen Betrachtungsweise der Quantenmechanik ist ‘diese 
Raumstruktur nicht eindeutig definiert : es gibt keine allgemein anzuwendende 


Vorschrift, welche von Fail zu Fall die Dimensionszahl des Raumes, d. h. die 


Anzahl der linear unabhangigen Elemente, bestimmen wiirde. Diese Mehr- 
deutigkeit wurde von J.v. NeuMANN auf die Weise beseitigt, dass er den 
quantenmechanischen Zustandsraum mit dem separablen Hilbertraum iden- 
tifizierte. Diesen Vorschlag von NEUMANN pflegt ausser acht gelassen zu wer- 
den, obwohl dies, —- wie es nachstehend gezeigt wird, — zu Inkonsequenzen 
fihrt. . 

b) Linearitit. ; 

c) Hermitizitat. Diese Forderung ist auf den Umetand zurickzufihren, 
dass der Erwartungswert des Operators A (im komplexen Hilbertraum) dann 
und nur dann eine reelle Zahl ist, wenn (Af, f) = (f, Af), d. h. A bermitisch ist. 

Es ist hierbei zu erwahnen, dass die Hermitizitat im Definitionsbereich 
des Operators im allgemeinen nicht iiberall, sondern nur in einem Teil desselben 
besteht. Betrachtet man zum Beispiel das in einen Kasten geachlossene Teil- 
chen, so findet man, dass der Impulsoperator nur fir 


A f 
(pf. 8) — (fp 8) ==; Lf (b)8* (6) — f(e)8* (2)] = ° (1) 


1 Acta Physica X1/2. 


a on: , 


und wenn man f = g setzt i oh 


FO) =f(6)-%, 0<ac2x; 


, falls nun f(a) und f(b), oder g(a) und g(b) gleich Null sind, so wird (1) offenbar 


erfiillt. ; ; . 

_d) Die Existenz des Wertevoirates und der Wahrscheinlichkeitsvertei- 
Operators existiere (der Operator sei hypermaximal [1]). at . 
___ e) Den beiden kanonisch konjugierten Variablen sind Operatoren zuge- 
ordnet, die der Vertauschungsrelation 


lung von physikalischen Gréssen fordert, dass eine Zerlegung der Einheit des 


A 
Pie 9P eva 


gentigen.’ Dies erlaubt nicht, dass fiir irgendeines der p und q ein Eigenelement 
existiere.” Wenn namlich beispielsweise P ein solches hatte, d. h. wenn 


pf=Af 


gelten wiirde, so wire ; 


((pa — 9p) ff) = (Pp asf) — (apf) = (af. pf) — (oP ff) = 


= (Q6Af) — (ALS) =4 (aff) — (@ff)] =. corel 


wo doch im Sinne der Vertauschungsrelation 


(pa—anitf=(> 164] =A n= po @) 


ist. 


1Die Operatoren, die der Vertauschungsrelation geniigen, wurden von mehreren. 


Autoren ([3], [4], [5]) untersucht, die hier behandelten Probleme wurden aber von ihnen 
nicht beriihrt. 


* Falls es fiir den Operator A eine Zerlegung der Einheit gibt : 
A= fAadE (A), 


so betrachten wir das Eigenwertproblem als im erweiterten Sinne lésbar. Den 


ee 


a 2. Fiir das Eigenwertproblem des Koordinatenoperators gibt es keine 

6sung, sodass auch insbesondere die 6-Funktion keine Lésung ist (unabhangig 

lavon, ob ihre Anwendung mathematisch begriindet ist oder nicht). Stellte 

némlich die 6-Funktion eine Eigenfunktion dar, so wiirde sich (da q durch- 
egs hermitisch ist), nachdem man in Gl. (2) 6 anstatt f gesetzt und die auf Pp 
ewandte Berechnung fiir g unternommen hat, ein der Gl. (3) widersprechen- 

s Resultat ergeben. 

Die Lésungen der Differentialgleichung 


: lee 
a : 1 0q 


he Te 


; 1 : 
sind die fastperiodischen Funktionen 


fiy=er™ 


Diese diirfen ebenso nicht als Eigenfunktionen des Impulsoperators betrachtet 
werden, wie die 6-Funktion nicht als Eigenfunktion des Koordinatenoperators 
aufgefasst werden konnte.* 

Im Falle des in einen Kasten geschlossenen Teilchens ergibt sich fiir das 
Eigenwertproblem des Impulsoperators im (separablen) Hilbertraum die 
Lésung : 


1 ew, 
a aa ’ 
wo 
A= a b+], k=0,1142,... O<ac2z2 . 
b—a 2% 


ist. Die Vertauschungsrelation ist also hier dennoch erfiillt, jedoch so, dass 
p far das Funktionenpaar f,, q fi, nicht hermitisch ist.* Es erscheint also aus 
diesem Grunde als zweckmissig, auf jene strenge Forderung, wonach die 


3 Von dem Gesichtspunkte der Quantenmechanik werden also die mit der 6-»Funktion« 
verkniipften Schwierigkeiten nicht einmal durch die Distributionstheorie behoben. 
4 Die Schwierigkeit, dass f nicht normierbar ist, wird so vermieden, dass wir in (2) und 


(3) far - 
1 (pa—apP)f.f), ||f\|=1 
den Ausdruck . : 
; S(@pa— ap) ff dq 
lim = b ie : 
aad a S fF dq 


setzen. 


| 


unmittelbare physikalische Bedeut heat ers 


. eine . wos 2 2 

"3. Es sei nun der gemeinsame Definitions-, bzw. Hermitizit teh 
- simtlicher Operatoren der Quantenmechanik betrachtet. In (1) wurde 
Bedingung fiir die Hermitizitat von p gezeigt. Setzt man in (1) P f fir f 


ap f fiir g, so ergibt sich 


- 


: an+1 wm ww) | , 
(po"feap"f) — (PP aP"f) = (+ [b LF (2 — a] fla) [2] = 0, 


das heisst , , es 


(4) 


dies stellt also die Bedingung fiir die Hermitizitat von p fiir das Funktionen- 
paar p'f, qp'f dar. Stellt man andererseits die Bedingung, dass p auch fir das” 
Funktionenpaar pf, p"f hermitisch sei : 


R \2nti (n) (n) 
(e's o's) —wrppe'n = [>] tL) e —Ls@e] 
so ist | 


= 1 | (5) 


Man gerat somit in Widerspruch mit (4), welcher nur dann beseitigt wird, 
wenn 
(n) (7) 


Ff (6) = f(a) => 0, rn=>= 0, + 1, Bits oe (6) 


Dies wire gleichbedeutend damit, dass die Zustandsfunktionen der Quanten- 
mechanik in den Endpunkten ihres Definitionsbereiches nicht analytisch sein 
kénnen. Widrigenfalls miisste ein »Ausschlussprinzip« gelten, im Sinne dessen 
die Hermitizitatsforderung der Form (Rf, g) = (f, Rg) verletzt wird. Dies 
unterstiitzt unsere am Ende des Punktes 2 angefiihrte Betrachtung. 

4. Auch im Zusammenhange mit der Ableitung der Unbestimmtheits- 
relation bedarf das im Punkt 2 erwahnte Resultat einer Uberlegung. Es wird 
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admlich, wie bekannt, fiir die Ableitung der Unschirferelation die Scuwar1z- 
pee Ungleichung 
I(f8)P SIF? Isl? (7) 


‘gl die Funktionen f = (A — A) gy g=(B- B) g angewandt? [2]. Damit 
wird der erste Faktor des Produktes auf der rechten Seiten von (7) 


4 fll? =||(4 — 4) el? =((4 — A), (4 — A) 9) 


Dies stimmt nur dann mit der (in der Unbestimmtheitsrelation vorkommen- 
den) Streuung A A? = ((A — A)’ 9, ¢) tiberein, wenn der Operator A (und 
zugleich A Pr A) fiir das Funktionenpaar (4 — A) 9, y hermitisch ist. Ent- 
sprechendes gilt auch fiir den Operator B.In diesem Falle geht (7) in die Bezie- 
hung 

4 A?. AB? >|(A — A), (B — B) 9) 


liber, welche mit A = p, B = q die bekannte HEISENBERGsche Unbestimmt- 
heitsrelation 


. Ap?-4q>|(p—p)¢.(a—99%) (8) 


liefert. Es erhellt aus dem Obengesagten, dass die Giltigkeit der Unbestimmt- 
heitsrelation auch vom Zustand p des betrachteten physikalischen Systems 
abhangig ist. Nehmen wir diese Herleitung von (8) an, so folgt hieraus notwen- 
digerweise, dass insofern die Funktion als Eigenzustand von q betrachtet 
wird, diese im Eigenzustand in die nichtssagende Identitat 0 = 0 tbergeht. 
In der Tat, die Streuung fiir den Eigenzustand ist im allgemeinen = 0, und 
selbst wenn der Operator hermitisch ist (was fiir q ohne weiteres zutrifft), 
so wird die rechte Seite wegen (2) Null sein. Die Scorép1NcERsche Ableitung 
der Unbestimmtheitsrelation und ihre iibliche Deutung stehen also im Wider- 
spruch mit unserer Aussage am Ende des Punktes 2, indem sie die »heterogene« 
Hermitizitat (also die Hermitizitat fiir die beiden Funktionen der Form f:8) 
als Forderung enthalten. 

5. Man gerat gleichfalls in Widerspruch mit dieser Forderung in Bezug 
auf den Impulsoperator eines in einen Kasten eingeschlossenen Teilchens, 
obwohl hier der Operator p? auch Eigenzustande aufweist, die mit p nicht 
simultan sind; dies bedeutet soviel, dass p* und p, obwohl sie vertauschbare 
Operatoren besitzen, nicht gleichzeitig messbar sind. Es ist wohl méglich eine 
Eigenfunktion f fiir p? herzuleiten, fiir welche (1) bei beliebigen Werten von g 
giltig ist, fir welche namlich f(b) =f(@ = 9 ist. Ein solches f kann jedoch 


5 Den Operator p* kann man beliebig auch kinetischen Energieoperator nennen, da die 


Multiplikation mit der Konstante OF das Resultat in seinen wesentlichen Ziigen nicht beein- 
m 


flusst. 


Pia ~ 


4 


zusammen mit seinem q-fachen eine in den Hermitizitatsbereich von p fal 
Eigenfunktion besitzt, eine solche fir p nicht existiert ; wenn nun in In 
eigenzustaénden dennoch eine Vertauschungsrelation® zwischen p und q best 
so kann dies nur von der Verletzung der »heterogenen« Hermitizitatsford runs 
herriihren. i 
Der Hermitizititsbereich der quantenmechanischen Operatoren muss" 
tibrigens ein solcher sein, dass wenn ' 


~ Re g)=(GRe) ~ 


(R 9’, 9’) = (¢', Re’) 


ist, 


auch fiir das Element 
2 (Pays ?) Prn 


*  VRTG aR 


welches sich nach der Messung irgendeines Eigenwertes 4, des Operators R 
des entarteten Punktspektrums ergibt, giiltig sei. Dies bedeutet im allgemeinen 
eine weitere Beschrinkung fiir die Pays é 

6. Die von NEUMANN entwickelten Grundlagen der Quantenmechanik 
gestatten es nicht, z. B. den Radialimpuls p, als eine quantenmechanische 


: re] 
Grésse zu betrachten.? Der ihm zugeordnete Operator th ist namlich auf 
r 


einer Halbgeraden definiert und besitzt daher keine Zerlegung der Einheit [1]. 
Hieraus zog Pauii den Schluss, dass man von der Forderung der Hyper- 
maximalitét Abstand nehmen muss [6]. Unseres Erachtens wire jedoch p, 
ein Hypermaximaloperator zuzuordnen, dessen Eigenwerte den miglichen 
Werten des Radialimpulses gleich sind ; widrigenfalls kénnte namlich von 


keiner Wahrscheinlichkeitsverteilung, sondern nur von einem Erwartungswert 


* Diese Terminologie ist natiirlich so zu verstehen, dass die Giiltigkeit der Beziehung 


A 
((pq — ap) Pk, ok) = — (PK, HK) 
vorausgesetzt wird. 


*Siehe [1] S. 116—117. 


4 
4 
- 


_ UBER DIE QUANTENMECHANISCH MOGLICHEN PHYSIKALISCHEN ZUSTANDE nant 0 02) 


von p, die Rede sein. Es ist jedoch méglich, dass ein derartiges verkiirztes 


_ Wahrscheinlichkeitsschema begriindet sein mag. 


7. In Bezug auf das Problem der Separabilitat sei folgendes bemerkt. 


Die Gleichung 


Rp=Apg (9) 


kann, falls R ein Operator im separablen Hilbertraum ist, kein kontinuierliches 


Spektrum haben. Betrachtet man z. B. das Wasserstoffatom, so kann man 


beziiglich des Energieoperators* nicht behaupten, dass sich fir E<0 ein 
diskretes und fiir E >0 ein kontinuierliches Spektrum ergibt. Dies ist nur 
erzielbar, wenn. man vom separablen Hilbertraum auf den nichtseparablen 
tibergeht. 1Gemass der heutigen Betrachtungsweise der Quantenmechanik 


_wird fiir die Lésung der Eigenwertprobleme die folgende Methode angewandt : 


of 


Es gilt vor allem die Lésungen der Gleichung im separablen Hilbertraum zu 
finden, und wenn es solche gibt, diese als physikalisch mégliche Zustande 
zu behalten. Wenn es aber keine Lésung gibt, so wird R als Operator im nicht- 
separablen Hilbertraum betrachtet. Dieses’ Vorgehen ist allerdings nicht 
folgerichtig, da sich im nichtseparablen Hilbertraum stets eine Lésung finden 
lasst, selbst wenn eine solche auch im separablen Hilbertraum existiert. 

Der folgerichtige Aufbau der Quantenmechanik ist nach unserer Meinung 
nur auf die Weise méglich, dass man sich — dem Vorschlag von NEUMANN 
folgend — auf die »homogen«-hermitischen Operatoren des _ separablen 
Hilbertraumes beschrankt. Dies gilt nur fiir die prinzipiellen Grundlagen : 
als Annaherung (als idealer Grenzfall) diirfen im Hinblick auf berechnungs- 
technische Vereinfachungen von Fall zu Fall auch andere Operatoren ange- 
nommen werden. 
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In the last evolutionary stage of certain massive stars, there occurs, at the tem 

of 4x 10® —s5 x 10° °K, a chain of nuclear reactions by means of which He eae ce es 
by the dissociation of heavier elements are disintegrated into free nucleons. The most probable 
‘nuclear reaction chain, as indicated by calculations, is as follows : He*(a, p) Li’, Li? (a, 2a) H°, 
H(p, n) He?, He*(8-)H*, H(t, 2n) He*.The net result of the reaction chain is the equation, 
He4(2f—) 4n with an energy absorption of 29.2 MeV per He nucleus disintegrated. The nuclear 


_ process is so rapid at the temperature and density considered that the star undergoes simul- 


a 


taneously a catastrophic collapse and a gigantic explosion during which the nuclear process is 
completed and the neutrons are expelled out and decay spontaneously into protons. _ 

The regeneration of hydrogen in the last evolutionary stage of massive stars is regarded 
as having astrophysical significance. It appears that supernovae are mainly initiated by this 
process. The abundance of hydrogen in the gases ejected by dense stars, the most abundant 
distribution of hydrogen in the universe among all elements, etc. may be explained on this basis. 


1. Introduction 


The nuclear reactions occurring in the different evolutionary stages of the 
stars with masses gieater than CHANDRASEKHAR’s limits after the exhaustion 
of hydrogen have become a p-oblem of much controversy. SALPETER [1 ] 
(1952), Opix [2] (1951), Cameron [3] (1954, 1955), FowLer, BurpipcE 
and Bursipce [4] (1955), Marton and Fow er [5] (1957), Hoyze [6] 
(1954, 1955) etc., have made different contributions to this branch of science. 
These contributions together with those of Berne [7] (1939), WertzsAcKER 
[8] (1938), ete., may be summarized in the following scheme : 


Il -> He > C, Ne, O —» Heavier Elements — He. 


That is to say, the bulk of hydrogen in a massive star is consumed and con- 
verted into heavier elements and helium without appearing again in the whole 
evolutionary path of the star. By this scheme, it may be noticed that the 
distribution of elements in the universe would change steadily in such a way 
that the abundance of hydrogen decreases and those of helium and heavier 
elements increase. 

The aim of this paper is to point out that there is a chain of nuclear 
reactions that follows immediately after the dissociation of heavier elements 
at the temperature of 4X 10° — 5X 109° K, namely, the disintegration of He 
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nuclei into free nucleons. In other words, the bulk of free nucleons (protons) 


converted into helium and heavier nuclei in stars of mass, for example, 1 -5 Mo, . 


3 Moor larger may be regenerated in the final stage of evolution of the stars. 
The whole reaction scheme may be represented as follows : 


H — He - C, N, O-—» Heavier Elements — He > n—>H. 


This viewpoint was first suggested in a qualitative way in 1954 [9] and 
quantitative considerations were made in 1956 [10], [11]. The main purpose 
of the present paper is to clarify certain aspects of the nuclear reactions 
involved in the disintegration of helium, with the object of establishing a new 
mechanism or chain of reactions, .which is considered the most probable. 


2. Formulae employed 


The formulae employed in the calculation of probability and rate of 
thermonuclear reactions involved in the disintegration of helium nuclei are as 
follows : 

For exoergic or slightly endoergic thermonuclear reactions, the formula 
due to Curisty and Larrer [12], Hatt and Fow.er [13 ] and SaLpreTerR 
[14] is employed, which may be represented in the form : 


p=1.61 x 10% [o%, H/(A, + A,)| S(Ajz,%) 17 e-*, (1) 

A = my (A,/%2) p = Pox, (2) 

A = 2.69 x 1088 (ox,) S[A,/(A, + A,)] (A? Z, Z,)-2 22 =, (3) 
1 1 

T= 4248 [23 Z3 A, A,)/(A, si A,)}3 ey. (4) 

S=o(E)E(1+ A,/A,) exp (42% eZ, Z,/hv), (5) 


where g is the density, x, and >, are the concentrations by weight of two types 
of reacting nuclei, A, and A, their atomic weights, Z,e and Z,¢ their charges, 
o is the cross-section in cm?, S the cross-sectional factor in erg-cm?, v the 
relative velocity, T the temperature in °K, and A the rate of thermonuclear 
reactions. 
For strongly endoergic thermonuclear reactions, the equation given 
above is unapplicable, and the following formula [10], [11] is employed : 
1 1 1 1 
2 \s meg m,/m, *s[ 2 ry 4B z 
%} m,m, a kT ew 


| (6) 


(Fale 


p=2 


_ 


value of robes reeie oe to that of E/kT, equation 6) 
plified to an REprpapeare one, that is 


2 Q%%_ {_m,/m, 7 si Og jae. 
ofionieas(ata- go 
az) mm, +m, kT *P kT (9) 
~ Substituting the Yélaviont m, = myA, and m, = = m,,A, into the above 


qué ations, and changing p into A, we have for the rate of strongly endoergic 
thermonuclear reactions the equation : 


he 


1 i 1 
ane =) 1 a P4Etis 
4739 x 10 2. Biles fs 
3 (on) | i hance 
a 1 = ae (10) 
es, (EV - | aa eet 
4 E, iT \E 
E,= 1.58 x 10-*[ A, A,/( 4, +4;)] 2? Z3ergs. (11) 


For strongly endoergic cea between very light nuclei, 


1 1 
Ase Ae RS OF Ve E 
, A= 7.39 x 10% tee ee 12 
: (os) | ra & x | | (12) 


‘The threshold energy of the endoergic thermonuclear reaction is calculated as 
follows : 


Consider the thermonuclear reaction 
X+u-Y4+y. (13) 

By conservation of momentum, we have: 
m,V,—MyVx—m,Vycos 6 = My Vy cos D> (14a) 
m, V,sin@ = My Vy sin ©. (145) 


1 | 
Squaring and adding (14a) and (14b) and replacing =r Ving M Vx 


etc. by E,, Ex etc., we have 
m, E+ My Ex —2 \m, E,,-Mx Ex + my, E, 
+ 2(/M,Ex —\m,E,) im, E, cos 6-= My Ey. (15) 
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The law of conservation of energy requires : 
Q=E, +E, —E,, — Ex. (16 

From (15) and (16) we get 
(m, + My) E, 2 ({ MEY — |m, E, ) Vm, E, cos 6 { 
| 
+ (m,,— My) E, + (Mx - Malla i 2s E, MxEx — My Q=0. (17) 


Solving for Eyt, we have 


_ (Ym, E,, —\M,E,) my cos 9 + apes 1} (Vm EV Mixx) Oe oe MxEx)* 


My +m, My+m, My+m, 
My+m, ; 
For the threshold energy we obtain 
my Cos 26 \m, E <= VM kx —* 1 
E,+E Tate oa xXx! =—@Q (19) 
(E+ Fach eregeste ae 


where E, = Ex = E is the threshold energy. 


3. Nuclear reactions in the late evolutionary stage of massive stars 


It has been pointed out that during the gravitational contraction after 
the exhaustion of hydrogen of a star of mass greater than 1.44 M., such as 
1.5 Mg, 3 Mo or larger, the central temperature varies inversely as the radius 


[15 ], “iL: 


T oR, (20a) 
1 
T « 0” (206) 
or, more precisely [9], 
ay 1 
* a 
fe AER BM Nicos org MR, (21a) 
8020 R 
j y's CK F 1 1 1 1 
m\i2 (3CK)\4 _ 6 @ se pel 
T= Hee. ——— M — 53. 8M 5) 
3 | ae | a foes a 


where K is the gravitational: constant, o the Stefan— Boltzmann constant, 
M the mass of the star in grams, 0, the mean density in g/em$, 
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At the temperature of 2 x 108 °K, C12, 016 and Ne2° are formed by means 
of Sarperer—Oprx’s reactions [1], [2] of He capture. As He nuclei are 
_ exhausted in the central region, contraction proceeds again and the tempera- 
ture raises to ~10° °K, at which the reactions C12 — C2 etc., take place, pro- 
ducing Mg*4 and other heavier elements. 

It was shown recently by Marton and Fow.er [5] that the reaction 
Ne*° (p, y) Na®1 (8+) Ne?1, being slower than the C—N cycle, cannot proceed 
appreciably in the presence of C and N. Therefore, the reaction Ne?! (a, n) 
Mg as a neutron source for heavy elements synthesis is not probable in this 
case. Yet, the synthesis of heavier elements may proceed in the way indicated 
in the preceding paragraph. 

As soon as the central temperature rises to ~5 x 10° °K, all the elements 
synthesized from He nuclei in the preceding evolutionary stages dissociate 
again into He nuclei, as pointed out by Hoye [6]. 

The present author pointed out that at T = 4x10® ~ 5x109 °K all 
nuclei including He are unstable. The He nuclei produced by the dissociation 
of heavier elements are disintegrated promptly into free neutrons. On this 
occasion the star undergoes a gravitational collapse and, simultaneously, a 
gigantic explosion through which an amount of material comparable to the 
sun mass is ejected out of the star. The gaseous material ejected consists of 
free neutrons and various atomic nuclei. The free neutrons decay spontan- 
eously into protons. . 

- The discussion is as follows : At the temperature given above, the nuclear 
reactions in competition are the three a — a reactions : 


He4 + Hef — Be§+ y, (22 
He$ + He$— Li? + Ht}, (23) 
He§ + He$— Bej + nj. (24) 


Reactions (23) and (24) are strongly endoergic. Their threshold energies may 
be easily calculated from equation (19) by substituting the equations m, = 


Q 
= M, = mand Ey, = E, = E. They are found tobe E rece 
Table 1 
E = —Q/2 Ss E, 
Reactions af via (erg cm?) (MeV) (ergs) 
He} + Hej — Bef + y — 0.10 spokes aoe 31.68 5.0x10-5 
He} + He} > Lij + H} —17.33 8.66 Tan 31.68 5.0x10-5 
Hei + Hei > Be] + ni —18.88 9.44 2 10-80 31.68 5.0x10- 


es pe He 
ETHE’S mee es (eV) [7] by conversion. Em, 


enh 
from B 


of S, we | get from equation (3) the expression for the rate of the reac a 4 < 


= 13 500 


3 


ave 10-* (er) (- , ) exp (_ setae al 5) 


The S value of He*(a, p) Li’ is estimated by comparing with the reaction 
He(He’, 2p)He!. The latter reaction has a value of S equal to four times the 
value for the reaction H (t, 2 n)He4, which has been determined in the energy 
range 100 — 500 kev to be [16], [14] 


S= (5.1 + 2.4) x 107" erg cm?. | (26) 


Therefore, the value of S for the (a, p) reaction is estimated to be (2.0 + 1.0)x - 
x 10-® erg-cm?. Employing the value 2x10-*erg-cm*, we have from — 


equation (10) the rate expression 


1 
1)\2 T jot 
=8. Le — — 1.009 x 104/T) |1 — ————_—|_ . (27 
i= 8.26 x 10 (on) [7] exp MIs eal 29 
Equation (27) holds at T < 10" °K. 


_Assuming that the reaction He4(a,n)Be? has the same value of Sas 
-He‘(a, p)Li’, we have for the rate of the reaction the following expression: 


= 
| eae 
A= 1.78 x 10° (oxy) (2. |7exp (— 1.004 x 10/7 ters Breed eos 
(ere dF tT 30 x 108 
Table 2 
4 (sec —)/o*He 
Reactions , tion. .oae 
T = 2x10°°K T = 3x10°°K T = 4x 10° °K T=5x10°°K 
He} + Hei — Beg +y 3.8 x 10-9 1.1 10-8 2.2x 10-8 3.4 10-8 
Het + Hef > Liz + H| 2.3105 |  3.8x10-8 1.5x 10-4 2.1 10-2 
Hef + Hef -»Bez+ ni | 7.1x10-7 |  4.9x10-9 3.8 10-8 8.2x 10-8 


Rates at various temperatures are shown in Table 2. It is observed that 
at T= 4X10®° ~ 5X10° °K the reaction (a, p) is faster than (a, y) by a 
factor of 104 ~ 108 and is several times faster than (a, n). Hence, at this range 
of temperature, (a, p) is the most probable reaction at the a — a collisions 
and the syntheses of heavier elements by He captures are thus prevented. 


cee oe a aa 


ol ism ¢ 
.} Rei nar xi cae i 


Lip H+ Hep + Het, 
y Li}+ H}— Be} + Ys 
Lij + H}—> Be] + nj. : 


Table 3 


‘Liz - Hej + 2Hei + H} — 2.46 1.23 ~20-28 1.5x 10-5 


13> Heg-—-.BY -—n) — 2.76 1.39 ~10-8 1.8% 107% 
PL + H; — Hei = Hei Vee | oe etree 2x 10-81 og Ca 
Liz - Hy > Beg + y 17.4 call ~10-% 1.3x 10-5 


Lig + H} > Bej + n! — 1.63 0.81 AMPS ee Pay 


apy The value of E is calculated from the approximate relation — Q~ EX + 
3 & 


i Ad 
a Se 
f 


The cross section of Li?(p, a) Het has been measured by Puixuips and 
SAWYER [17] at proton energies of 40 — 250 keV, indicating that S is constant 
in this range of energies and has a value equal to 


; S= (1.9 + 0.8) x 10-* erg cm?. (34) 


“All the other values of S listed in the Table are estimated values. Employing 
these values of S, we have the following rate expressions : 


‘ 
A 


7 


A 1)2 T ae 
| A= 3.99 1034 (0%He) ta exp (— 1.427 x 10'°/T) i — et (35) 
for reaction (29). 
8450 \? on 
A= 1.57.X 107 (oxy) | == exp Fe 8450/T?} (36) 
Tr? 
for reaction (31). 
1 a T 
= mu =|" exp (— 9.39 x 109/T 1 37 
A= 2.65 X 101 (0x1) exp (— 9.39 x 109/T) Seem I (37) 


for reaction (33) at T <5x10° °K. 


“ 


Table 4 
eee Rox He 


T = 4x10 °K | T =5x10°°K 


“Ly + Hei > 2Hef + HF | 2.8107 | 6.6 x 107 
Liz + Hi > He} + He} 9.0 x 10° 1.1x 102 
Liz + H, — Beg+ y 8.6 x 10-2 1.3 x 10° 
Li? + Hj > Bez + m4 8.6 x 10° me. 1.5 x 102 


* where xy is changed into xy. 


In a nuclear mixture of H! + H® + He‘ the following reactions are 
possible : 


Hi + Hi+ Het +», (38) 
H? + Hi He} + ni (39) 
H? + H3-—> Hef + 2nj, (40) 
Hi + Hi— H?-+ e®, +», 1)% 
Hy + He} > Li + y, (42) 
Hi + Hef—> H? + He. (43) 


Their rates may be calculated as follows: The S value of H*(p, y)He* 


may be obtained by comparing with the reaction H?(p, y)He*®, whose cross- — 


sectional factor is found to be [19] 


S = (1.9 + 0.6) X 10-%7 erg-cm?. (44) | 


Employing the value of 2x 10-*7 erg-cm?, we get for the rate of the 
reaction H*(p, y)He* the following equation 


2 


 § 


A = 40.35 (0743) [ Bs } exp ke 3859/T?). (45) 


The S value of H3(p, n) He? is estimated from the value for H3 (t, 2n) Het. 
‘These two reactions should have the same cross section. Yet, the difference in 
atomic weights of nuclei (1) of the two reactions makes the value of Sj: (on) = 
= 0.6 Suan) = 310-3! erg-cem?. It may also be estimated from the 


: 
; 


a 


Te 


— 150 ke 


Similar! 

Saep,n) lies between 210-9! ~ 3x 10-3! erg-cm?. Although the reaction 
:: [3(p, n)He? is endoergic, its rate should be calculated by means of equation (3) 
at the temperatures considered. Hence we may obtain the rate from the relation 


Sus 
Aro(p.n) = dao(p.7) eer (47) 
Sis (p,) 
where Aus(ps n) and A;;:(p, y) refer to the rates at the same temperature. 
| Taking the S value of H(t, 2n)He4 to be 5 x 10-3! erg-cm?, we have for 

the rate of the reaction the equation 


3 


: A= 7.47 X 108 (Qx443) | ae ) exp Ca 4863/T*). (48) 
: T 


The rate of proton-proton reaction is given by the equation due to 
_ ALLER [21]: 


3380 \? be 
hoe ie LY eI ; | exp fed 3380/T* }. (49) 


: T° 
_ According to SALPETER’s formula [14], the rate of the reaction is about ten 
times higher. However, this reaction is the slowest one among the reactions 
we have considered. 
Assuming the H¥(a, y)Li’ reaction* to have an S value of the same order 
_ of magnitude as H°(p, y)He‘, we have for the rate of the reaction 


2 1 
A = 0.3603 (011) | eo ] exp (— 8072/T?). (50) 


T° 

Taking the value of S for the endoergic reaction H’ + He*—> H? + 
+ H? — 18.33 MeV to be of the same order of magnitude as H3(p, n)He’, we 
have from (10) 


a 


A = 3.493 X 10? (ox) (=| ® exp (— 1.062 x 10/T). (51) 


*The S value of H%(a,y)Li® from conversion of BETHE’s calculated value of width is 
~10-% erg-cm?. The reaction H¥(a, y)Li’ may also be taken to have this value of S. . 
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Reactions 


pa=4xi0K | T=5x10°° 


Hi4HisHel+y pea 9.B POL oe. 2x10- =| 2.7x10-? | henna 
Hi + Hi > He} +} i. 3xlo- | 3.5x10t | 4x2x 10 
H? + H? > He$ + 2n 11. Sivaalh 5961008 oiler Goohdr 2x 3x 10% 
Hi+Hi+H?+eo,+% |. 04 ate rt hincjos RT ocdecaiy i tt 
HE + He§ > Lig + y : vous “Pie * | 5.8K 10 9” Pe ee 
Hj + Hei — Hi + He Bt Ot Sek ~10-31 1.6x10-4 | 2.9x10-? 


From Table 5 we see that H(p, n)He® is the most probable reaction. 
The reaction of He* has been studied by various authors. According to SaL- 
PETER [14], the inverse # decay is the most probable at very high densities : _ 


He? + e°, > H? 4 ». (52) 

It may be faster than He3(He’, 2p)He?4 at these densities. The tritons formed in 

reaction (52) react at once according to the equation H(t, 2n)H2*, which has an 
rate of the same order of magnitude as H*(p, n)He*. 

In conclusion, we have a chain of nuclear reactions which proceeds very 


rapidly at the conditions of temperature and density considered. This reaction © 
chain may be written as follows :* 


He$ + He$— Li? + Hi, 

Li? + He$—> 2He} + H? 

H? + Hi— He + nj, 

He3 + e®, > H3 + ». 
H} + H}> Het + 2nj, 

He + 2e9, > 4n} + 2». (53) 
> Q= — 29.2 MeV 


. rhe slowest or the rate-determining reaction of the chain is the a — a 
reaction, whose mean reaction times are given in Table 6, taking oxy. = 108. 


Table 6 
Dok 4x 10° 5x 10° 
tm, sec. 6.7x 10-5 4.8 xX 10-7 


*Or, slightly less probably, He‘(a p)Li’, Li?(a, 2a)H*, H%(t, 2n)He*, with a net result of 
Het > 2p + 2n. The protons cannot form H?, because the latter nuclei are unstable at the high | 
temperatures and dissociate in the manner : Ht + He; —> Hi+ no + He}. 


Lede eee 


“notice that both haps are highly endoergic in energy and very rapid in 
eed. Step (1) is completed in about a second as estimated by Hoy e [6]. 
4 ‘Step (2) is far more rapid in speed than step (1). The energy absorbed in step (2) 
_ per He nucleus disintegrated is also much greater than that in step (1) for each 

- He nucleus produced. 
__._ Due to the rapid proceeding of the nuclear processes that are strongly 
E endoergic, the star undergoes a sudden collapse within about a second. The 
_ gravitatibnal energy liberated is so great that nearly all of the nuclei in the 
central region are disintegrated into free neutrons. The gravitational energy is 
_ given by the formula [22], [23] 


av=4 7 =) xl —e°} (55) 


4 where 9, is the initial mean density (~107 g/cm’), 0, the final mean density 
E whose theoretical limiting value is infinity (co). 
a “gee - 3 : : 
i, The catastrophic collapse is expected to produce a gigantic explosion of 
_ the star. In this process the neutrons may be expelled and decay spontaneously 
into protons 

ni—> Hi + e®, +7, 

(48) 
Q = 0.78 MeV. 


Therefore, finally, four protons and two electrons are produced per He nucleus 
disintegrated, the resultant reaction being represented by the equation: 


Hej — 4H} + 2e°, + 67, 
(39) 
yO = — 26.7 MeV. 


4. Astrophysical evidences and stellar evolution 


The H—He cycle accompanied by the evolution of the massive stars may 
be represented graphically by Fig. 1. According to this Figure the following 
astrophysical phenomena may be easily explained in terms of the H—He cycle. 
The phenomena may, therefore, be taken as the astrophysical evidences of this 


cycle. 
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ay The gas ejected by a dense star contains | 
_ phenomenon may be explained to have its origin from this mod f forx 
, Heavier Elements —> Helium Nuclei-> Neutrons —> Protons, _ 


which has taken place in the period of catastrophic collapse and explosion of - 
the mother star. Supernovae of Type II are, perhaps, the result of such cata-— 
strophes. The explosion serves to rid the star of sufficient material to bring its 
mass below CHANDRASEKHAR’s limit. The stellar remnant left behind after 
the explosion is expected to proceed to the white-dwarf state. 
e (2) White dwarf stars contain hydrogen from observations of 
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Fig. 1. H—He cycle and stellar evolution: (a), (b), (c), (d) and (e) are due to 
AMBARCUMJAN [24], BETHE [7], SALPETER [1], Oprx [2], Hoye [6] and sunk 


t eir spectra. The presence of hydrogen in the imterior of the dense siars is 
gentradictory to the low values of observed luminosities, because the proton- 
proton reaction chain within the dense stars would generate so much energy as 
to make the stars to have luminosities much higher than the observed values. 
The hydrogen lines of their spectra are explained, according: to the H—He 
cycle, as due to the formation of hydrogen by f-decay of free neutrons on the 
surface layer of the stars. The decay of free neutrons in the interior of the 
Stars is improbable because of the high kinetic energy of the degenerate 
electron gas. 

| _ (3) The general distribution of elements in the universe is as follows : 
Hydrogen isthe most abundant, helium less abundant and heavier elements are 
relatively rare in occurrence. This phenomenon is in harmony with the H—He 
cycle (see Fig. 1). Yet, according to the theories of SALPETER, Hoy e, 
Fow er and others, the abundance of hydrogen in the universe would de- 
crease, while helium and heavier elements would increase steadily in its stead, 
because according to these theories hydrogen is always consumed and con- 
verted into helium and heavier elements by the stars in their life-times. 
Hoy te etc., indeed, have supposed that the original material of the universe 
consisted almost wholly of pure hydrogen, the composition changed gradually 
as time went on, and at last it would become exhausted of hydrogen but there 
would be plenty of helium and heavier elements. This idea is contradictory to 
the observed fact, because in the infinitely long time of past existence of the 
universe hydrogen has not been exhausted but has remained the most abundant 
among the elements. 
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WHKJI H-He B OBPA3OBAHHH 3BE3]-THrAHTOB 
H. Cc. YEHD 


Pe30wme 


Ha nocnefHeh cTagquv O0pas0BaHHA HEKOTOPbIX 3Be3f-rHraHTOB OONbWIOH Macchl NpH 
Temnepatype 4.10® ~ 5.10° °x HacTynaeT WemHad AepHad peakUHA, B TeyeHHe KOTOPOH pere- 
HepHpOBaHHble AUCcCOMMalHeH Oonee TAKeMHIX DIEMEHTOB AZpa He pacnagaiwTca Ha CBOOOAHBIE 
HYKJIOHI. Ilo pesynbTaTaM BHYMCNeHHH HaHOonee BepOATHOH ABNAeTCA WeNHaA AepHad 
peakuHaA cneqyroulero THMAa : 


Heé (a, p) Li’, Li? (a, 2a) H3, 
H? (p, n) He, He? (8-) H3, H(t, 2n) Het. 


UHCTHIM pesyJIbTaTOM eM peaKUHH ABJAeTCA ypaBHeHHe He‘(28-) 4n ana age He 
pacnaBuiuxca adcopnune sHeprHu B 29,2 MeV. IIpu yKa3aHHbIx TeMMepaType HW NOTHOCTH 
AM€PHbI MPOWUeCC ABACTCA HACTONbKO OBICTPbIM, YTO 3Be3M1a MCMbITHIBAeT KaTACTpOHyeckoe 
PaspyWeHHe, COMPOBOKAaloUleeCA OFPOMHbIM B3SPbIBOM, B TeEY€HHE KOTOPOFO AZepHHI mpouecc 
SaKaHUMBaeTCA, H OHABPeCMeHHO BbIOpaCcbIBaWTCA HeHTPOHBI, KOTOpbIe CNOHTAHHO pacna- 
WawTcA Ha MpoOTOHbl. 

PereHepayHio BOMOpoza Ha MocmeqHeH cTaquu OOpas0BaHHA s3Besq GonbUOH MaccHl 
MOKHO PaCCMAaTPHBaTb KaK MMEWUlee aCTpousuyecKkoe 3HaYeHHe ABeEHHe. KaxkeTCA BepOAT- 
HbIM, YTO JaHHbIN Mpolecc copelictsyeT Hayany OOpasoBpaHHa cynmepHOBbIx. Hanwune 3HauH- 
TCIbHBIX KOJIMYECTB BOMOPOMa B Tasax, BbIOPOWEeHHBIX 3Be3qaMH OONbUIOH NNOTHOCTH, Nosa- 
BIIAOWAA POJIb BOLOPOAa B pactipeseseHHH BCTPeYawwOUINXCA BO BCEMCHHOM BCeX 9IeEMeHTOB H 
T. |. — BC€ 3TO HAXOMMT OOBACHEHHE Ha STO OCHOBe. 
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: ZUR BEGRUNDUNG DER THERMODYNAMIK II 


EXTREMALEIGENSCHAFTEN, GLEICHGEWICHT UND STABILITAT, DAS PRINZIP 
4 VON LE CHATELIER—BRAUN, DER ZEITLICHE ABLAUF DER VORGANGE 
4 IN DER NAHE DES GLEICHGEWICHTSZUSTANDES 


: Von 
I. FENYEs 


“INSTITUT FUR THEORETISCHE PHYSIK, ROLAND EOTVOS UNIVERSITAT, BUDAPEST 


(Vorgelegt von K. F. Novobaétzky — Eingegangen: 3. XII. 1958) 


1. Grundlegende thermodynamische Begriffe und Zusammenhinge. Bezeichnungen. 
2. »Geschlossehe« und in ein »unendlich ausgedehntes« Medium (Reservoir) gebettete Systeme. 
— 3. Das Bestehen des Gleichgewichts als die notwendige Bedingung fir die Existenz von 
Extremen. — 4. Weitere notwendige (beziehungsweise hinreichende) Bedingungen fiir diese 
Extremaleigenschaften. — 5. Das Prinzip von LE CHATELIER—Braun. — 6. Stabiles und 
labiles Gleichgewicht. — 7. Zeitlicher Ablauf der thermodynamischen Vorgiinge in der Um- 
gebung des Gleichgewichtszustandes. — 8. Uber die Kreuzeffekte. — 9. Zusammenfassung. 


1. Dreierlei thermodynamische Gréssen sind in der nachfolgenden 
Behandlung von grundlegender Bedeutung: die »Extensitits-«, die »Inten- 
sitats-« und die »Potentialgréssen«. Die Definition derselben ist die folgende : 


Sei die innere Energie E eine Funktion der Variablen x,, x, ...,%n und sei 
A i=l, pe pe er (1) 
Ox; 


Falls die notwendige und hinreichende Bedingung des Gleichgewichts gerade 
die Homogenitat in y; ist, dann ist x; der zu der i-ten Nahwirkung gehérende 
Extensitats-, und y; ist der entsprechende Intensitatsparameter [1], [2]. Die 
thermodynamischen Potentiale sind folgendermassen definiert : 


F(t) = E— Syixi = F (xp - 202%, Yep zs +09 ¥n)s (2) 
i=ttl 
F(n) = E(x, ...»%n). (3) 


Beriicksichtigen wir die Tatsache, dass die Reihenfolge der thermodynamischen 
Nahwirkungen beliebig geandert werden kann, so enthalt der Ausdruck (2) 
alle méglichen Kombinationen. Vereinbarungsgemiss wird das Potential 
F(t) immer als Funktion der in (2) angegebenen Variablen x,, HM Ber ay se9' Yn 
angenommen, der Buchstabe t bedeutet also in Fit), dase in der Folge der 
unabhangigen Variablen bis zur t-ten Stelle Extensitatsgréssen, von der 
(t + 1)-ten Stelle an nur Intensitatsgréssen stehen. +2 . at 
Weiterhin werden die aus (2) hergeleiteten inversen Ausdriicke fiir die 
Extensitatsgréssen x; gebraucht. Da aber die x; beliebige Extensitatsgréssen 


= ae 
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bedeuten kénnen, wird es ohne Beschrankung der Allgemeinheit geniigen, 
nur die Funktionen | ' 


0, =, UE Uy hes go ony Ses Veg le oer ne (4) 


zu untersuchen. Dementsprechend nennen wir die so vorgeschriebene Wahl 
der unabhingigem Variablen das zu F(t) beziehungsweise zu x(t) gehérige 
kanonische Variablensystem. ' 

In der folgenden Tabelle geben wir an, welche unabhangigen Variablen 
in den erwadhnten Funktionen vorkommen, weiter enthalt die Tabelle auch 
die partiellen Ableitungen erster Ordnung. 


unabhingige “1 *2 rae wee hii << Oe 
Variable Yy Y 
Potential a, a, ae at {+1 aod n 
F ase xt M41 ++. | —4n 
) Differential- a = 
queens Y, YS eee Yt —éji41 eee —ain 
: F(t) Xs see Xt yiti TEE Yn 
unabhingige 
Variable Y, y, 
Extensitats- ay a, tee at i+1 s+ | Yn 
gréssen ¥ 
thy ly | i See 
x(t) Differential- yy 1 
quotient ae 
Xx X, Xt cd — =e 
unabhingige : 
Allgemeine Variable A, Ay ee A; At+s - | An 
Bezeichnung pet Sole siete er 
Differential- 
¥ quotient Ny Ne oes Nt Nt+1 | Sere Nn 


Falls es nicht nétig ist, F(t) und x(t) voneinander 2u unterscheiden, 
beniitzen wir die in der letzten Zeile angefiihrten Bezeichnungen. Da es im 
weiteren zweckmassig sein wird, solche Skalen anzuwenden, deren Nullpunkte 
sich auf den Gleichgewichtszustand beziehen, haben wir in der Tabelle auch 
die diesbeziiglichen Bezeichnungen angefiihrt. Es ist iiblich, die Gréssen 
Y;, X; als Krafte zu bezeichnen.} 

Wir kommen auf die Definition dieser Krafte noch zuriick. 


1 Wir werden hier iiber die in der Literatur gebrauchlichen Kraftbegriffe hinausgehend 
mehrere Kriftearten einfiihren. Dass dies wirklich notwendig ist, werden wir im Folgenden 


sehen. Beziiglich der bis jetzt gebrauchten Kraftearten weisen wir auf die Monographie von 
S. R. pe Groor [3] hin. 


aA, 2A, (04, OA, 64-64. ©) 


Bei der Bildung der zu verschiedenen F(t) und x(t) gehdrenden Matrixelemente 
in (5) ist aus der Tabelle sofort ersichtlich, welche Gréssen 7; (bei vorgeschrie- 
bener Wahl der unabhangigen Variablen) nach welchen Variabeln differenziert 

verdeh. 
_ Wir wollen noch die folgenden Bezeichnungen festlegen : 
' 


in Besug auf FQ): = 74, (2), 

a 0%; 

i in Bezug auf x(t): ~ ou = 8ix(t)- Au 
4 % | 

7 


Also zum Beispiel 


| a 3 
t i minrat ayers aye! Vi= M4 (Xyo-- 62 MS Nita9 +22 ¥n)s 
2 Ox x Ox, 


— 812 (1) = — 8x (t) = os = = > é nd usw. 


In unseren Untersuchungen beschaftigen wir uns mit Systemen von NV 
Phasen, genauer mit aus N homogenen Einheiten bestehenden Systemen. Zur 
Bezeichnung der Phase beniitzen wir einen rechts oben angefiihrten Index. 
Zum Beispiel betreffend der j-ten Phase sind die (6) Matrixelemente : 


vix(t), gi, (t) usw. 


; Die innere Energie des Systems und alle Potentiale F(t) sind additiv 
zusammengesetzt : 


Ethane tad» _F(n)=E= SL. (7) 


2. Ein vollkommen sich selbst tiberlassenes, also von allen ausseren Ein- 
wirkungen freies, thermodynamisches System gibt es nicht. Hier betrachten 
wir zwei besonders wichtige statische Bedingungen.. 
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Wir nennen ein System beziiglich der zu F(t) gehérigen ae 


Variablen »geschlossen«, wenn 

> xi = x; = const., Pee 12 at | 
; (8) 
yl=yi = const, fe teelasaN? g= 2... Ni 


Hinsichtlich der zu x, gehérigen Variablen ist das System »geschlossen«, wenn 
‘ 


Gj) 
yi = y;’ = const, i=f.41, ..~38> 7 = 1,2,.2,N 2, 


SF! = F = const, : 
a : 
Sx) = x; = const, Leeaess (9) 


Im Falle von Systemen, die in eine »unendlich grosse Umgebung« gebettet 
sind, soll als N-te Phase die Umgebung betrachtet werden. Da der Intensitats- 
parameter der Umgebung bestimmt ist, folgt 


yu(t)=0, gx(t)=0, i,k =1,2,...,4, (10) 


wobei natiirlich die Bedingungen (8) bzw. (9) ebenfalls giiltig sind. 
3. Die notwendige und hinreichende Bedingung des Gleichgewichts ist die 
Gleichheit der entsprechenden Intensitdétsparameter : 


y=yi=...=y), 1=1,2,...,n. (11) 


Es ist einfach einzusehen, sowohl fiir »geschlossene« wie fiir in eine 
»unendlich ausgedehnte Umgebung« gebettete Systeme, dass die notwendige 
und hinreichende Gleichgewichtsbedingung (11) gleichzeitig eine notwendige 
Bedingung dafiir ist, dass sowohl die Extensitatsgréssen wie die thermodyna- 
mischen Potentiale Extremwerte besitzen. Kurz: die thermodynamische Poten- 
tiale und die Extensitétsquantitdéten kénnen nur im Falle eines Gleichgewichts 
Extremwerte besitzen. 

Die Frage kann als Extremwertproblem mit Nebenbedingungen behan- 
delt werden. Untersuchen wir das Verhalten des Potentials F(t) in dem laut 
(8) definierten geschlossenen System. 

Die notwendige Bedingung fiir die Existenz der Extremwerte ist : 


OP (1) OF a 29 i euls2. ih 
Qh Bah ie 


P(t) = F() + 2.x, = SEP) + WA, xi} 
val jal i=l i 
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bead laut der zweiten Zeile der Tabelle 


- 0Fi(1) 
i Axi = yi. 
Deshalb 
Sie ce Apewotonst, 2 fia Jy 2ynd- <p tind jew le& ky Nee oc [l2e) 


_ Diese Ausdriicke und der zweite Teil von (8) liefern eben die Gleichgewichts- 
bedingungen (11). 

Die Extremwerte der Extensitatsgréssen x(t) kénnen bei Bestehen der 
Bedingungen (9) dann existieren, wenn die nach den Variabeln F’ und x! 

(i = 2,3, ...,¢#) genommenen Ableitungen des Ausdruckes 


N t 


@ (t) = x(t) + up F(t) + Saar= Sh ae F(t) + S xi} 


1 


verschwinden : 


er = 
OF oF VE ZIOHVEN; 
OD(t Ox) (t oe oe Pe »N, 
(e.g 
Ox4 Ox 


worin die Ausdriicke nach der vierten Reihe der Tabelle 


dx (t) sr a5 xd (t) = dey hi xi 
@Fi yf’ ax} y4’ 
also 
fee — fp const, Yi — yw, = const, ia ee eee (126) 
yi N 


Diese Ausdriicke zusammen mit dem sich auf die y;,i =t +1,...,n bezie- 
henden Teil von (9) liefern ebenfalls die Gleichgewichtsbedingungen (11). 

4. Fir die Untersuchung der weiteren (notwendigen bzw. hinreichenden) 
Bedingungen fiir die Existenz der Extrema seien die in Frage stehenden Funk- 
‘tionen in der Umgebung des Gleichgewichtszustandes in Reihen entwickelt. 
Bezeichnen wir die Werte des Gleichgewichtszustandes mit dem Index 0; 
fir die Abweichungen vom Gleichgewichtszustande seien die friiher einge- 
fiihrten Bezeichnungen benutzt. Zum Beispiel : x; — xjo = @i3 usw. Es sei 


ct 
Oe 


rary Mo: 


4] es 
beziiglich x(t): — as ae vi _ 29 Nh, tae le 


JI Je ys Sw dindaxh 


Werden also die Bezeichnungen der Tabelle angewandt, so sind die Bedin 
gungen (8) und (9) folgenderweise zu schreiben : a 
<afdar ; ray saa 


Perkiass: | 


? is | - 
re ME a by oe Sp 25 i aa 


In Matrixschreibweise bezeichnen wir entsprechend die aus den Elementen 
Gl ....0Ols. Of... ee VIS, Vis AAS ead 


gebildeten Spaltenmatrizen mit 


ai, ai, Yi, Xi 
und die Zeilenmatrizen mit y 
ai, a/, Yi, X), : 


Die transponierten Matrizen sind i immer mit ~ bezeichnet. Die Bezeichnung 


der aus den Elementen a (t) und g/, (t) gebildeten symmetrischen, quadra- 
tischen Matrix ist ; 


v(t) =7/(t), g/(t) = 8! (2). | 


In zweiter Naherung ist die Abweichung der zu untersuchenden F unktionen- 
von den Gleichgewichtawerten bei Bestehen der Bedingungen (13) gegeben 


durch : 
[F @) — F] = [4F (0) = Fe BHO +9 a= 
= 5 J Mv + Oat +P FHI oa, OM 
[*() — x (4) = (4e(0] = — 1 a (DS # Cus!) +2" (ala 


=F He MOM LS S20 sy qa, 09 


j=1 re 


} 


WON eae 


PALS (7@ 


: 


RY RES te. a eee ae 


——— en - —s . P wa ; 
da System in eine unendliche Umgebung gebettet [siehe die Bedingun- 
_(10)], so haben wir D.ne33) £3 


= ted . Nes N-1 ne eles 
eg rijy Sar es are oS pg SANS apie 
POR FO1=UFW=> 3 dye => Soi = 2S Uy, 06 

3 > : N-1 = 7 -1 — 
[e@)—2 ol =[4z (QQ) =—— > agi (Qe S Kai — 1S axis. a7 
. , 2 j=1 2 j=l 2 jet 


wo ai vial, Xiai usw. skalare Produkte darstellen, weiter sind die allgemeinen 
_ Krafte in dieser Naherung gegeben durch : . 


’ YQ) yi (Na, Yi = a/y/(2), 
Xi=—gi(t)al, Xi= — aigi(t). 7) 
Die Existenz und die Art der Extremwerte der in Rede stehenden Funktionen 
wird durch die folgenden Kriterien geregelt. 
a) Ag ist positiv definit bzw. semidefinit: im ersten Fall hat y ein Mini- 
mum, im zweiten (semidefinit) hat » entweder ein Minimum oder keinen’ 
Extremwert. Im Gleichgewichtssystem ist also 


Ap2o (19) 


(Mg ist nicht negativ) die notwendige aber nicht hinreichende Bedingung der 
Existenz des Minimums. 
b) Ag ist negativ definit baw. negativ semidefinit. p hat ein Maximum 


_ bzw. hat ein Maximum oder keinen Extremwert. Also 


Ap=o (20) 


(Ag ist nicht positiv) ist die notwendige aber nicht hinreichende Bedingung fiir 
das Maximum.” 

c) Ist Ap indefinit, so existiert kein Extremwert. 

Beriicksichtigt man die bekannten Bedingungen der Definitat der 
quadratischen Formen, so ist fiir ein geschlossenes System die notwendige 
Bedingung der Existenz eines Maximums von 9g, dass die Determinanten 


Iw @+r™ (|, 


|—2’() —s”* 


2 Ay > 0 bedeutet also, dass Ag entweder positiv definit oder positiv semidefinit ist. 
Ahbnlicherweise bedeutet Jy < 0 jedweden negativ definiten und negativ semidefiniten Fall. 
In der Literatur ist die Rolle der semidefiniten Falle nicht geniigend klargesteilt. Deswegen 
haben wir es fir nétig gehalten, diese Frage zu betonen. 


Feng Eee (21) 


3 
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und ihre geradzahligen Hauptminoren positiv, die ungeradzahligen hingegen . 
negativ seien ; wobei die Hauptminoren, deren Ordnungszahlen eine Destinaie 
Zahl iiberschreiten, gleich Null sein diirfen (semidefinitiver Fall). Falls ein : 
Minimum existiert, so modifiziert sich die obige Bedingung dahin, dass alle 
nichtverschwindenden Determinanten positiv sind. Die zu untersuchenden 
Determinanten sind konkret die folgenden Jacobi-Determinanten : 


O(yityh,..., yi ty) al 
( N()|= ree 22 
ly) + (| a (el Fal’, ..., =f a) (22) 

b g2Jere peopel 


Ae. SCs 


* en sie oe ee 23 
|—s/()— 8% (t)| Safe ee = ela (23) 


j=l, ...,4¥ 


und deren Hauptminoren. 
Im Falle eines Systems, das in eine unendlich ausgedehnte Umgebung 
gebettet ist, miissen anstatt (21) die Determinanten 


I~@) |—s/(@| 


und ihre Hauptminoren mit den obigen identische Bedingungen erfiillen. In 
diesem Falle treten also anstatt (22) und (23) konkret. die folgenden Jacobi- 
Determinanten auf : 


a O(yi, yi, ...,y4 
O(x{, x4, ..., x4) 


ares Sea 
ere hy eeu D2 hee. = 
& (#) | ’ 6 (Fi, xd, ese x}) . 


Die Untersuchung der Extremaleigenschaften wird iblicherweise auf 
die Fassung des zweittn Hauptsatzes aufgebaut, nach welcher die Entropie 
eines geschlossenen Systems im Gleichgewichte maximal ist. Im weiteren 
werden wir von diesem Brauch abweichen. Unser Verfahren wird durch die 
folgenden, unten bewiesenen Tatsachen begriindet. 

a) Die notwendige und hinreichende Bedingung fiir die Existenz des 
Entropiemaximums kann in geschlossener Form nicht angegeben werden, 
infolgedessen ist diese Behauptung in gewissen Fallen nichtssagend. 

b) Der zweite Hauptsatz hat eine eindeutige, von der iiblichen ein wenig 
abweichende Formulierung. ; 

c) Zur Feststellung der verschiedenen notwendigen bzw. hinreichenden 
(bedauerlicherweise jedoch nicht notwendigen und hinreichenden) Bedingun- 
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_ gen ist es am zweckmissigsten, von der Untersuchung der inneren Energie 


__auszugehen. 
4 Sel t=n, F(t) = E. Wir gehen von der Voraussetzung aus, dass die 
innere Energie eines geschlossenen System minimal ist.? Das bedeutet gemiss 
dem Vorhergehenden, dass die Jacobi-Determinanten (22) und (25) samt ihren 
Hauptminoren positiv sind (bei t = n), wobei die Determinanten von einer 
bestimmten Ordnungszahl (r + 1, wo 0< r< n — 1) angefangen gleich Null 
sein kénnen. 
Wir untersuchen nun, welche Feststellung beziiglich der Existenz und 
; Art (Maximum bzw. Minimum) der Extrema von F(t) und x(t) gemacht wer- ' 
‘den kann: 
Da die Determinanten (22) und (25) die gleiche Struktur haben, so geniigt 
es, die Determinante 


ly|= 8 (V1» Ya» ++ +»¥n) : (27) 
0 (%1,%2, Ce tye.) 
- gu untersuchen. 

Die Behandlung der Determinanten von héheren Ordnungszahlen ist 
jedoch noch immer schwerfiallig, infolgedessen ist eine weitere Vereinfachung 
der Bedingungen ndtig. Es ist ersichtlich, dass die Feststellung der Definitat 
sich auf die Bestimmung des Vorzeichens gewisser gutdefinierter thermodyna- 
mischer Funktionen zuriickfiihren lasst (statt n Determinanten n Ableitun- 
gen). Der Ausdruck (27) kann identisch folgendermassen umgeformt werden : 


a (1 Sas Vo) — 1%, +229 Neto Vttiss: -2¥n) 9 (x15 20 29% > Viti +> fee, 


8 (x4, ++ +9 %p) 8 (Hq, Hts Yttas +29 Nn) O (Ky 9 + 9 Mt Mt ee) 


Wenden wir diesen Vorgang sukzessiv von t = 1 bis t = n an, so gewin- 
nen wir die folgende Identitat : 


8(¥> ee Vn) se - 0 (x,, 2209 X19 Nts Vi+19 ceeg ¥n) : 
Oh s = ssn) eet 5 nxn Feta 8h 4 VE was Va) 


ly (n)|= 


3Im Falle eines Systems, das in eine unendlich ausgedehnte Umgebung gebettet ist, 
handelt es sich laut dem Vorhergehenden um die innere Energie bzw. um andere Eigenschaften 
der Gesamtheit von System und Umgebung. Ist die Energie der Umgebung unendlich gross, 
so hat das Extremum eigentlich (rein mathematisch) keinen Sinn. Es sei bemerkt, dass he 
Bedingungen (10) nicht notwendigerweise bedeuten, dass die Werte des Potentials F(t) 
unendlich gross sind. ; 4 

Es sei auch bemerkt, dass in der Literatur die Unterscheidung zwischen Extremaleigen- 
schaften geschlossener und in eine unendlich ausgedehnte Umgebung gebetteter Systeme 
nicht sehr sorgfaltig durchgefiihrt wird, es wird: zum Beispiel nicht betont, dass in dem einen 
Fall die Untersuchung der Determinanten (21), hingegen in dem anderen die der Determi- 
nanten (24) benétigt wird. 


oe Fhe ryenees Hel) 
—— > nr plane Sresear ayers 1 stein nate = 
Es ist leicht ersichtlich, asiaenie aaadinh: die quadratische - ae a 
die Matrix y(n) in eine diagonale Form transformiert haben.‘ — : 
4. Es ist ein hanigr bang paaice ee dass die Blemente der diag: 
Jen Matrix — ; 
= Wa) > ane 
hand a & 
‘adi Reihe nach die entsprechenden Elemente der Matrix sind. Bs i ist auch 
sofort ersichtlich, dass 


: y’ (n) = za, os = 


a 


[7 1= J m(- . ; (29) 


-Dementsprechend entscheidet iiber den definiten Charakter jeder Matrix 
y(t) (t= n ist auch méglich) das Vorzeichen der Ableitungen 


, oy: (i) 


RE ares 30 
= (30) 


Vii (i = 


i 
AE ist dann und nur dann positiv definit, wenn 


Yu f) = LS 0, Fa 12, wateh (31) 
fe) i } 

d.h. der Ausdruck (31) ist die hinreichende Bedingung fiir die Existenz der 
ris : 1 
Minima des Potentials F(t). 


Ist y(t) positiv semidefinit, so existiert ein Index r, so dass 


Vi: (t) = 9, os 


(32) 
vii (t) > 9, rign. ' 
(32) ist die notwendige jedoch nicht hinreichende Bedingung fiir die Existenz 
der Maxima von F(t). Es ist auch aus dem Gesagten ersichtlich, dass insofern 
AE negativ definit ist, alle y,;(i) <0 semidefinit sind, wird hingegen ein 
negatives JE angenommen, so ist y;(i) = 0 fir 1<i<r und »;(i) < 0, 


‘Das ist natiirlich nicht identisch mit der Hauptachsentransformation. 
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- orn. r<t<n. Besteht aber keiner dieser Falle, dann ist AE indefinit. 
(Mit dem Fall y;(i) = 0 fiir jedes i befassen wir uns nicht, da er vom thermo- 


emcioches Gesichtspunkt aus nicht interessant ist.) 


Laut dem Obigen ist das Verhaltnis von y(n) und y(t) das folgende. 


_ Ast y(n) positiv (bzw. negativ) definit, dann sind alle y(t) positiv (bzw. negativ) 
_ detinit. Offensichtlich kann dieselbe Folgerung aus der Definitat von y(t) 
4 betreffend der Definitat von y(t.) gezogen werden, wenn t, >t, Ist JE 
semidefinit, dann is laut (32) vii) #0, i=r,....,n. In diesem Falle 
kann AF auch nur semidefinit sein (und zwar gleicherweise mit AE positiv 


bzw. negativ, denn die Elemente der diagonalen Form von y(t) sind viii), 


 t=1,2,...,1#). Ist y(n) in solchem Masse singular, dass n —t <r ist, so 
ist y(t) von nullter Ordnung. Umgekehrt kann man aber aus dem Verhalten 

von 7(t) auf das Verhalten von y(n) (und ahnlicherweise von y(t.) auf y(t,)) 
_ keine eindeutigen Schliisse ziehen. Das Verhalten von y(t) ist namlich durch. 


7 


weniger, d.h. von t Bedingungen vorgeschrieben, so dass die weiteren, von 
diesen unabhangigen n —t Bedingungen noch beliebig sein kénnen. Mit 
Sicherheit kann nur behauptet werden, dass, insofern y(t) indefinitist, auch 
y(n) indefinit sein wird. Ahnliche Relationen kénnen auch fiir die Haupt- 
minoren abgeleitet werden, also sind | —g(#) | und | v(t) | gleichzeitig Null, 
bzw. im Falle / y(2)| > 0 ist | —g(t) | positiv, wenn von gerader, und negativ, 


_ wenn von ungerader Ordnung, sofern y, > 0. Aus der Existenz des Minimums 


der inneren Energie folgt also die Existenz des Maximums der Extensitatspara- 
meter x, sofern die zu x gehérenden Intensitatsparameter y positiv sind. Dieser 
Fall besteht zum Beispiel im Falle der Entropie, d. h. wenn x, = S und y, = T 
ist. Da hingegen 

GE : _y 

av ea se 
ist das Volumen bei entsprechenden Bedingungen (Geschlossenheit, bzw. 
Einbettung in eine unendlich ausgedehnte Umgebung) im Gleichgewichtsfall 
minimal. 

Es ist ersichtlich, dass das Gesetz des Entropiemaximums eines geschlos- 
senen bzw. eines in eine sich ins Unendliche ausdehnende Umgebung gebetteten 
Systems auch dem unteisuchten Problemkreis angehért. Wegen der gegen- 
seitigen eindeutigen Abhangigkeit hatte man statt von der Annahme des 
Energieminimums auch von dem Entropiemaximum ausgehen kénnen. Dieses 
Problem betreffend sollen noch einige Bemerkungen gemacht werden. Laut 
dem Obengesagten besitzt die Entropie vom Gesichtspunkt der Extremaleigen- 
schaften aus betrachtet keine ausgezeichnete Rolle, da alle Extensitatsparameter 
und Potentialfunktionen ihre Extremwerte annehmen, insofern die Entropie 
diese Eigenschaft besitzt. So kénnen wir zum Beispiel behaupten, dass der 
Wassergehalt eines geschlossenen Systems im Gleichgewichtsfall maximal ist. 


3 Acta Physica XI/2. 
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In solchen Fallen bedeutet die »Geschlossenheit« unter anderem natirlich, 
dass der Wert der Entropie des Systems fixiert ist. Eine andere Bemerkung 


bezieht sich auf das Problem, warum es nicht geniigt, sich mit dem »positiv — 
definiten« Fall AE >0 zu beschaftigen. Falls die Intensitétsparameter _ 


Ve Nanos 90h voneinander nicht alle unabhangig sind, so besteht das Kriterium > 


der Abhangigkeit eben darin, dass AE semidefinit ist, d. h. die Abhangigkeit 
der Gréssen y; voneinander ist durch die Relation 


(Ya +++» Yn) _ g 
8 (x4, -- +s Xn) 


ausgedriickt. Dieser Fall besteht zum Beispiel im Falle des Photonengases, 
wenn der Druck eine Funktion der Temperatur ist. Um diese Fille nicht aus 
unseren Betrachtungen auszuschliessen, beschaftigen wir uns mit dem Fall 
AE <0. AE kann aus verschiedenen Griinden semidefinit sein, sogar auch 
indefinit. Das labile Zustandsbereich des Van der Waalschen Gases bietet 
fiir diesen Fall ein Beispiel. Die wegen der Abhdngigkeit der Intensitétspara- 
meter auftretende Semidefinitét und die Semidefinitaét (sogar Indefinitat), die 
wegen der Erscheinung der labilen Phase auftritt, sind physikalisch grundlegend 
verschieden. 

Eine weitere Bemerkung bezieht sich auf die Entropie des Universums. 
In diesem Fall enthalt die Bedingung der Geschlossenheit auch die Konstanz 
des Volumens ; insofern wir also das Universum als endlich betrachten und die 
Existenz der Weltausdehnung akzeptieren, kann das Prinzip des Entropiemaxi- 
mums nicht mehr angewendet werden. 2 

Endlich sei noch eine Bemerkung gemacht: die irregularen Fille, die 
sich auf die Energie beziehen, sind irregular auch die Entropie betreffend. 
Es folgt nimlich aus den Relationen, die zwischen den Extremaleigenschaften 
bestehen, dass, insofern die innere Energie keine Minimumeigenschaft besitzt, 
dann das Prinzip des Entropiemaximums beziiglich des Systems auch ungiiltig ist. 
Durch diesen Umstand wird eine bestimmte Modifizierung des zweiten Haupt- 
satzes notwendig. Damit befassen wir uns in Verbindung mit der Untersuchung 
der Stabilitatsbedingung. 

5. Das Prinzip von LE CHATELIER—- Braun ist die Folge der Tatsache, 


das JE > 0 ist. Laut (32) ist aber JE > 0 gleichwertig mit den folgenden 
Ungleichheiten : 


Oy, (t 
YH) Ly So, eel Be 7 aes 8 n. (33) 
Ox; 


Zum Beweis des LE CHATELIER— BRAUNschen Prinzips brauchen wir noch die 
folgende Identitat : 
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ay, (t) ey Oy; (t))? 

AL IN A eee | Ox, 

8x, a Oy’ (34) 
Ox, 


wo z. B. 


Lal 


1 (8) = 1% «or Hr Vtg os Inds 


also bedeutet das Symbol t auch hier, dass bis zur t-ten unabhangigen Variable 


_ (einschliesslich t) Extensitatsgréssen, von der t + 1-ten an aber Intensitats- 


gréssen vorkommen. Es ist ersichtlich, dass im Ausdruck (34) die Elemente 
der Matrizen y(t) py: also kann der Ausdruck (34) auch wie folgt aufgeschrie- 


ben werden: 


Yu) =r (¢—1) + ZAM, (35) 
Yut (t) 


Da in der in (33) auftretenden Funktion 
IAB) = Ray Hay ++ +9 Xe Yep rs +09 Yn) 
die Reihenfolge der Variablen vom Typus x und y beliebig umgeandert werden 


kann (nur die Zahl der Variablen von gegebenem Typus muss festgehalten — 
werden), folgt aus (33), dass 


Vid) o> Ose dese ds 25 on dias fe (36) 
Von den vier Matrixelementen (35) kommt das eine im Quadrat vor, die 
anderen drei Elemente sind aber laut (36) positiv, beziehungsweise bei gewis- 


sen Indices i > r eventuell gleich Null. Auf diese Weise kénnen wir auf Grund 
der Ausdriicke (35) und (36) die folgenden Ungleichheiten aufschreiben : 


Yul) >yu(2—-)S--- Syn >---Sru(Y SP. (37) 
Laut dem Obigen kommt das Zeichen = dort vor, wo 
V(t) = ¥u(i)- 
Falls beziiglich irgendeines ¢ 


Yn(t + 1) # Yul?) = 0, 


3* 


OEE 25 -~=bi : 5 ¢ : a ‘. 
4 ied j.@8. sadaes Sees 


Pal > nla — I) Boe SME +) > Mn = --- = Ma) = 0. G8) 
“Da die Reihennumerierung der thermodynamischen Nahwirkungen bzw. der 
entsprechenden Extensitats- und Intensitatsgréssen willkiirlich ist, stellt d 
Ausdruck (38) eine ganz allgemeine, fiir jegliche Nahwirkung giiltige Gesetz- 
missigkeit fest (ndmlich die in Rede stehenden Variablenpaare x, y werden 
immer mit dem Index 1 versehen). ty : ; 
-. (38) werde mit dem absoluten Wert von a, multipliziert und die folgende 
Bezeichnung eingefiihrt : 


Yu(?) _ a) oe OS pa | “ 39) 


(38) kann dann auch folgendermassen aufgeschrieben werden :6 


Yai (n) | > [Yue — DO] Ss |¥n +) >[%n®| =... =|Ya@| =e 
| | (40) 


Die Quantitaét Y,,(t) hat den folgenden Sinn: Da 


——— a 
1 eu ke 


so kann die Quantitat y,,a, als der auf die Anderung der x, (auf a,) fallende 
Teil der Krafte Y, betrachtet werden: 


n 
Yue = Vu%3 Yy= 2 Yir- (41) 


Yy(¢) ist also jener Teil der Kraft Y(t), der auf die Anderung des zuge- 
hérenden Extensitatsparameters fallt. Laut (40) ist diese Komponente umso 
grésser (die eventuelle Gleichheit auch zugelassen, je geringer die Zahl der 
Intensitatsparameter ist, deren Werte fixiert sind, bzw. desto kleiner, je mehr 
Intensitatsgréssen fixiert sind. ; 

In der Reihe von Ungleichungen (40) kénnen wir das LE CHATELIER— 
Braunsche Prinzip leicht erkennen. Das Prinzip ist hier in einer allgemeineren 
Form angegeben als iiblich, ausserdem haben wir uns auch der Ausdruckweise 
der Thermodynamik irreversibler Vorginge angepasst. 


5 Das Auftreten des Gleichheitszeichens ist also unabhingig davon, ob die Matrix y 
definit oder semidefinit ist. - 

6 Die Ungleichheitsreihe (40) kann natiirlich auch’ so umgeschrieben werden, dass 
anstatt der Kraft Y, die Kraft X, darin vorkommt. 


ZUR BEGRUNDUNG DER THERMODYNAMIK 145 


4 Endlich wollen wir darauf hinweisen, -dass die folgende Relation, die 
_wir durch die identische Umformung von (35) gewinnen, mehr enthilt als die 
-Ungleichheitsreihe (40) : 


os 


Xu =X ae |X (4) || Xu (| 
| (t)| = |X4, (#— 1)|+ x, (0 (42) 


Es ist namlich aus (42) ersichtlich, um wie viel grésser X,,(t) ist als X,,(¢ — 1). 

. Die tbliche Interpretation des Le CHATELIER—Braunschen Prinzips 
| kann leicht auf die von uns abgeleitete allgemeine. Form iibertragen werden.’ 
Die Ungleichheitsreihe (40) bzw. Relation (42) bedeutet, dass in einem in 
seinem Gleichgewicht gestérten System eine gewisse regulierende Tendenz 
zur Geltung kommt. Namlich die zu verschiedenen Nahwirkungen gehérenden 
Intensitatsparameter bzw. Krafte sind einander behilflich, das System inden 
Gleichgewichtszustand zuriickzufihren. 

Das Obengesagte ist unter Beriicksichtigung der Abweichung zwischen 
den beiden Fallen gleichfalls giiltig fur geschlossene Systeme wie auch fir 
Systeme, die in eine Umgebung gebettet sind. 

Im Obigen haben wir gezeigt, dass das Prinzip von Le CHATELIER— 
BRAUN eine notwendige Folge der Bedingung AE > 0 ist. Da die Bedingung 
AE> 0 gleichwertig ist z. B. mit jeder einzelnen Bedingung Ax > 0 (even- 
tuell Ax(t) > 0), gelangen wir von diesen ausgehend ebenfalls zu dem 
Le CHATELIER—Bravnschen Prinzip. 

6. Ein zu klarendes Problem ist auch der Zusammenhang zwischen dem 
Prinzip von Le CHATELIER— Braun und der Stabilitat des Gleichgewichts. 
Die Stabilitat des Gleichgewichts bedeutet, dass die Krafte X;, die infolge der 
Stérung in dem gestérten System auftreten (namlich im Falle eines Gleichge- 
wichtes X; = Xj9 = 0), nach Verlauf einer hinreichend langen Zeit gegen Null 
streben (Ausgleichstendenz, Bestreben nach Homogenitat). Der zwischen den 
entsprechenden Intensitatsparametern bestehende Unterschied versucht nam- 
lich, sich zu vermindern, und der Vorgang setzt sich fort, solange die ther- 
mische, barische usw. Homogenitat nicht eingestellt ist. 

Alle Forschungen, die das Problem der Stabilitait im Rahmen der kon- 
ventionellen Thermodynamik zu lésen versuchen, sind notwendigerweise 
unvollkommen, weil in der konventionellen Thermodynamik die »Bewegungs- 
gleichung« des Vorganges X;—> 0 (f—> co) nicht enthalten ist. 

Die Lésung wurde am besten von T. EnRENFEST—AFANASSJEWA und 
G. L. pe Haas-Lorentz [2] angenahert, aber wie wir sehen werden, auch 


ihre Behandlung reicht nicht aus. 


7In einer friiheren Arbeit des Verfassers [4] ist eine der vorliegenden ahnliche, jedoch 
weniger allgemeine Behandlung des LE CHATELIER—Braunschen Prinpzipes zu finden. Die 
dort angegebene Interpretation bezieht sich auch auf die Ungleichheitsreihe (40) dieser Arbeit, 
deswegen verweise ich beziiglich der ausfihrlichen Interpretation auf die erwahnte Arbeit. 


ee 
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¢ 
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- Die erwahnten Autoren gehen davon aus; dass wihrend des Av 
vorganges (die von uns angewandte Bezeichnung benutzend) 7 


a 


ret 


oe a rap A nea ~ 
Z ‘ re 


sign a; = sign Yj; (n). ae Liye 
Die Vorzeichenbeziehung (43) ist teils die Folge der Ausgleichstendenz, teil: 
die Folge dessen, dass die innere Energie mit dem Absolutwert der Intensi- 
tatsparameter zusammen wichst bzw. abnimmt [2]. Laut (39) folgt wirklich 


aus (43), dass . i 


vi(n) > 0. 


Dies ist aber einerseits eine zu strenge Beschrankung im VerhAltnis zu (36), 
andererseits bezieht sie sich nur auf t = n, was hingegen wesentlich weniger — 
sagt als (36). Endlich sei noch ein wesentlicher Gesichtspunkt erwahnt. Allein 
(36) erfordert nicht den Vorgang 


op te el 


a;>0, X;>0, t>o. (44) 


(44) ist das Kriterium der Stabilitat. 

| Ein thermodynamisches Gleichgewicht kann neutral genannt werden, 
wenn bei einem endlichen Wert von a;, Y; = 0. Ausfihrlicher ausgedriickt : 
das System ist gegeniiber der Veranderung von x; neutral, wenn 


Xj = 7, 4; = 0, a; +0, (45) 


das heisst 


(46) 


Das ist aber nur eine teilweise Neutralitat. Absolut neutral wire ein System, 
in welchem der Ausdruck (46) fiir jedes i giiltig ist : 


Yu = Yeo = +++ =Y¥nn= 0 (absolut neutral). (47) 


Die Gleichung (47) wiirde laut (10) bedeuten, dass die in Rede stehende Phase 
»unendlich ausgedehnt« ist. In solchen Fallen hat aber die Unterscheidung 
zwischen labilen und stabilen Fallen keinen Sinn, das heisst ein absolut neutra- 
les thermodynamisches Gleigewicht existiert nicht. Das Gesagte liefert den 
Grund dafiir, das teilweise neutrale Gleichgewicht vom stabilen Gleichgewicht 
nicht abzusondern und nur stabiles und labiles Gleichgewicht zu unterscheiden. 


ce és _Wirn nennen das Gleichgewicht labil, wenn die vorher BE Cm Bes Bedin- 


gen nicht erfiillt sind. 
_ Eine vollkommen befriedigende Behandlung der Stabilitat kénnen wir 
ii Rahmen der Thermodynamik irreversibler Vorginge geben. ae Prob-. 


s nur durch die in peer een der biG chineliéa Desnplnes 


; a befriedigend beschreiben lasst. Wir wollen nun zur Untersuchung der 
_thermodynamischen Bewegungsgleichungen tibergehen. 


Z 7. Die Grundlage unserer bisherigen Uberlegungen bildeten die von den 
_ Funktionszusammenhangen 


a he eo oe 


_ 


y = 9(A,, Ag, .--, Ax) 


herriihrenden Relationen, wo ~ sowohl die thermodynamischen Potentiale wie 
auch die Extensitatsgréssen bedeuten kann, unter A,, ..., A, hingegen ver- 
stehen wir die vorgeschriebenen unabhangigen Variablen. Zum Beispiel : 


Ee Bla, Fh 5 >) Ag) s S = SE y tq; Xs «+g Kn) 


Zur Beschreibung des zeitlichen Ablaufes der thermodynamischen Vorginge 


_ interpretieren wir die Stromdichten laut = . [5], [6]. [3] in der fol- 
_ genden Weise : 


é,() = — > dnl) Ye), 
ere * (48) 


wore od Ly (t)X¢ (0 


wo Aj,(t) bzw. Liz(t) diesogenannte Leitungsmatrix ist. In Matrixrepresen- 


tation 
a(t) = — A(t) Y (0), 
(:) (t) ¥ an 
a(t)=L(t)X(t). 
Differenzieren wir die Gleichungen (18) nach der Zeit 
Y()=ra, | io 
X()=—gal 
und eliminieren a mit Hilfe der Gleichung (49), so erhalten wir 
(51) 


Y=—yisy, 


¥ and Xx, dann ist die Posung 


Ye Yq = r¢ D8 ' A ht 


>» ; x — e—elt bv 
-, ‘a 


wo im Exponent t die Zeit — und die Matrix e“ (M = yA, bzw. — gL) 
~~ durch die »Potenzenreihe« von e™ definiert ist. Wir heben beziiglich der nume 
rischen Berechnung der Integrale (42) hervor, dass mit Hilfe von bekanatad 
Satzen die unendliche Reihe sich zu einem Polynom von endlichem Grade 
in e“* reduzieren lasst, insofern M von endlicher Oylene ist, was in der 
Thermodynamik immer der Fall ist. 


Unter Benutzung des ventas (52) heleoatabest wir aus (49) 


= —Ae THY, 

1G (53) 
d= Es 2 Xe . 

und wenn die Determinante ly —1 | bzw. lg —1| nicht Null ist, so folgt 
aus (18) | | 
yal ; 
Tok (54) 

C= sag 


also auf Grund von (52) 


a= —ythe™ 6 | 


(55) 
C= 2 Le &#t oe { 


Die Werte von (16) und (hp werden unter Benutzung der Integrale von (52) _ 
und (55) 


AF () = 5 (70) = Ka) = — 2 (Wye AY ge), 


(56) 
Ax (t)=— - (aGa) = > (X, a) = — > (X, e-84t, g-1 LX,e-#""). 


Ist z. B. x = S(t) die Entropie, so kénnen wir auf Grund von (56) ausrechnen, 
wie sich der Wert der Entropie andert, wahrend der Zustand des Systems 


8 Der Index Null bezieht sich also Shwelckeud von dem Friheren nicht auf den Gleich- 
gewichts-, sondern auf den Anfangszustand. 
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gegen den Gleichgewichtzustand strebt. Falls die Matrizen yA sowie die gL 
positiv definit sind, dann nehmen nach Verlauf einer gentigend langen Zeit 
ee und damit auch die Absolutwerte von allen Quantitaten a, a, X A F(t), 
_A x(t) monoton ab, und streben mit t-> co nach Null. In solchen Fallen ist 
der Zustand des Systems stabil, also ist die hinreichende Bedingung der Sta- 
-bilitat, dass yA und gL positiv definit sind. Nach dem Vorhergesagten kann es 
auch vorkommen, dass yA und gL semidefinit, sogar indefinit sind. Die Kla- 
rung der Folgen dieser Falle beansprucht eine besondere Untersuchung. Man 
: kann annehmen, dass in solchen Fallen die Matrix, falls entsprechende Bedin- 
gungen vorgeschrieben werden, in positiv definite Form iibergeht ; ware dies 
nicht méglich, so gibt die Reihenentwicklung (14)—(18) selbst annahernd kein 
richtiges Bild tiber den Verlauf des Vorganges. 
8. Die eingehende Diskussion (z. B. das Ausrechnen numerischer Werte) 
der oben angegebenen Integrale wiirde zu weit fiihren, daher begniigen wir 
uns mit der Erwahnung eines Umstandes, welcher von prinzipiellem Interesse 
ist. Beispielsweise schreiben wir von den Gleichungen (51) die folgende aus- 


fiihrlich auf : 


X,= — DS (BL) Xe = — DAnRX, A=Bl. 


Es sei angenommen, dass im Anfangszustand X,) # 0, Xjo = 0. Das bedeutet 
also, dass das System am Anfang in Bezug auf jeden Intensitétsparameter 
(yj ausgenommen) homogen ist. Also besteht im Anfangszustand fiir jedes 1 


die Gleichung 


Xin = — Ain Xyo- (57) 


Da im allgemeinen das Matrixelement A;, nicht Null ist, kann laut (57) 
die Erscheinung auftreten, dass wahrend des Ausgleiches der Inhomogenitat 
in y, neuere Inhomogenitaten in den anderen Intensitaétsparametern y; auf- 
treten. Diese Inhomogenitat wichst eine Zeit, erreicht einen gewissen maxi- 
malen Wert x und beginnt dann mit 2 abzunehmen. Die besprochene Erschei- 
nung ist eine solche Manifestation der Kreuzeffekte, mit denen man sich bis 
jetzt in der Thermodynamik der irreversiblen Vorgange nicht beschaftigt hat. 
(Es ist ein interessanter Umstand und charakteristisch fur die jetzige Lage 
der irreversiblen Thermodynamik, dass, obzwar die Differentialgleichungen, 
die zur eindeutigen Charakterisierung der Gesetzmassigkeiten der zeitlichen 
Anderung dienen, schon seit langem bekannt sind, die Differentialgleichungen, 
verschieden spezialisiert, als algebraische Zusammenhiange behandelt wurden, 
ohne dass man sich mit der Integration der Gleichungen befasst hatte.) 

Die in der Gleichung (57) angegebene Erscheinungsform der Kreuzeffekte 
erlaubt uns, einen tieferen Blick in den Mechanismus der Rolle des Le Cua- 
TELIER— Bravunschen Prinzipes zu werfen. Stéren wir namlich das System 
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im Gleichgewicht so, dass wir z. B. in y, eine Inhomogenitat hervorrufen und 
dadurch eine Kraft X,, +4 0 zustandebringen, so wird die Wiederherstellung 
der Homogenitat in y, gerade dadurch von einem anderen yt bewirkt, dass 
seine eigene Homogenitat aufgehoben ist. 

In Verbindung mit dem Le CuaTeLiIeR—Bravunschen Prinzip hatten 
wir schon vorhergehend darauf hingewiesen, dass die Spuren von speziellen 
Manifestationen der Kreuzeffekte schon in der klassischen Thermodynamik 
vorzufinden sind. Nehmen wir an, dass die OnsAcEersche Leitungsmatrix 
diagonal ist (das ist der Fall, der dem klassischen entspricht) : 


6) = La Xe Lym Lit lon = Lag 0, (8 ek 
Setzen wir diesen Wert von a; in den Ausdruck 
X; = — > gi ax 
(k) 
ein, so bekommen wir 
Ar= > Bik Li Xx. 


Da die Matrix [g;, L,] im allgemeinen nicht diagonal ist,9 so tritt der durch 
(57) ausgedriickte Effekt auch unter diesen Verhiltnissen auf, aber die numeri- 
schen Werte werden mit dem hier genannten freilich nicht iibereinstimmen. 

im konkreten Fall eines thermodynamischen Systems besteht immer eine 
der in (8) und (9) angegebenen Bedingungen, an die sich eventuell noch eine 
der Bedingungen (10) anschliesst. Je nach den Nebenbedingungen, miissen 
verschiedene Ausdriicke der Kriafte Y(t) bzw. X(t) benutzt werden. So ist es 
garnicht tiberfliissig, sondern sogar notwendig, die verschiedenartigen unter 
(18) definierten Kraftausdriicke anzuwenden. Bei der Behandlung der Kreuz- 
effekte hat man besondere Sorge dafiir zu tragen, von den Krafttypen (18) 
diejenigen auszuwihlen, die von den konkret gegebenen Nebenbedingungen 
gefordert werden. Wir miissen jedoch diesmal auch auf die Behandlung von 
konkreten Fallen in solcher Beziehung verzichten. Wir befassen uns noch mit 
einer prinzipiellen Frage der Integrierbarkeit der thermodynamischen Bewe- 
gungsgleichungen, welche in engem Zusammenhang mit der Begriindung der 
OnsacErschen Reziprozitatsrelation steht. Es ist bekannt, dass die verschie- 
denen Beweisfiihrungen der ONsAacERschen Reziprozitatsrelation (Li, = L,;) 
darauf aufgebaut sind, dass der Differentialquotient a durch den Erwartungs- 
wert eines Differenzenquotienten ersetzt wird!, z. B. wie folgt 


a(t) — a(t) 


(58) 


: 9 Dieser Fall kénnte nur dann vorkommen, 
im allgemeinen nicht der Fall ist. 
10 ¢ bedeutet hier die Zeit. 


wenn g selbst diagonal ware, was aber 
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s ist offensichtlich, dass wir durch Integration aus (58) nicht die Funktion 


a(a,t) gewinnen kénnen. Damit ware der Sinn von (52) auch problematisch, 


_wenn nicht die Schwierigkeiten durch die folgenden Umstande beseitigt werden 


2 
— 
: 


: 


_ kénnten. 
Bik a) Die Streuung von a ist sehr klein (von der Gréssenordnung der Boltz-_ 


-mannschen Konstante), so dass sie vom makroskopischen Gesichtspunkt 


durchaus zu vernachliassigen ist. 
b) So kann (58) nur bei der Ableitung der ONsacerschen Reziprozitats- 


relation von Bedeutung sein. 


-c) Die Reziprozitatsrelation kann auch phinomenologisch begriindet 
werden und deswegen ist, entsprechend der phinomenologischen Interpre- 
tation, die Gleichung 

' 


auch integrierbar. 
9. Zum Schluss seien die wichtigsten Behauptungen unseres Artikels 


- gzasammengefasst. 


a) Zu jedem der thermodynamischen Potentiale und Extensitatsgréssen 
geh6rt eine gewisse-kanonische Wahl der unabhingigen Variablen (siehe die 
Tafel in dem ersten Teil). 

b) Quantitative Charakterisierung geschlossener und in unendlich aus- 
gedehnte Umgebung gebetteter Systeme. Diese zweierlei Falle kénnen durch 
die Anwendung der Bedingungen (18), (9), sowie (13) einheitlich behandelt 
werden. 

c) Die notwendigen Bedingungen fiir die Existenz der Extrema der 
Potential- und Extensitatsgréssen sind zugleich notwendige und hinreichende 
Bedingungen fiir das Gleichgewicht. (Natiirlich nur bei dem Bestehen der 
in b) angegebenen Bedingungen.) 

d) Eine hinreichende aber nicht notwendige Bedingung fiir die Existenz 
des Extrems (das Gleichgewicht schon vorausgesetzt) ist die Definitat der 
entsprechenden quadratischen Form. Aus der Definitat namlich folgt die 
Existenz des Extremwertes, umgekehrt aber nicht, da auch bei einer semi- 
definiten Form Extremwerte vorhanden sein kénnen. 

e) Im Gleichgewichtssystem ist die notwendige aber nicht hinreichende 
Bedingung fiir die Extremwerte, dass die quadratische Form der untersuchten 
Funktion entweder definit oder semidefinit is., was wir in der folgenden Form 


aufgeschrieben haben : 


Ag > 0 ist die notwendige Bedingung fiir das Minimum, 
Ay <0 ist die notwendige Bedingung fiir das Maximum. 
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Die Tatsache, dass diese Bedingung nur notwendig und nicht hinreichend ist, 
folgt daraus, dass im Falle einer semidefiniten Form nicht immer ein Extrem- 
wert existiert. 

f) Die Behauptung, dass in geschlossenen Systemen die Entropieproduk- 
tion immer positiv detinit ist, ist falsch, weil dieselbe auch positiv semidefinit 
sein kann. Sie kann sogar im Falle des Auftretens einer labilen Phase indefinit 
oder auch negativ definit werden. Natiirlich kénnen diese letzteren Falle nur 
iibergangsweise auftreten. Erleidet das System eine beliebig kleine Stérung, 
dann geht die Produktion in eine positiv definite bzw. positiv semidefinite 
Form iiber. 

g) Die notwendige und hinreichende Bedingung fiir die Existenz des 
Entropiemaximums und damit fiir andere Extrema kann nicht gegeben wer- 
den, deswegen kann eine solche notwendige und hinreichende Bedingung in 
der Thermodynamik keine Rolle spielen. Der zweite Hauptsatz wird der Erfah- 
rung entsprechend durch die Ausgleichtendenz der Intensitatsparameter aus- 
gedriickt. 

h) Die Unterscheidung von stabilem und neutralem Gleichgewicht hat 
in der Thermodynamik keine Bedeutung, deshalb haben wir das LE CHATE- 
LiERsche Prinzip auch dementsprechend allgemein gefasst und bewiesen. 

i) Die Integration der Bewegungsgleichungen kann sehr einfach durch- 
gefiihrt werden, so dass wir tiber den zeitlichen Ablauf der Vorgange ein 
exaktes Bild erhalten. Diesbeziiglich haben wir festgestellt, dass jede allge- 
meine Kraft fahig ist, andere allgemeine Krafte zu induzieren (siehe die For- 
mel (57)). Dieser Umstand weist auf solche Manifestationen der Kreuzeffekte 
hin, die bisher nicht behandelt wurden. Die obenerwahnten »induzierten« 
Kriifte spielen eine entscheidende Rolle im Wirkungsmechanismus des LE 
CHATELIER— Bravnschen Prinzips. 

j) Da die Reziprozitatsrelationen auch auf phanomenologischem Wege 
abgeleitet werden kénnen, steht der Integration der Bewegungsgleichungen 
kein Hindernis im Wege. 

k) Beziiglich der aufgeworfenen Probleme blieben mehrere Fragen offen, 
zum Beispiel die in der Zeit veranderlichen Nebenbedingungen und der Fall 
der inhomogenen Umgebung, die Transformationsregel der Krafte und dies- 
beziiglich der genaue Zusammenhang zwischen den Matrizen y(t) und g(t) 
(fiir beliebiges t), die Verhaltnisse der semidefiniten Falle zu der Ausgleichs- 
tendenz u.s.w. Auf die Untersuchung dieser Fragen werden wir bei einer 
anderen Gelegenheit zuriickkommen. 
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(Presented by L. Jaénossy. — Received 15. VI. 1959) 


: In the’ present paper an account is given of a few bands in the f-band system of the 
NO molecule, which I succeeded in photographing in emission. These bands start from the 
_ vibrational level v’ = 7 of the upper electronic state. 


§ 1. The problem of bands referred to in the title 


In a previous paper [1] I found the dissociation energy of the NO 
_ molecule to be 6,603 eV on the basis of the breaking-off of the rotational struc- 
ture of y-bands. At the same time I have mentioned thaz from this dissociation 
limit it follows that the predissociation limit of the upper state of 6-bands, 
i.e. of the electronic state B? J] of the NO molecule, lies higher than presumed 
so far. This is why the vibrational level v’ = 7 is bound to exist in that state 
in emission. The appearance of such bands in emission was not expected. 
We have started experiments in order to point out in emission the level men- 
tioned. 
The appearance of f-bands in emission, as is well known [2], is a result 
of the electronic transition 


NO p: B? J] > X? JI. 


These bands are degraded to the red. Since both states correspond to the 
Hund case a), each of the f-bands splits into two secondary bands. These 
two secondary bands correspond to the electronic states B?/I,,,—> X?/I,), 
and B? J7,,,—> X? II;),, respectively. 

In the course of my work I was fortunate enough to find that both second- 
ary bands of the £-bands formed a head degraded to the red. And the distance 
between these two heads was approximaiely equal in any two bands of the 
band system. 

Due to this fortunate fact the B-bands are easily discerned in the spectrum 
of the NO molecule between the contrarily degraded y-bands having four 
heads, and the contaminating bands of the N, molecule. 


* This is the last work of the author, who died so young on January 20th 1958, publish- 
ed by T. MArrat. 


as ve _ 


at 


156 I, DEEZSI 
§ 2. Experimental apparatus 


The f-bands are most easily excited in the active nitrogen afterglow, 
provided that NO gas is added to the active nitrogen. To begin with, 4 ie MArRal, 
at the request of the author, tried to reconstruct the light source of active 
nitrogen, which had been described by R. ScHMID in one of his papers [3]. 
This light source failed. It could have been used only at the bordering line 
of the vacuum ultraviolet region where ScumipD used it. For want of adequate 
Schumann emulsion, however, we had to be content with photographing the 
visible region in which the appearance of the $-bands looked for was also to 
be expected. 

While studying carefully the bibliography on the production and spectral 
analysis of active nitrogen, our attention was caught by a paper of C. R. 
STANLEY, which had been published in 1954 [4]. This paper suggests a new 
and effective method for producing active nitrogen. The essential point of 
this method is that nitrogen is made to flow at a reduced pressure through 
a quartz capillary, and at the same time a condensed spark discharge is being 
produced through the capillary. This activates the flowing nitrogen. We have 
made use of STANLEY’s principle in designing our active-nitrogen generator. 

Our light source is illustrated schematically in Fig. 1. 

Here sufficiently pure N, gas is flowing from the gas pressure bottle 
towards a needle valve. This section of the tube system was guarded by a 
hydraulic seal from overpressure. The adjustable needle valve directed the 
nitrogen into a quartz discharge tube. The tube was made of quartz in order 
to be fireproot. The hollow parts of the tube with the electrodes were connected 
by two capillary tubes. Between the tungsten electrodes a condensed spark 
discharge was generated. The circuit diagram of the necessary spark exciter 
is shown in the upper part of the drawing. The spark discharge activated the 
nitrogen in the capillary. As it is well known, the active nitrogen gas current 
luminisces in a pale, yellow light, this phenomenon being the afterglow of 
active nitrogen. After a half-period of a few seconds the afterglow comes to 
an end, i. e. decays. Thus the afterglow of the flowing active nitrogen is gra- 
dually fading along the flow pipe. The outflow pipe had to be taken as short 
as possible, and it had to be cooled. Water cooling was necessary also for the 
cut-glass junction in order to avoid cracks. The rest of the tube-system was 
made of hard glass. The spectral tube itself was of the shape of a truncated 
conoid. A planeparallel quartz plate was used as cover for the truncated conoid. 
This window was placed right in front of the slit of the spectrograph, without 
interposing a condenser. For the active nitrogen flowing in the conical tube is 
a light source of very low brightness, with which only incoherent slit ilumina- 
tion is possible. The aperture angle of:the truncated conoid was so chosen as 
to illuminate — through an end-on quartz window and a slit — the whole 


oa i 


the « lncs-dfakbieliober ctrograph, thus achieving cg itigtest 3 
e resolving power. The required pressure of 3 mmHg in the discharge 


> was maintained by a high-output compound rotary pump, the pressure 


1g controlled by a manometer. 
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Fig. 1. Active nitrogen generator and afterglow spectral tube 


Leading to the discharge tube, another needle valve may also be seen. 
Through it air was added to the nitrogen gas current. The oxygen upon entering 
the discharge tube was transformed into NO through the Birkeland and Eyde 
reaction, and from here, mingled with active nitrogen, flowed to the spectral 

tube. The colour of the afterglow of the NO gas turned to orange. Instead of 
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3890,8-40,5 388944 
4364,1-+0,5 436744 
4646,0-+0,5 464444 


Table II 
The molecule constants [6] used in the calculation 


a, 


State | Oe | WeXe | B, 


XerT 1904,03 13,97 1,7046 | 0,0178 
1903,68 em! 


BT 1036,9 7,46 1,076 0,0116 
1038,3 


BUT —+ X21 : ry = he cm? 


air we tried to add pure NO gas as well, first through the upper, then the lower 
needle valve. The use of pure NO gas, however, proved to be disadvantageous. 
The exposure was made with an ISP three-prism glass spectrograph. 
With that sensitive apparatus an exposure of 30 seconds on an Agfa Isopan F 
emulsion proved sufficient. For wavelength measurements the standard Pfund 
iron-arc comparison spectrum was photographed with a little overlap. The 
accuracy of our wavelength measurements is estimated to be -0,5 A. 


§ 3. Results 


I have determined the wavelengths of all band heads observed on our 
spectrograms. Then I consulted B. RosEen’s Atlas for diatomic molecules [5] 
as to what bands correspond to the wavelengths measured. There were bands 
among those I have observed which have nowhere been registered so far. 
On the basis of their degradation, the number and distance of their band 
heads I was able to decide to a certainty whether we are confronted with the 
bands of the NO molecule. Thus I have observed three new f-bands, bands 
(7,16), (7,18) and (7,19). The appearance of these bands was rather diffuse 
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and was revealed by a marked intensity change of the background. I had to 
find out between which two vibrational levels these bands fit in or, te be more 
exact, what the vibrational quantum number of their upper state is. In short, 
Thad to assign the new bands. For the assignment of the new bands I had but 
Fto ascertain which band series the band in question fits into, and what the 
vibrational quantum number of the band in the immediate vicinity is. 
sa A control of the accuracy of assignment is that v’ and v” found must 
_ satisfy the band-head formula. Table I provides a comparison as to how far 
_the band-head wavelengths measured on our spectrograms are in agreement 
with the wavelengths calculated by means of vibrational analysis. The Table 
shows the’ band head degraded to the violet of the double-head f-bands. 
(Band heads degraded to the red are as far away as about 22 A.) The cal- 
culated and measured wavelengths agree apparently well in the three bands. 
: A summary of my results is as follows: through the observation in 
emission of a few £-bands of the upper vibrational state No 7 I succeeded in 
proving the predissociation limit of B-bands to lie higher up than that accepted 
so far. 
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MOABJIEHHE £-MOJIOC CEMbMOrO BHBPALIMOHHOrO COCTOAHHA 
B CIMEKTPE MOJIEKYJIbI NO 
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AsrTop B OfHOit M3 CBOHX MpexkKHUX paooT NOKA3aN, YTO B poTayHoHHow cTpyKtype y- 
nonoc HadmopaeTca pasppre BeTBe#. 3 sTOrO OH Ciena BbIBOA, UTO NIPeACIbHaA KPuBaA 
quccounaunu MoneKynbl NO 40JDKHa JIe)KaTb BbILUe, HEM ITO ObII0 40 kes Op aon : i 
OJHOBPeMeHHO OOO3HAUAET H TO, YTO B CHCTEME B-nom0c Hapany C Ha 5 Pac arate ots 
Nop MomocaMM AON KeH NMOABNATCA M CeAbMOM BbICLIMM BuOpalMOHHbI ypone ams ered 
VizectHo, To f-Mom0cht HaOoee WerKO MOryT BOSOY>KACHEI B pee ay pas 
a30Ta, B KOTOPOM AIA OTCJIbHbIX 3JIEMCHTAPHBIX AKTOB BOsOyKeCHHA MMeeTCA bs way bs 
TOUHAA JHeEprHuA (MaKCHMAaJIbHO 9,5 eV). C WesbIO BO3OyKMeHHA YNOMAHYTHIX ee tet seh 
CKOHCTpyHpoBaH HOBbIi TeHepaTOp aKTHBHOTO a3s0Ta OombuleH MOLIHOCTH, B KOTOP 
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Soot =. dt is supposed that there exists an intermediately strong interaction between muons 
and kaons having the same form as that between nucleons and kaons. This’ interaction 


_ explains the relatively large mass of the muons. After fixing the values of the parameters 


appearing in the interaction other observable consequences, e. g. elastic and inelastic muon- 


_ nucleon scattering, anomalous muon magnetic moment.etc. are analysed. These ‘‘anomalous”’ 


- effects caused by the supposed interaction turn out to be small and thus do not seem to contra- 


dict the present experimental facts. Finally, other kaonic interactions are briefly analysed. 


é 1. The universal kaon interaction 


-It is well known that a satisfactory theory which would explain the 
experimentally observed mass spectrum of the elementary particles does 


not exist. The attractive idea of the field theoretical origin of the masses 


of particles proposed by Max ABRAHAM at the turn of the century cannot 
be followed through in a consistent way; according to the philosophy of 


_ the renormalization theory problems such as determining the observable 


masses from other data have no meaning. Recent experimental and theoretical 
‘arguments, however, seem to suggest that the interactions show some kind 
of non-local character which may be expressed roughly and provisionally 
by introducing some cut-off method, thus we have a possibility of calculating 
finite field theoretical self-masses. Essentially almost all mass values can be 
calculated in good agreement with the experimental values by means of the 
simple perturbation theory, introducing a separate cut-off parameter for 
each type of interaction. We refer here e. g. to FryMANNn’s beautiful estim- 
ate [1] of the neutron-proton masses.* Thus these provisional calculations 
(which are far from being without further problems, e. g. y;-invariance etc.) 
may give also some information about the systematization of the elemen- 


tary particles. ; 

* The 1+—2° mass difference is a combined effect of the electromagnetic and strong 
interactions, so it is natural that in the course of 7+, 2° mass calculatigns we have to take 
into account such cut-off parameter value (i. e. that of the strong interaction A ~ M< mel?) 
which the combined interaction shows. (C. f. [2]). The same is the situation in FEYMAN’s 
calculation for the neutron-proton mass difference. 
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At first sight the intimate connection between masses and interactions * 
seems to be confirmed by experiments. Considering e. g. the mass spectrum > 
of the fermions (Fig. 1) two main groups formed by heavy and light particles — 
show up strikingly. The heavy fermions (and only these) are all interacting 
with pions involving the strongest interaction found so far. Thus the over- 
whelming part of their masses (~ 1 GeV) can be regarded as pionic self- 
energy. 

Another striking feature is the fine structure of the mass spectrum : 
there are mass multiplets (the members of which differ in electric charge only) 
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with mass differences small (~ 1 MeV) compared to the distances between 
the different multiplets. This can be of electromagnetic origin. 

The splitting off of the masses of the baryons may be connected with 
the intermediately strong kaonic interactions giving rise to self-energies of 
the order of ~ 100 MeV. 

The ratio of the self-masses is of the order of the ratio of the empirical 
coupling constants, this being perhaps the most decisive argument in favour 
of the theory. 

There are, of course, arguments against the above conception. According 
to some recent experiments [3] the K*—K® mass difference is negative. One 
possible explanation fitting into the above theory was given, however, by 
Pats [4]. The problem of the anomalously large mass of the muons seems 
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Fito be even more serious, because the known muonic interactions are more 


j familiar than the interactions of the kaons. This anomaly has often been 
4 quoted as an argument against the exclusively field theoretical origin of the 


z 


E 
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masses of particles [5]. 


Before giving up the whole idea, however, it is worth investigating, 


_ whether the self-energy of the muon (~ 100 MeV) may or may not be attri- 


buted to some hitherto unobserved intermediately strong interaction. There 
are several proposals of the above type. : 
SCHWINGER using the four-dimensional model of the isotopic space [6] 
has supposed an isosingulet o-meson interacting directly with the muon. 
Detailed calculations showed [7] that the consequences of the interaction 
would be compatible with experiments, if only the o-mass were far larger 
than any ‘ofthe masses of the hitherto observed particles. According to the 


_ original theory, however, we expect m, ~ m.. 
p 6 7m 


Within the framework of the Markov—Saxata theory P. SurAny1 


_has supposed a «—N interaction which may turn out to be strong at small 


distances. The analytical description of this proposal does not seem to be 


‘an easy problem. In the framework of the same theory A. SALAM regards a 


strong “4—£ interaction as the cause of the anomalous mass, but this 
proposal was not elaborated either. 

Considering the mass spectrum of the fermions it is obvious that self- 
energies of the order ~ 100 MeV are characteristic for kaonic interactions, 
therefore we have proposed [8] the existence of a muon-kaon interaction with 
the same strength and type as the baryon-kaon interaction. Thus there is no 
need to postulate either a new particle or a new type of interaction for the 
explanation of the. anomalous muon mass. According to our proposal the 
fermions form three groups (Fig. 2) : 

I. Electron (and neutrino) without strong interaction. 

II. Muon with an intermediately strong (K) interaction. 

III. Baryons with intermediately strong (K) and strong (z) interactions. 
At first sight the hypothesis of the universal kaon interaction (NK, «K) 
does not seem to contradict the experiments [8]. Our aim is now the more 
detailed analysis of the consequences. | 

The correct form of the baryon-kaon interaction has not been established 
as yet. There are three different proposals : . 

(i) According to Grti-Mann’s theory baryons differing by one in 
the strangeness value are coupled to kaons: - 


NAK, N2K, AEK, ZF SK. (1) 


If we wanted to apply this interaction to the case of muons, we would have 
to introduce a series of “heavy muons” (u, 1’, “’’) by means of which we could 
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form interactions of the type (1): 
Fe eel fia Kina d | (2) 
Although this proposal is not definitely excluded by experiments — and 
our proposed choice of the type of interaction, analysed in detail, may also 
be leading to such type of particles — postulating such new muons would 
bring in many unknown features at the very beginning of the theory. 

(ii) In the Markov—Saxata theory the pions and kaons are formed 
by baryons, and the intermediately strong interaction can be reduced to a 
four-fermion interaction of the type ANNA. This theory has recently gained 
more and more ground, in consequence of computational problems, however, 
it does not seem to be suitable for a numerical check of our proposal. 

(iii) In the GoLDHABER—Gy6RGYI model [9] the nucleons and kaons 
are elementary particles with interaction of type NNKK, the hyperons are 
bound NK, NKK systems [10]. 

As a theoretical basis for a quantitative check of our hypothesis it 
seems best to make use of this third possibility, because an interaction of 
the type uuKK is easily written down and can be analysed. Since the obser- 
vable consequences of these three possibilities are essentially the same [11], 
our universal kaon interaction hypothesis does not seem intimately connected 


with the GoLpHaBER— Gy6RGYI proposal. 


More explicitly, we are going to analyse the consequences of the following 
universal kaon interaction : 


H (x) = 7; Dt (8, — 8) ©, [vp viv p + x7i2]- (3) 


Here ©,, y; and x stand for the kaon, nucleon and muon field operators, 
respectively (a, 6 = 1, 2). x 1 is the Compton wave length of kaons, g is a 


dimensionless coupling constant, the value of which following from the inter- 


mediately strong interaction of baryons is very nearly ~ 1. ‘The vector variant 
of the interaction was chosen since this is the only one giving repulsive 
(attractive) forces between N—K (N—K), respectively [10], in accordance 
a the experiment. The above isoscalar interaction does not lead to strong 
* — u® scattering with charge exchange which would contradict the experi- 
ment. (Assuming the muon to be isosingulet one cannot form, besides, an 
isovector from y.) 

The coupling constant g/x? in (3) has the dimension of cm2, thus the 
interaction is, of course, not renormalizable. Almost all second-order effects 
are divergent, thus we have to introduce a cut-off parameter. Fixing its value 
from the muon mass, we re-obtain the value which was determined in the 
case of nucleons. Thus the two parameters occurring in the proposed coupling 
are universal for that interaction. 
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Performing the naan we find that the susene term in the scott 
rameter A is approximatively | a 
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_ where u is ., muon mass. Supposing that the great majority of a3 muon 
_ mass (apart from its See gaia Ts Bact mass) results from this interaction we 
obtain 


awn, (6) 


i. e. the inverse square root of the coupling constant in (3). 

With the same cut-off value we can reproduce the kaon mass similarly. 
The lowest-order diagram corresponding to the kaon self-mass (Fig. 4) is 
“easily seen to be divergent in the crn order, i. e. 


ei ei tole Coke hk ee SRY 


6 
On? ~ gx? (= . (7) 
% - 


3 Let us discuss now the problem of the anomalous magnetic moment. 
In, the lowest order, according to the perturbation theory, that part of the 
_ S-matrix which gives such a term is (Fig. 5) 


& — 28" 5 ke; kj — kj kj eA Pee he fe} = 8 
S® = a (p) nfl ei (8) 
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It can be seen that the other two diagrams in this order just compensate 
each other, because the coupling (3) is of isoscalar type. Here a,(k) describes 
the electromagnetic field. After performing the integrations, and collecting 
the terms which are proportional to (y;k;y,a;— y1@: iki) we obtain for the 
highest-order term in A of the gyromagnetic ratio y approximately — 


by~ SF, (9) 


which is in the order (or smaller) of the observed anomalous muon magnetic 
moment. 


3. The strong muon-nucleon interaction 


The proposed moderately strong interaction thus may explain the 
anomalous mass of the muon. Let us analyse now the other consequences of (3). 

The scattering of muons on kaons cannot be realized experimentally 
and (3) does not lead to any decay process. The most impertant consequence 
of (3) seems to be the “anomalous” (non-electromagnetic) muon-nucleon 
interaction (Fig. 6). 

We determine first the static muon-nucleon potential corresponding 
to Fig. 6. The S-matrix element is : 


2 — _—— 
SO = FE || a) 71 v (aa) (09) 7/24) Pu 2s) de dey, (10) 
where 


, 
Ts al ee Bs [9} 85 — 8} 97] A* (x, — x4). (11) 
After substituting stationary eigenfunctions 


Y (%)—> Wa (ry) eW!44, x (x9) -> Xo (Tp) eet, 


ied = ~ (12) 
Y (%) > Ya (ri) cP, , X(%2) > Xp (2) eM?" 
the S-matrix (10) can be transformed to the form 
S® = — 221i d(w, — wg + We — wp) 
‘ (13) 


Sf vB (1) a(t) V (7 — 12) XB (Te) Ac (Fe) dr,dr., 


-Lry aac rectiithg two-body interaction potential. Subgenus! 
’ Sanpete in static approximation (neglecting non-static terms” 


nding:to a, i. Po 3 and with Wa = Op, 0c = p) 


Pe Rng Aer, : | 
oyn s ee ea = (14) 


The bdliite Gtdrietd® features of this potential are the short range (0,2 fermi) 
but strong singularity. (The necessary cut-off procedure, of course, reduces 
‘thi singularity.) 

The muon-nucleon interaction was measured most accurately in the 
x ase of muon atoms. The “anomalous” kaonic potential (14) modifies the 
Coulomb interaction, thus ensures an apparent diminishing or enlarging of 
the nuclear radius. The average kaonic potential in the centre of a nucleus 
ith the density 0 = 3 /4ar; and mass-number A is the following : 


4 o 2 1/3 

4 V(r) 0(r) 4ar? dr = + 38° Txt AM) = +727 KeV. I(xrg A438), 
% 0 (42) (xr9)3 ro 
a 

a 


Here f(xr) is the factor occurring in (14) after carrying out a regularization 
of Pauli— Villars type. Thus the value of the “anomalous” potential remains 
under 0,1 MeV, i. e. is lower but approaches the accuracy of muon-atom 
experiments. The weakness of this interaction is a consequence of its short 
range: the wave lengths of slow muons are large compared to the range of 
_the muon-nucleon forces. 
, With increasing muon energy (with decreasing wave length) the particle 
reacts more sensitively of course, to the short range potential. Let us discuss 
therefore the muon-nucleon scattering. In the approximation corresponding 
to Fig. 6 th. S-matrix element is: 


pore deci ag i gy" 
2x7 x 


u(p’)yiu(p)u u (q ‘)y,u(qg)o(p+q—P a 


where p(p’) and q(q) are initial (final) nucleon and muon four-momenta, re- 
spectively. Here I’ is an integral diverging quadratically : 


saeauics k2 dk 
= alae eS 


| ai ‘muon apeny in ‘the =p sat system: & £ 


(frre p’q’ + 2pq'- p'q— 2 (p — pad 52 has 


a 


-0(p +4—p’—@) 6(p'2 + m') 8 (q'2 + 1°) dp’ dq’. 


Here m is the nucleon mass. From (16) the cross section in the centre of 


mass system for the elastic scattering of slow muons is : 


ox he Sey #Y | I’(0) |? — gt! 1’(0) 2 - 10-34 cm? 
Uae rerrepiesligrner smegma sce 
where 
1'(0) = —a@? [et ecco bet al nee 
—1 " 
Since g~ 1 


a (0) ~ fl - 10-*4 cm? 


depending strongly on the value of the cut-off parameter. Taking into account, 
however, (6) its value is definitely smaller than 1 mb. 

The energy dependence of the cross section is determined exactly by (16), 
it is, however very complicated. For the sake of simplicity let us consider 
only the extreme relativistic case (E > m). In this case the differential 
cross section in the centre of mass system is 


FE? 2 
E\? us I’ 4a eint ~ = 
do (E) = o(0) z) f +4) -6@) 0) = (17) 
where 
fe] 


3 eee + sint — 
TYP ea ot 


and E is the incident muon energy. It is to be seen that the cross section 
depends (approximately) quadratically on the energy, thus for muons with 


G(6) = 
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ergy 1 GeV the cross section is about a hundred times larger than a(0) 
d remains roughly isotropic. The real situation is even more complicated, 
cause J’ also contains the muon energy, so near the cut-off wave length 


“qi 


it may show remarkable energy dependence. Here we reach, however, the 


2 


limit of applicability of this approximation method. 

4 The long-range Coulomb interaction predominates at any rate in low 
energy muon-nucleon scattering. Thus the ‘‘anomalous” scattering caused 
by kaonic interaction may give an observable enlargement in the number 
of the scattered muons at high energies and at large angles only. 

The energies of muons produced by accelerators are below 1 GeV, the 


corresponding muon wave lengths are larger than the range of kaonic forces. 
3 ' 


- . N A N Ke K ‘e 
K ; , " " 
eH B H 7 7; P tena 2 
: K : ‘ 
= Fig.7 Fig.8 fig 9 


For such energies there is no experimental disagreement with the Coulomb- 
scattering formula [12, 13]. The energy range of cosmic muons is higher, 
but the accuracy of determining the energy values is far less than for artificial 
muons. We mention, however, that recently several papers [14, 15, 16] dealing 
with muon scattering experiments seem to show an ‘‘anomalous’’ large-angle 
scattering, having cross sections 10-7®°—10-8° cm?. These values can be 
approximatively in the order of the cross section given by (17). 

The value of the cross section (17) depends quadratically (i. e. extremely 
sensitively) on the cut-off parameter, the value of which may be only approxi- 
mately defined by its nature. Therefore it is desirable to study also effects 
which do not contain this arbitrariness. Such an effect is the inelastic muon- 


nucleon scattering (Fig. 7)*, 


B+ p>e+A+ Kr. 


According to the GoLpHABER—GyOREYI theory this process takes place by 
creating a KK* pair; K becomes free, K is bound to the nucleon, forming 
together a A-particle. One of the vertices corresponds thus to the interaction 
(3), the second e. g. to 


H (x) =ibA y,N,®,+ h.c., (18) 


* We are greatly indebted to Prof. M. Crn1 and Prof. B. TouscHEK for having drawn 
our attention to this process. 


Pad. 


S aleancviigtall stone to nt handetas che creation of a Age ron 
as a bounded system we can infer from the comparision of the calculations 
the relation of the two coupling constants g and 6. A simple estimate give s 
b ~ g or b ~ g m|x which is likewise ~ 1. The S-matrix element correspond ng 
to this process after substituting (3) and (18) is 


ibg (200)* iT (p!) yelp) (q') ch (q') vik; u (9) d(ptq— 
“22h (p—p’)+# 


where p and q are ingoing, p’ and q' outgoing momenta for baryon and muon, — 
respectively. M stands for the A-mass. The corresponding cross section is” 


se) — k == = q’), -_ 


eee af pp SM ee a) 
ears [(p — p’P+ 2p V(pq)? — # m? 


(19), 

-6(p +q—k—p’— q')6(p® + M®)6(q? + p*) dp’ dq’ dk, 
Supposing that the final particles are non-relativistically slow (which is indeed 
the case even in very high incident muon energies) the following cross section 
results in the laboratory system / 


wT al eal arom ns Bg AB, 10-*.omi, (20) 
(220)8 x? M 

(4EGey is the kinetic energy in the final state expressed in GeV units.) (20) 

shows that the cross section is small, less than 10-39 cm? even for incident muon 

energies of ~ several hundred MeV. The observation of this process is hopeless 

up to energies of ~ several GeV. 

Another consequence of this interaction is the muon pair creation 
in high energy nuclear processes (collisions, nuclear annihilations, etc.). Here, 
however, the pionic interactions always predominate; the kaonic inter- 
actions are in the order of the electromagnetic ones which play a subordinate 
role in high energy processes. 

The effects treated above show that experimental proof or refutement 
of a moderately strong muon-kaon interaction does not seem to be an easy 
task. The most promising experiment seems to be probably the large angle 
scattering of muons on nuclei at high energies. 

The main reason that even the electromagnetic interaction is stronger 
(for laboratory muon energies) than the muon-kaon interaction (possessing 
higher coupling constant) is its short range. Therefore, our results are essen- 
tially independent of the GoLtpHABER model. Supposing e. g. that GELL- 
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[ANN’s interaction (1)—(2) would be the primary one, a muon-nucleon force 
f the same range (2 x)~1 would result according to Fig. 8. 


4, Other kaonic interactions 


oe ee 


; According to our assumption the strongest kaonic interaction is the 
GoupHABER—GY6RGYI interaction (3) (or some of its practically equivalent 
variant). This interaction is responsible for the splitting off of the masses 
of the baryons with different strangeness values and for the splitting off of 
the masses of the electrons and muons. 

It is quite obvious, however, that one must suppose beside this iso- 
scalar (i. e. isospin-independent) interaction another isospin-dependent inter- 
action too, describing the different behaviour of the A and 2 particles in 
certain reactions (and the 4—2 mass difference), and the charge exchange 
scattering of the kaons. Several proposals have been made for the explicit 
form of such an isospin-dependent interaction, but all of them have the com- 
mon feature that they have a coupling constant far less than g (i. e. unity) 
and approximatively equal to the electric charge. 

, Having analysed the mass spectrum of the hyperons G. Gyéreyr [10] 
has supposed a combination of an isoscalar and isovector interaction in the form 


g? a) = za k/2 ee a 

BOER cau ened Bie de LES: thie ge Raed SE HY EV eel) 
The correct 4—2Z mass difference was obtained supposing k’ ~ 1/,). Assuming 
the universality of the kaonic interactions according to our proposal we 
should have had to introduce also a neutral muon if we wanted to maintain 
the form (21). The charge exchange scattering resulting from the isovector 
interaction is, however, contradicted by the experiments. 

The charge exchange scattering of the kaons is an experimental fact. 
Its most natural explanation is a direct K—z interaction. (It seems, experience 
does not allow avoidance of a third strong interaction [4]. In this case it 
seems more natural, however, to introduce a pion-kaon interaction, beside 
the pion-baryon and kaon-baryon interactions than to work with two different 
kaon-baryon interactions.) This assumption makes it understandable that 
nucleons can produce (by means of virtual pions) a charge exchange kaon 
scattering, but muons cannot. 

Formerly several authors [17] supposed an isoscalar pion-kaon inter- 
action. Recently Pars has explained different phenomena by supposing a 
charge exchange KKz interaction [4]. If the hypothesis of Pais concerning 


= = SS 


Shes aaeite parity of Kt a ‘Ko Baki true, his. dopceinisninma i. 

the different behaviour of the 4 and Z particles and the charge ex« 

kaon reactions in a satisfactory manner. For the explanation of these : 
however, there is no need giving up GELL-MANN’s isotopic symmetry. et 
us consider e. g. 4 direct coupling between the pion and kaon isospin current: 


(x) = a D+ (8, — 9) 7 P-y x3; 9 


as a third strong interaction. Here g is the isovector operator of the pio a 
field. In this case the charge exchange kaon-nucleon scattering 


K++n-—+K°+p 


should be described according SS Fig. 9. (The analogous K®°+yu*—> K* + p® 
scattering and the scattering uw’ +n—->p + p® resulting from the first are, 
of course, forbidden; the muons have no pion clothes. )The S-matrix element 


currcopendiny to Fig. 9 is ; 


S22. pmLAY Dik Bor ‘abe 3 kb? 
2x? Vo 40 


+ tu (p) (Pp; + Pi) (4; + 7) u (P) Ty (P —p’)] 


ye (PV (ae + 1) 4 (P) Ly (P — — py) 
" (23) 


where 


Bene (5 isp seat te arte tw Say) sal oe ea 
I, (p—p')=2 i phy Sr rerm rains ae Steerer 


1,(p ~ p) = int { [[K*x + m* (1 — 2 — 2ay) —(p— p'P lay +) dvds 


G, K~' and A are the coupling constant of the pseudoscalar pion interaction, 
the Compton wave length of the pion and pionic cut-off parameter, respectively. 
{23) shows that in a certain approximation (22) is equivalent to a (non-local) 
charge exchange baryon-kaon interaction : 
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According to the experiments k’ is less than unity [10], therefore k is of similar 
rder. In this model the isovector interaction occurring in (21) is a secondary 
effect caused by the piohic clothing of nucleons (just as the secondary electro- 


“magnetic interaction of the nucleons via their anomalous magnetic moments). 
3 The cross section of the charge exchange KN scattering from (23) is 
a 


. = eee fila. P(g +4’)? (m2 + pp’) — 2|1,!*°(p(q+¢))(p’ (¢+4))+ 
; +1, ({p + Pla + atm — pp EE a 
3( p’? + m2) d(q'2 + %2) dp’ dq’ 


the low energy limit of which is 
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Since, according to the experiments, the cross section of this charge exchange 
scattering is under 1 mb for low energies, k is indeed smaller than unity. 
We do not want to continue here the further analysis of the consequences 
of the third strong interaction in the proposed from (22). We have shown 
above that the hypothesis of the universal fermion-kaon interaction (3) and 
the third strong interaction (22) together seem to be satisfactory for the de- 
“scription of the processes of the strange particles without raising any new 
problem in connection with the muons. It should be mentioned only that 
the coupling constant of the interaction (2) is less than unity, therefore the 
use of the perturbation theory seems to be allowed for the detailed calculations, 
facilitating the comparison of the charge exchange kaonic interactions with 
the experimental facts. ~ 
Beside the strong kaon interactions one has to introduce no doubt, also 
a weak kaonic interaction describing decay processes. 
The universal weak interaction according to the theory of GreLi-MANN 
and Feynman has the form 


H (x) = J, (2) J; (=), ) 
where 
-. 
J; (*) =Sf lv 7: Sag Me ty Slates 
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lowing term 
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Experiments give, however, f’ < f. 
: 
ka 
cB ee WJ 5 
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Fig.10 Fig.11 Fig.12 . Fig 13 


In the GotpHABER— Gy6xreyI model A is a compound particle, therefore 
a current of the type (26) cannot be a primary one. Instead of (26) let us take 
the current 


f’ K* 0,79 + hic. (27) 


as proposed by Sucawara [18]. From the experimental values of the K,3 
and K,; decay modes one obtains (Fig. 10) f’ : f = 1:3. The interaction (27) 
as an indirect process seems to be appropriate for the explanation of other 
strange particle decay processes. 

We have to investigate separately the decay K,,. The decay corre- 
sponding to Fig. 11 is forbidden by parity conservation [19]. Let us consider, 
however, the process corresponding to Fig. 12 obtained from Fig. 11 by 
inserting an extra photon line. This diagram contains an extra factor 1/137 
and a diverging integral compared to the diagram of Fig. 11. It is possible 
that these factors together give the correct value of the K,, decay probability. 

The fact that f’ < f seems to contradict the universality of the weak 
interactions. This may be, however, a secondary renormalization effect. The 
other terms of J; consist first of a current of the isospin component, which 
does not change during renormalization and second, of terms describing 
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particles without strong interactions. (The constant of the weak muonic 
ent is not affected by the strong kaonic interaction (3) since it has a 
fa character.) The current term (27) affects strongly interacting particles 
nd differs in form from the other currents, therefore renormalization effect 
may not be excluded e. g. according to Fig. 13. Another two-bosonic inter- 
action is supposed already by GELt-Mann [25], thus from that point of 
view [27] does not destroy the universality of the weak interactions. 
The problem of the decay processes of strange particles can be treated, 
of course, in the spirit of the principle of the maximal weak interaction too. 


— the 5 a a “S 


; 5. Conclusion 

We have postulated the existence of an intermediately strong universal 
fermion-kaon interaction ; universal means that the interaction has the same 
form with the same constants for baryons and muons. The consequences of 
this interaction were analysed in detail by supposing the GorpHaBER— 
_Gyoérey! form of the interaction, the main consequences, however, seem to 
be independent of the special form of the coupling. Our numerical results can 
‘be considered only as approximately correct, because (i) we have used per- 
turbational approach for an interaction with coupling constant g ~ 1 and (ii) 
we have applied a cut-off procedure for a given unrenormalizable interaction 
which may give only approximatively correct results by its very crude 
nature, especially for energies comparable with the cut-off energy. This inter- 
action seems to be able to explain the anomalously large muon mass without 
leading to other effects contradicting the experiment. The other consequences 
of this interaction seem to be just near to the present experimental possi- 
bilities. 

Beside this strongest kaonic interaction we have mentioned two other 
types of kaonic interactions: (i) a second strong kaon-pion interaction with 
the coupling constant ~ 1/10 for the explanation e. g. of the charge exchange 
kaon-nucleon scattering and the A—Z differences and (ii) a weak kaonic 
interaction responsible for the decay processes of the strange particles. 

These three types of interactions seem to be appropriate for the descrip- 
tion of a large class of phenomena, further experimental and theoretical 
studies on similar problems are, of course, very desirable. 
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NMPOBJIEMA «AHOMAJIBHOM) MACCbI MIOOHOB 
Tr. MAPKC u K. JI. HAb 


Peswme 


B padore npeqnosaraeTcA, YTO MeXKAy MIOOHOM H KaOHOM CyllecTByeT TaKOe 2Ke yMe- 
PeHHO CHJIbHOe B8aHMOgeHCTBHE, KAK M@KY HYKJIOHAMH HW KaOHaMH. STO Cy KUT OObACHEHHEM 
AJIA (AHOMAJIbHO» Gobo Macchi M1ooHa. Ilocne @UKCHPOBaHHA 3HaYeHHH NapaMmeTpos, NOAB- 
JIAOUIAXCA TPH B3aHMOZeHCTBHH, OTKPbIBae€TCA BOSMO)KHOCTS JIA HCCHeOBaHHA APyrHUx 
HaGsoqaeMbIxX NOCMeACTBHM Mpeq0KeHHOFO B8aHMOeHCTBHA, Kak, HalIpHMep, AIA HCCHeMO- 
BaHHA ynpyroro HM HeyMpyroro CTOMKHOBeHHH MIOOH-HYKJIOH, H aHOMAJIbHOrO MarHHTHOrC 


MOMeHTa MIOOHAa. Bbi3sBaHHble MIPe€AJIOOKEHHKIM B3AHMOReEHCTBHEM «AaHOMAJIBHBIe» 


opekTE 


MaJIbI HW Ml0-BHMMOMYy He MpOTHBOpeyaT 9KCMePHMeHTAIbHBIM dakTaM. Hakoney OOcyKMaeTCA 


Bompoc Apyr4x B3aHMOgelcTBHA KaoHa. 


MESON-FERMION PV-INTERACTION 
IN THE THIRRING MODEL 


By 
G. Pécs1x 


INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST 


(Presented by K. F. Novobatzky. — Received 21. IX. 1959) 


; The PV-interaction of a self-coupled massless spinor field and a PS-meson field is 
discussed in one space dimension. It is proved that the field equations are exactly soluble. 
In the case of an unquantized (external) meson field the model is reducible to the THIRRING 
model, but for a quantized meson field we get the well-known difficulty of the PY-coupling. 


§ 1. Introduction 


Lately interest in the non-linear unitary field theories has become lively. 
First of all we think of HEISENBERG’s new theory [1] and Krra’s attempt [2]. 
While HEIsENBERG’s theory is characterized by the extension of metric (the 
change of the commutation relations) and the rejection of Lagrange formalism, 


‘Kira — going more conservative ways — starts from a basic spinor field 


satisfying a Dirac-like equation written in the curved space and desires to 
consruct the quantities y”, g, T” from this universal field. 

For the study of the structure of the relativistic field theories it seems 
interesting to examine the gy(yy)y selfaction of a massless spinor field by 


‘means of the usual commutation rules. THrrRING [3] and GuasER [4] have 


shown that such a model is exactly soluble. However, the model is 
exactly soluble in the case of the interaction of the y-field and a vector 
field, too [5]. Otherwise, it also turns out that the model, essentially, is redu- 
cible to the Tarrrinc model [6]. As in one space dimension there is no electro- 
magnetic field, the interacting vector field can be only a vector meson field. 

In this paper, besides the self-action, a meson-fermion derivative coupling 
is supposed. We are examining whether the field equations can be solved 
exactly and what processes occur. In § 2 some general statements will be made 
and the case of an unquantized and in § 3 that of the quantized meson field 


will be surveyed. 
§ 2. Interaction with an external meson field 


Let us consider the free meson field D(x, t) = ®*(x, t) for which 


(a — 2) ® =0; 
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(We shall use the same abbreviations and representations as in isi 
Let us suppose the coupling 


Hi (x,t) = 89 (PR) P+EGYsY 99,P, 
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where g, G are dimensionless coupling constants and that @ (x, t) vanishes at 


x,t = + co (namely, at t = — co(+ cc) the second interaction is not ye 


switched on (off)). #7 (x, t) can also be written in the form 


t 4 
U(t) = Pexp(—i | f dx, % (1)) 
(P is a time-ordering) of the equation 


O iy see oy dx Hi (x,9U()  (U(— oo) =D). 


Aj (x, t) = — |2eee + Cle = £5,|ete pe ol, , (2) 
here ov et oi : 
Now, let us turn to the HeisenBerc representation 
v.51) =U) 9.(4)UQ. Pq (et) =U) O@)UQ —— B) 
{ 
by means of the well-known unitary operator U(t) which is the solution . 
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g hen their aceines. the Heestetsne operator h, (x, t), ha(x, t), too, are satis- 
eee this condition ; 


[hy (x, 4), hy (x's pie U - (t) [ey (x, t), hy (%’, t] a U(t) = c-number. | 


4 2., As in tthe Tarahives model, we have two constants of motion relating to 
_ the numbers of particles. That is, because of (2), (4), (1) we get 


=f dxpiy,=U+(s) { dept y,U(@)= § deo, = constant. 


; _ We have used the fact that the 0’s are c-numbers with respect to each other[7]. 
The differential form of our conservation laws i is 


8, (vy" ¥) = 0, 8, (ys y) = 0. 


After these general remarks let us see what happens if © is a given space- 
time function. We shall show that the model, essentially, is reducible to 
THIRRING’s. 

Instead of the direct calculation of (3), y is calculated in the following 
way. It seems from (3) that » is the general solution of the equation 


—iyd.y +28 (vy) yt Crsy* yd, 2 = 0. (5) 
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Let us turn to another y by the transformation 
Yr = exp(—iGy,®)-y. (6) 


This y, satisfies the Hr1sENBERG equation. Namely, using (5) one obtains 


iy 8, vr = — EF 27" 59,2 - vr — ex (—EC 75®) + Va (2.8 (YY) ¥ + 
+ Cy, 9" y 8, P) = — 2g exp(— iG 5) 72 (HY) ¥= — 2872 (¥r¥r) Yr» (7) 
since 

4 2 (py) Y= (PYLP) YD VY LY = Pra Yr: 
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satisfying the inhomogeneous equation 


— iy" 8, Sp (x,t) = 6 (x) 6(t). 


Now, it still remains to examine the operator S = U(-+ co). Dis a c-number, 
therefore one sees from (2) that [4% (1), H (2)] = 0, consequently, P may 


be left out in (4). Furthermore, because of the conservation equations 


co 


{ BxGy,y’ p8,P = 0. 


Consequently, S is equal to the operator Sr of THIRRING’s model i 


= S; = exp (ig Q; Qo). 


This is in accordance with the expectation. 


§ 3. Interaction with a quantized meson field 
If ® is quantized, we get from (3) that 
(O as He) P,, far 0, 
— Ty" 8, y+ (2g — 6) (py) p + Gy, 7" 8, Oy-y = 0. 


It is clear that ©, = ©, = © namely, the outgoing meson field and S are 
commutable. From this and the conservation of Q;,. one would think S = S;, 
but further below just the very opposite of this will be shown to be the case. 
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(Xo, = (x, t) 


For the verification of imnifuxity. of FY we need Y,». Let us consider a typical 
member of 7: 
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or, integrating with respect to u, resp. U, we arrive at the form 
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St this fecsake the unitarity of J is ede 


At the same time we have also arrived at the required » solution | asd 
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where U(V) means ordering with respect to u(v). The sovgaant form of y is” 


y (0) = 


i+ Sorap fes[Si— dre ge 
n=1 Jol —e ! 

(Py y O)exp [2g — G2) | dx, F() Se —1) Pag (1)] + 

+ Peg (0) exp [2g — 6%) | dx, 9 (1) S20 —1) Pye ()))- 


This is somewhat complicated, but, at the same time it is the exact 
solution in which the meson field is not mixed with the fermion field. This is 
fatal for the outgoing fermion waves. 

The outgoing fermion waves are obtainable from the integral 
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= a® (2 
Wow (1) = (1) + [ d® x, S (1 — 2) | (2g — 6?) py + Cy, y"- “ ‘ly (2), 


where 


S (x,t) =S, = Sp = —iy2d (x + y;2). 


It may be found by calculation, but also one immediately sees that 
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_ According to the former formula yy, contains 7 ou, leading to 


d order. 

The fact that in first order S equals S; shows that also in the case 
of PS-coupling, S = Sy in first order. 
~ We should like to return at a later occasion to the renormalization of 
the considgred model. 
I am grateful to Dr. K. L. Nacy for his remarks. 
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PV-BSAMMOJEMCTBHE ME30HA UH ®EPMHOHA B MOJIEJIM THPPHHIA 
Tl, TOUHWK 


Pe3swme 


B pa6ote paccmatpuBaetca PV-s3anmoselicrsue camoconps>KeHHOrO, OesmaccoBoro 
‘cumHopHoro u PS-me3onHoro nosei'B OAHOpasmepHOM mpoctpanctse. MoKaspiBaeTca fanee, 
“4TO ypaBHeHHA MOsIA MMeHOT TOUHOe peweHne. B cryyae HeKBaHTOBaHHOrO (BHeLIHerO) Me3OH- 
HOFO TOA MOgerb NepexogAMT B MOAeTS THPpHHTa; OfHAKO, B CIy4ae KBAHTOBaHHOTO Me3OH- 
_HOFO NOJIA MOABIACTCA XOPOMIO H3BECTHBIM He_OCcTaTOK PV-cBxsH. 
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THE EFFECT OF ULTRASONIC IRRADIATION 
ON ELECTROLUMINESCENT PANELS* 
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INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE AND RSRI ULTRASONIC 
RESEARCH LABORATORY, BUDAPEST 


(Presented by G. Szigeti — Received 23. X. 1953) 


; The authors found that electroluminescent panels in ultrasonic field showed a yellow 
discolouration, the degree of which was depending on the intensity of the ultrasonic field. 
This effect can be interpreted by the alteration of field strength within the electroluminescent 
panel in consequence of its local heating. 


For the purpose of measuring the intensity distribution of sound and 
ultrasonic fields there are several well-known procedures [1, 2]. The tendency 
is to make the intensity distribution visible, because then the clearest, quickest 
and most perspicuous measuring can be performed. A known method for this 
purpose is, e. g. projecting the sound or ultrasonic field on the electrolumines- 
cent screen during its afterglow period, so that on the screen a short light 
pulse is to be observed the local intensity of which is proportional to the field 
intensity [3], [4]. The disadvantage of this method is partly, that during the 
short period of scintillation there is no time to survey the picture and partly, 
it is not possible to follow the variations in time of the field. The dimness of 
the picture renders difficult not only the observation but the fixation (e. g. 
the photography) of the picture too. Starting from the consideration that on 
an electroluminescent panel biased just under the lighting threshold field 
strength, under the influence of sound, more precisely of ultrasonic sound, 
radiated on the panel, an illumination proportional to the sound intensity can 
take place, we tried to make the ultrasonic field on the electroluminescent panel 
visible. The luminescent powder embedded in the dielectric medium of the panel 
was a zinc sulfide prepared by the procedure known trom the literature [5]. 
The ZnS was activated by copper and lead, and depending on the quanta of 
the activators, it emitted a green or blue light. The panel itself was constructed 
on the basis of the invention of Prof. Dr. E. Nacy and Dr. J. 5zan6 in the 
Industrial Research Institute for Telecommunication Technique [6]. The con- 
struction of the panel is profiled in Fig. 1. 

This kind of panel construction differs from the usual types insofar as 
BaTiO,, TiO, or another powdered filling material of high dielectric constant 


* Some of the results published in this article were briefly reported by one of the authors 
(J. W.) at the Second Acoustic and Ultrasonic Colloquium in Budapest (7—8. April, 1959). 
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Fig. 1. Construction of an electroluminescent panel with titanate filling material. (1) Back 
ict electrode. (2) Organic binder. (3) TiO, grains. (4) ZnS grains. (5) Transparent “aos 
layer. (6) Glass base plate. (7) Electrodes irons $ 


Fig. 2. Schematical experimental arrangement. (11) Reservoir. (12) Oil bath. (13) Occillatopl 
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erystal. (14) High-frequency generator. (15) Electroluminescent panel. (16) Valve voltmeter. 7 


(17) Low-frequency generator 


s 


In the course of our examinations we succeeded in finding an effect 
which may be used as a starting point for the realization of our aim. We irradi- 
ated the panels by ultrasonic sound in an arrangement to be seen in Fig. 2. 


When using a voltage so that our green or blue lighting panels gave 
a medium light, — this happened at an excitation with about 220 V, 50—5000 
c/s — under the influence of an ultrasonic irradiation, 50 to 80 sec after the 
beginning of the irradiation, in the places, where the panel was touched by 


: 
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ultrasound and depending on the sound intensity, the blue or green colour 
of the electroluminescence turned into yellow. This yellow colour gave a good 
contrast figure, especially with a blue background. From one of these blue 
lighting panels the following photograph was taken with a yellow colour filter. 
The yellow intensity map of the ultrasonic field is still visible for some 
minutes after stopping the ultrasonic irradiation and the light of the panel 
gets back only slowly its original blue colour. The yellow discolouration of 


fig. 3. Photograph of an ultrasonic field. The photograph was taken with a Schott OG 1 
olour filter. The electroluminescent panel makes with the sound propagation direction an 
angle of about 10° 


he panel’s light is also observable, when it is exposed at first to an ultrasonic 
rradiation for 1—2 minutes and thereafter the ultrasonic field turned off and 
he audio-frequency supply voltage of the electroluminescence switched on. 
n the course if the experiments it could be proved beyond doubt that the 
henomenon was caused by ultrasonic irradiation, but, it is not yet entirely 
leared up how this effect was produced. In any case, the fact, that the effect 
s caused by ultrasonic irradiation, made it probable that it is a result of heat, 
r of pressure, or possibly of the influence of piezoelectric phenomena on the 
iaterials of the electroluminescent panel. Starting from this, we examined the 
elevant materials of the electroluminescent panel. 

It is known that in the case of ZnS, increasing the temperature, the pho- 
luminescent light decreases [7], while in electroluminescent excitation gene- 
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rally it has been found that the intensity of light decreases rather quickly at 
temperatures higher than room temperature [8, 9]. Therefore we examined 
the electroluminescent panel at photoluminescent excitation. In this case 
we did not find any difference, either in intensity or in colour, between the 
ultrasonically irradiated and not irradiated surface parts. On the basis of thi 
experiment we had to put aside the hypotheses explaining the yellow light 
as a change in the ZnS emission for one reason or another. This disagreed 
also with the fact that the electroluminescent spectrum of ZnS activated with 


Relative intensity 
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Fig. 4. Electroluminescent emission spectra of BaTiO , resp. TiO, according to HARMAN [14] 


lead and copper — as far as we know up to now — [10, 11] — consists only 
of a green and a blue band. 

Instead of ZnS it seemed to be more promising to elucidate the role of 
TiO, used as a filler. This material was examined by HarmMAn from the point 
of view of electroluminescence [12, 13, 14]. In his recent publication he states 
that the electroluminescent spectrum of TiO, is generally like that of the follow- 
ing Figure, i.e. the greater part of the emission is within the yellowish-red 
spectral range. 

It seemed to be an obvious hypothesis to attribute the appearing yellow- 
ish light to the TiO,. In order to prove this hypothesis, first we wanted 
to examine the light of an electroluminescent panel filled only with TiQ,. 
We wish to point out that the electroluminescent properties of the TiO, used 
by us agree with those used by Harman. This experiment of us was unsuccess- 
ful, because — in consequence of the great difference of the dielectric constants 
of the TiO, and of the used binder — we were not able to produce the necessary 
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ield strength on TiO, without breakdown of the binder. Namely, one must 
take into consideration that in electroluminescent cells, in the dielectric medium 
of which besides TiO, there is ZnS too, the field strength on TiO, is about 50% 
higher, because of the higher value of the dielectric constant of the mixed 
dielectric medium in its ambiency. In any case, not even this higher field 
‘strength gives in itself a visible yellow light without ultrasonic irradiation 
and so the question arises, how ultrasound contributed to the yellow light. 
‘Regarding this problem we can rely on two observations of HARMAN. 

og According to these observations in the course of his examinations per- 
formed on Ba TiO, crystals and not yet published he found that the crystals 
biased by direct or alternate current to the light threshold, a voltage of a very 
‘small but different frequency causes great light phenomena. The threshold 
of the lighting voltage was of a value of many ten volts. According to our 
earlier observations, the electroluminescent cells constructed by the Nacy— 
$zasB6 method emit a sound of a frequency corresponding to the employed 
alternate current. We checked this fact by adequate measuring. Thus it is 
proved that TiO, embedded in the electroluminescent cell has piezoelectric 
‘properties. (HarMAN has already called attention to the relation between 
these properties and the electroluminescent effect.) 

Summing up what has been said till now, the most probable explanation 
of the yellow discolouration observed on electroluminescent panels is the 
following : 

In the blue (or green) lighting electroluminescent panel operating at a 
voltage of a frequency range from 50 to 5000 ¢/s, just because of its construc- 
tion, — from the point of view of lighting — ZnS is in an advantageous situation, 
while on the TiO, embedded in the dielectric medium of the panel as a filler, 
having piezoelectric and electroluminescent properties, the field strength does 
not reach — only at best it approaches — the threshold value of field strength 
necessary to light. Under the circumstances the electroluminescent panel is 
touched by ultrasonic radiation, which causes the rise in temperature first 
of the electroluminescent panel and then together with it that of the embedded 
luminescent powder and filling material grains too. As is well known, the 
dielectric constant of TiO, is, over a temperature higher than the room-tempe- 
rature, very heat-dependent, more exactly, with the rise of temperature it 
quickly decreases [15]. It is also known [16] that the dielectric constant of 
titanates depends also on field strength and it decreases, when the field 
strength rises (Fig. 5). As in consequence of the rise in temperature and with 
the decrease of the dielectric constant the field strength on TiO, grains rises, 
this process results in the further decrease of the dielectric constant. In con- 
sequence of these processes the field strength on the ZnS grains decreases, 
thus besides through the unfavourable influence of the rise in temperature, 
their light emission decreases. On the TiO, grains the field strength exceeds 
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the value of the ehting hepa iit d and then nthe 
colour appears. : til Wott RI ADIReD 

~On the basis of the Rip ilintents nexteaaigh till x now it seems t 
‘most interesting: from the ultrasonic point of view to develop an. a ec 
method for the measuring of the distribution of fields and from the elec 
minescent point of view to extend the investigation of electroluminescen 
piezoelectric materials. The fact that in some materials the good diel 
properties, the piezoelectric and electroluminescent characteristics are in 
close connection with each other, calls forth. many practical consequen 
So, e. g. with a view to its duration of life, an electroluminescent lamp, t 
a solid-dielectric of which contains piezoelectric material, behaves probably 
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Fig. 5. Field-strength dependence of the dielectric constant of titanate-ceramic [16] 
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unfavourably, while at the same time in cells of liquid dielectric used in the 
course of the experiments perhaps just by using piezoelectric materials. 
which caused flows, the premature sedimentation of the luminescent powde! 
grains suspended in the liquid dielectric could be decelerated. 
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4 Ha 9eKTpOMOMMHeCHeHTHOH NaHenM, NOMeLIeHHOM B yJIbTpasByKOBOe MON, aBTOPbl 
“HaOmi0faM KeITOBATOe MSMeHeHHE OKPACKM, HHTEHCHBHOCTb KOTOPOFO 3aBMCHT OT HHTCHCHB- 
-HOCTH yNbTpasByKoBoro mpocrpaHcrBa. JjaHHOe H3MeHeHHe OKPaCKH MO)KHO MHTepmpeTupo- 
BaTb H3MCHCHHAMM HANPAKeHHOCTH OA BHYTPH MaHeNH, NOABIAIOWIMMHCA BCHEACTBHE 
CTHOrO HarpeBa 3IEKTPONIOMMHeCHeHTHOM MmaHeH. 
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PROBABILISTICALLY INTERPRETABLE FIELD 


= THEORIES WITH AN INDEFINITE METRIC 
; 


By 
z K. L. Nacy 
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t 
Methods of constructing “‘physical’’ S-matrices are investigated in field theories with 
_ an indefinite metric which are not immediately probabilistically interpretable. Procedures are 
proposed leading to physical S-matrices through equations which make possible the probabi- 
listical interpretation for each time instant. The physical S-matrices thus constructed, however, 
do not fulfil the causality requirement. 


If in a quantum field theory the commutation relations cannot be 
_ expressed in the usual form; i.e. if, essentially, in the expression 


[a (k), a*(k’)], = 5(k — k’) 


on the right hand side instead of the usual 6-function a non-positive definite 
function appears, the theory has to be quantized by means of indefinite metric. 

Field theories with an indefinite metric were constructed for two differ- 
ent reasons. Either it became clear that certain theories cannot be quantized 
in a consistent way but by using indefinite metric, as was the case with the 
quantum electrodynamics [1], with field theories having higher order Lagran- 
gians [2], and with the LEE model [3], or an indefinite metric was brought in 
deliberately at the very beginning of building up a theory. This happened in the 
case of the HEISENBERG’s theory [4], in the case of a proposal of BocoLJuBov 
et al. [5] and in a proposal of Markov [6]. The reason why indefinite metric 
was introduced in these latter theories was to obtain a divergence-free theory, 
which — when the S-matrix does not contain extra form-factors — can be 
achieved because of the properties of g, e. g. in 


A’y = § dm® 9 (m?) A, (m), 


only by introducing indefinite metric.* 
When an indefinite metric is used, the whole Hilbert space H of the 
state vectors consists of two (orthogonal) subspaces H, and H, with pro- 


*In a theory Raving a higher-order Lagrangian the: infinities may disappear just 
because of this principle. 
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5 
jection operators P, and P, = 1 — P>, respectively. H, contains the physical ! 
states with only positive norm, H, the non-physical ones. In H, the norm — 
may be positive, negative or zero. The problem of dividing the whole space — 
into two subspaces was analyzed in general — considering only the general 
properties of the Hilbert space — by Untmann [7], showing that the decompo- 
sition is in a certain sense arbitrary. Other physical properties of the modek | 
considered, however, may determine the two subspaces, (in quantum electro-— 
dynamics e. g. all states containing at least one scalar or longitudinal photon 
belong to H,, the others to H,, etc.) thus this ambiguity can be resolved. 
States of H, lead to non-physical results i. e. to negative probabilities. 

There is no problem with negative scattering probability in a theory, 
where 


pl Pos. Pps e\ip =e Hye wes Ke bp © 
\», is arbitrary in H,. (1) 


S is the S-matrix. This ensues in quantum electrodynamics, in the LEE model, 
the dipol ghost case [8] and in HEISENBERG’s theory. (1) is certainly not true in 
the LEE model the discrete ghost case, in a theory with higher-order Lagran- 
gian and in BocoLJuBOV’s proposal. (MARKOV’s proposal has not been worked © 
out in detail as yet.) The condition of the fulfilment cf (1) was examined by 
Ascott and Minarpt1 [9], [10] and by Usumann [11]. 

Thus if (1) is not fulfilled and still we want to obtain a probabilistically 
interpretable theory, we have to construct in a reasonable way a “physical” 
S-matrix P,SP, = S, different from P,SP, with the property 


S*S)pp— byt, Hh" | pis akbittary in Fe (2) 


For the special case of the LEE model discrete ghost case, such an § (in a non- 
unique manner) was proposed by FERRETTI [12]. 
A prescription for constructing an S satisfying 


S*S =P, (3) 


was proposed by Bocorsusoy et al. [5] by supposing that the non-physical 
part Dn = Pn,) of a state vector at t = — co is determined by the physical 
part |), in the form 


— N — co >), P,NP, =N 
with an appropriate N. In this case 
| + oct}, = P| + co) P,S(P, +N) — co 5. 
SP rs (PPaanNy (4) 
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‘N is, however, far from being determined uniquely. Because of this arbitrari- 
hess it was shown e. g. [13] that a certain theory having a higher-order Lagran- 
ian if BocoLsuBov’s prescriptions are applied on it is equivalent to a non- 
ocal theory in the manner that they give the same scattering probabilities, 
if N is appropriately chosen. Such an equivalence can be always guaranteed 
between two theories if one of the theories works with the same type of field 
operators (together with other ones) as the second. That was the case in the 
_above equivalence. Indeed let (I) and (II) be two theories corresponding to 
the field operators 9,, ..., @, (and S-matrix S;) and q,, ..., Pro Vy» ++ +> Vm(Si1)> 
respectively. The common letters g; in the two theories denote the same type 
of operators with common transformation characters, field equations and 
“commutation relations (in the interaction picture). Let us divide now the 
Hilbert space of the second theory as follows: belong to H, every state vector 


which contains at least one particle of the fields y;, to H, the others. Choosing 
Nas 


N = (Pp Su:Pn) 1 [S1 — Pp Su Pp); 
where (P,SP,)"1 is defined by 
Po SPalP pil nyo =P pal Pp SPn) Pp SPa Pa 
then 


Su = Si, 


i. e. the physical S-matrix defined above gives the same scattering probabilities 
for the physically interpretable processes of the (II)-nd theory as it was in 
the (I)-st theory. 

It was frequently mentioned or proved [4], [8], [10], [14] that physically 
interpretable (local) field theories with an indefinite metric are equivalent to 
field theories with positive definite metric, but having a non-local character. 
It was proved explicitly [15] that this is thrue also for field theories where 
a physical S-matrix is defined in the spirit of BocoLJuBov’s proposal. But 
because of non-causalities, non-local field theories are rather dangerous, 
therefore BocoLsuBov’s proposal had to be investigated from this point of 
view too. BocotsuBov’s original presumption that his physical S-matrix is 
a non-causal one was confirmed by SLAVNov and SuKHAnov [16]. They have 
proved that even the “weak” causality condition 


S (2 +81) ~ S(82) S (8) (5) 
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cannot be ensured for BocoLjuBov’s type of theories, where we require ; 


(i) relativistic invariance, 
(ii), unitarity: 9S. Ps, 
(iii) S should be constructed of S and the P-s. 


In (5) g(x) measures the strength of the interaction, g, and g, means that they 
interaction is switched on for the space-time regions J’, and J’,, respectively 
Every point of J’, is later than the points of |, and the assymptotic equival- 
ence holds at least for those domains which are far from each other in time. 

The reason, why we cannot obtain a causal physical scattering matrix is. 
essentially, that the physical part of a state vector is only a distinguishe 
component of the whole state vector, and although the change in time of th 
latter is a causal process, that of the distinguished component alone seem 
to be non-causal. Indeed P, S(g, +g,)P, does not equal in genera 
P,S(g2) P,S(g,) P, since the projection operator in the middle of the last expres+ 
sion may cut such inner graph lines which are present in P,S(g2 + 81) Pp 

Here we wish to propose such a procedure which can be applied als 
to any type of theory and which gives a physical S-matrix satisfying (3)) 
This S-matrix can be determined from a Schrédinger type of equation, thu 
the norm of the physical part of the state vector alone, contrary to Boco+ 
LJUBOV’s proposal — is conserved also for each time instant. 


* 


If dP,/dt = 0 and P, — co) = 0, the equation for the physical pa 
of the state vector (taking expediently the interaction picture) is : 
ete 
dt 


i- = [PH (t)P, + P,H (t) P, U (t) P,(P,U (t) P,)-] | t>,, (6) 
where H(t) is the interaction Hamiltonian, U(t) is the evolution operator 


t>= U(t) — ©), which is supposed to exist at least formally for the 
whole theory. (P,U(t) P,)~+ is defined by 


(P, U (t) P,) (Py U(®) Pp) = (P, U (2) P,) (Pp U(t) P,)-1= P,, 


and can he determined e. g. by means of iteration from the equation 


(P, UP,)~! = P, U* P, — P, U+ P, UP, U+ P, + 


<n 7) 
eg ie Ed as Ps UP,)" PUP a ao (7) 
which can be obtained from UU+ = UtU 


= 1, which is always fulfille 
The first operator on the right hand side of ( 


6) in the square brackets is Her 


| ‘|t)p=P,U() P,|— © >,. 


a # 


rs 2 : 
_If we wish to define another norm-conserving state vector [t pew’ 


By e to substitute into (6) instead of the brackets expression a Hermitian ope- 
tator, which, — if we want to apply this procedure to any type of theory — 
shor id be constructed from H(t) and from the P-s. One of the simplest possi- 
bilities is to add to the right-hand side of (6) the Hermitian conjugate of 


ta 


nal _ 


W (t) = P, H(t) P,U(t) P,(P,U() Py. (8) 


[hus we have instead of (6) 


ime Wa . 

pI = PHP, +h (0) + W* (lbp, (9) 
Evrhich gives of course 
i dy, <t|t>p_ 
Z ; 7 dt 3 


and we have no problems with negative probabilities even if the original 


theory was quantized by means of an indefinite metric. The solution of (9) is 


2 
_ 


[tp = {P,U (1) P, + V(t) } | a CO ps 


A 
: 


where 
: és ie t un th—1i 
VQj= SV O= > >>(-" | dt, | dt,... if di, G(t,)...G(t,), (10) 
nm=T1 n=1 ? 


re-establishing unitarity. Here G(t) is one of the operators W* (t) or 
[P,H(t) P, + W(t)] and the second summation runs over the 2” — 1 combi- 
nations where at least one G is equal to W*. From (7) and (8) it is easily seen 
that V is at least quadratic in the coupling constant g and terms proportional 
to g” result from the whole sum vO +... +V”. We obtain e. g. for the 
second order term 
t t’ 
V, (t) = — (i? J dt’ | di" P, H(t") P, H(t) P, = 


—o oo 


= or Pe ‘i | P-1{(P, Hr) P,) -(P, H(t’) P,) —H(v')H (t”)\dt" di’ P,, 


—o —o 
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where P-1 is the inverse time-ordering operator. The higher-order terms 
quickly become more and more complicated. = 
Turning to the limit t—> + oo we obtain the physical S-matrix 


S=P,SP, +V(+ <<), (11) 
which can be expressed — similarly to the usual S-matrix in a form, where 
besides the normal product of operators (only physical, i.e. which create 
from the vacuum state states belonging to the H,) the combination of diffe- 
rent S- and A-functions appear. 

The above procedure can be applied to any theory. The first term in 
(11), however, suggests as most appropriate a PauLi— VILLARs type of model 
just as in BocoLsuBov’s case. To show whether in this case V destroys the 
finiteness or not up to any order of g seems to be a tiresome task just as in 
BocGoLsuBov’s case. 

If we use the Hermitian operator (c. f. [15]) 


[P) H(t) P, +P, H(t) Pn U (t) {Pp — (Pn +Pn U (t) Pp) Pp U (t) Pp} U> () + 
+ Pp U(t) (Pa + PaU (t) Pn) Pn H(t) U(t) Pa(Pn + 
+ P, U (t) P,) P, U(t) P, U-(t) — P, U(t) Pa(Pa + 
+ P, U(t) P,) P, H(t) U(t) P, U> (2), 
U (t) = P, U(t) (Pp — (Pn + Pn U(t) P,)— P,, U (t) P,) 


instead of the square brackets Hamiltonian in (9), we get (through an always 
norm-conserving process) just the physical §-matrix 


S = P,S(P,— (Pp +PnSP,)— P,SP>) 


proposed by Boco.suBov. 

It can be seen (e. g. similarly as in [16]) that (11) also does not satisfy 
the causality requirement (5). This fact is closely connected with the evidently 
non-local character of equ. (9). 

Summarizing the above we may stress that certain requirements can be 
guaranteed to be fulfilled (as e. g. here that the probabilistic interpretation 
is possible for every time instant) in constructing somehow a physical S-matrix 
in a theory, where it is necessary, nevertheless a fully acceptable general pro- 
cedure does not exists as yet. 
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* BERECHNUNG VON POLARISIERBARKEITEN 
| IL. ABHANGIGKEIT DER POLARISIERBARKEIT VOM ATOMVOLUMEN 


Von 
P. Gomsis 


_ PHYSIKALISCHES INSTITUT DER UNIVERSITAT FUR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 


(Eingegangen 10. XI. 1959) 
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? _Es wird mit dem im ersten Teil dieser Arbeit entwickelten Verfahren fiir das mit der 
odifizierten Weizsickerschen Korrektion erweiterte statistische Atommodell die Polarisier- 
ikeit des Ar-Atoms fiir mehrere Atomvolumina berechnet. Es zeigt sich, dass das CLAUSIUS— 
psoTTIsche Gesetz, wonach die Polarisierbarkeit zum Atomvolumen proportional ist, an- 
ihernd erfillt ist. 


Im I. Teil dieser Arbeit [1] (im folgenden alsI zitiert) haben wir die Pola- 
risierbarkeit freier Atome und zwar die der freien Edelgasatome Ne, Ar, Kr 
end X im Rahmen der statistischen Stérungsrechnung berechnet, die der 
-erfasser fiir die neueren, mit den kinetischen Energiekorrektionen erweiterten 
statistischen Modellen in einer vorangehenden Arbeit [2] entwickelte. Wahrend 
e in I hergeleitete Formel fiir die Polarisierbarkeit dort auf freie Atome 
agewendet wurde, wollen wir hier die Abhangigkeit der Polarisierbarkeit 
Jes Ar-Atoms vom Atomvolumen berechnen und zwar auf Grund desselben 
Stérungsverfahrens und desselben statistischen Modells, die die Grundlage 
on I bilden. 

Hierzu befassen wir uns hier mit Atomen, die durch einen dusseren 
wang (Druck) kugelsymmetrisch zusammengedringt sind. Dies ist z. B. in 
puter Naherung fiir Atome der Fall, die die Bausteine von Kristallgittern von 
hoher Symmetrie bilden. Unsere Betrachtungen beziehen sich also auf Kristalle 
nter Normaldruck und hohen Drucken, sowie auf Fliissigkeiten unter hohem 
Druck. 

Die statistische Theorie der Atome, die unter Wahrung der Kugel- 
symmetrie auf eine Kugel vom Radius R zusammengedrangt sind, wurde 
von mehrerenAutoren ausgearbeitet [3]. Fiir das mit der vom Verfasser modi- 
fizierten Weizsackerschen Korrektion erweiterte statistische Modell [4] wurde 
om Verfasser fiir das Ar-Atom fir mehrere Grenzradien rp die Lésung der 
rundgleichung bestimmt [5], die mit der Dichteverteilung der Elektronen in 
binfachem Zusammenhang steht und mit der man die Potentialverteilung im 
Atom einfach berechnen kann. 

Die in I fur die Polarisierbarkeit hergeleiteten Formeln behalten auch 
fiir kugelsymmetrisch zusammengedrangte Atome ihre Giiltigkeit mit dem 


pinzigen Unterschied, dass man jetzt in den Formeln (20)—(24), sowie (27) 


: 
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es 


in den Integralen fiir die obere Grenze statt r = co hier r = ro zu setzen hat 
und in (28) im Falle rz > ro die obere Grenze r, durch rp zu ersetzen hat. Mit 
diesen Abanderungen kann man fiir das hier zugrunde gelegte mit der modi- 
fizierten Weizsackerschen Korrektion erweiterte statistische Modell die Pola- 
risierbarkeit des zusammengedrangten Ar-Atoms wieder mit Hilfe der Formel 
(29) von I berechnen. Die Resultate fiir das Ar-Atom sind in der Tabelle 1 
zusammengestellt. Der Wert von a fiir das freie Atom, den wir hier vergleichs- 
halber ebenfalls angegeben haben, ist aus | entnommen. 


Tabelle 1 


Die Polarisierbarkeit a des Ar-Atoms fiir verschiedene Grenzradien r, des Atoms, bzw. 
fiir verschiedene Atomvolumina v, = 47rq/3. ro in a)-Einheiten, vy und a in 10~* cm? 
Einheiten (a, erster Bohrscher Wasserstoffradius) 


To 1 pe 3 4 Freies Atom 
v, | 0,620 | 4,96 16,7 39,7 = 
a 0,025 0,293 1,05 2,14 2,48 


Wie man aus der Tabelle 1 sieht, sind die Werte von a annahernd zum 
Atomvolumen v) = 4213/3 proportional. Zwischen a und v, besteht also 
naherungsweise der folgende Zusammenhang 


@.= 6 (1) 
mit 
c = 0,054. (2) 


Um zu zeigen wie weit dieser Zusammenhang erfiillt ist, haben wir die aus (v) 
erechneten a-Werte in der Tabelle 2 zusammengestellt [6]. 


Tabelle 2 


a berechnet aus (2). a in 10~*4 cm3- und r, in aj-Einheiten 


To 1 2 3 4 


a. 0,033 0,268 0,902 2,14 


Formel (1) ist die CLaustus-Mosortische Beziehung, die durch unsere 
Resultate ziemlich gut bestatigt wird, besonders wenn man in Betracht zieht, 
dass sich der Bereich der Atomvolumina, in dem (1) annahernd giiltig ist, 
auf fast zwei Gréssenordnungen erstreckt. 


108 i i 1956. 
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(1) auch act deta, das freie Ar-Atom ausdehnen. Da aber die Definition eines 
Se ‘Atomradius’ nicht willkiirfrei geschehen kann und die verschiedenen Definitionen 


za sebr verschiedenen Atomradien fiihren, baben wir hiervon abgesehen. 


BbIUMCIIEHHE MOJIAPH3YEMOCTEH II. 
_3ABHCMMOCTB MNOJIAPH3SYEMOCTH OT OBbEMA ATOMA 


M1. TOMBALLI 


Pe3swme 


Tipw nomoum MetToga, 4310%KeHHOTO B MepBol 4acTH AaHHO paboTHI, Ha OCHOBAaHHU 


cratucTuyeckoit MOJ€IH AaTOMA, JONOMHEHHOM MOAMMUYUMPOBaHHOH NonpaBKoH Baiin3sexKepa 


MMCIAeTCA MOAPUSYeMOCTE aToma Ar pa3HbIx OObeMOB. TloKa3biBaeTCA Aamee YTO 3aKOH 


Kaaysuyca—Mocorru, mo KOTOpoMy MoApH3yemocTb nponopuvoHanbHa oObemMy aToma, 


DHOJIH3SHTeENIBHO WeHCTBUTeTeH. 
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KPATKHE COOBWEHHA — BRIEF REPORTS 
z KURZE MITTEILUNGEN 


COSMIC RADIATION MEASURED 8m BELOW GROUND 
4 By 
T. SAnpor, A. Somoeyr and F. TELBISz 


CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 
(Received 21. IX. 1959) 


; 
I. During 1957 we carried out measurements of the penetrating compo- 
nent of the cosmic radiation at a depth of 8 m vuderground (about 17 m. w. e.) 
_ by means of two small, identical, wide-angle telescopes. The measuring appa- 
‘ratus was situated in Budapest (410 ma. s.1.; geogr. lat. 47,5° N, long. 18, 9° E). 


137 m/m 


157m/m 


OO00O0 


Fig. 1 


The aim of this work was partly to gain experience for the building of a large 
telescope system to be used during theIGY, partly to investigate the atmospher- 
ic effects and periodicities at moderate depths. 

The two telescopes were electronically quite independent of each other 
except for the common high-voltage power supply. Three sets, each consisting 
of four GM counters, were built into each telescope. The dimensions of one 
telescope were 842 mm X 195 mm X 137 mm. (Fig. 1). There were no lead 
absorbers between the different GM counter sets. Each GM counter set had 
a pulse shaping circuit. The shaping circuits, which were at the same time 
quenching circuits, gave quenching pulses of the following characteristics : 
amplitude 250 V, width about 20 ysec, rise time varying between 0,1— 0,2 usec. 
‘The quenching pulses after being shortened by a differential amplifier to about 
2 psec, were transmitted to a Rossi coincidence circuit and the threefold 
coincidence pulses at the output were counted by means of a scaler with 
a scaling factor of 16. We investigated the influence of a variation of the high 


‘ 
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voltage connected to the GM counters on the observed counting rate and 
obtained no significant change in the counting rates when the high voltage 
varied by +25 V, which is more than the instability of our power supply. 
A more detailed description of the apparatus may be found in ref. [1]. 2 

At the beginning the records were read off, but since August 25th 1957 
a photographic registering apparatus was used. This apparatus was operated 
by a clock, showing an instability of a few tenths of a second a day. 

II. We determined the absorption and decay coefficients for 7 periods. 
of measurements. The barometric pressure at the level of observation and 
the height of the 500 mb isobaric level were taken as independent variables. 
in the solution of the equation of regression. Data concerning the isobaric 
layer were taken from the daily report of the National Meteorological Insitute. 
of Hungary. At the radio sounding station, situated 20 km south-east from 
the place where the telescopes were operating, balloons are flown up twice 
daily. Unfortunately, isobaric levels substantially higher than 500 mb were 
not always reached by the balloons during the period of observation. The 
regression coefficients for the different periods may be seen in Table I. 


Table I 
Jan. 7— Apr. 29 July 17 | Aug. 28 Sept. 30 Oct. 31 Dec. 1 
| Apr. 26 July 16 Aug. 9 Sept. 18 Oct. 30 Nov. 30 Dec. 10 
| 
A %, per mmHg —1,04 | —0,62 0,17 —1,41 —0,41 | —0,72 —0,43 
| + 04; + 10 + ,18 + jt) - + ,07 + ,07 
D %/, per km ' +0,71 | —5,07 | .—6,07 | —3,25 | —2,17 | —242 | —2,72 
+ 24/1 + ,30 +1,18 + ,56 + ,55 + ,15 +1,20 


For the last four months we determined the solar daily variation of the 
penetrating component from the bi-hourly values corrected both for the absorp- 
tion and the decay effects. The mean amplitude of the daily variation turned 
out to be (3,0 + 0,2) °/o) with a maximum at 13,8-4 0,3 hours UT. It is inter- 
esting to compare these data with the values obtained 18 m underground, 
where we obtained an amplitude of (0,8 + 0,1) %/49 with a maximum at 
11,4 + 0,2 hours UT. The amplitudes and the times of maximum (measured 
8 m below ground) for these months may be seen in Table II. 

III. The atmospheric coefficients in Table I show a larger fluctuation 
than would be expected on the basis of the statistical errors. This may be 
caused by other systematic variations. A very illuminative example of an 
event of this kind occurred in October 1957, when a large Forbush-decrease 
coincided with a decrease of 1O—15 mm Hg in the barometric pressure. 

For the absorption coefficient we obtained in that month a value of 
(+ 0,69 + 0,10) %o per mm Hg. Having omitted the obviously disturbed 
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| 12,9-+0,5 

+ 0sSSepte 7 — 30. Oct. .... 5 1,8-+-0,4 13,6-0,8 

- ase ete "90. NOV. ones ss 4,6-+0,5 14,9-+0,4 
* eye Ls DeCimn 10; Dec. «.... 3,3-+0,6 12,5-40,8 


MB ke ka nos 3,0-+40,2 | 13,8-40,3 


period, we got (—0,41 + 0,18) °/o9 per mm Hg, this value is shown in Table I. 
it is not always as easy to recognize the disturbances as it was in this case. 
No further periods were omitted in the calculation of the regression coeffi- 
ients, which therefore may be influenced by some unknown systematic changes 
in the intensity. The possibility of such kind of errors in the regression coeffi- 
“ients was recently pointed out by Dorman [2]. 
As to the solar daily variation we should like to mention that the ampli- 
‘ude and phase observed by us 8 m underground seem not to be in contra- 
diction with the analogous values observed by other authors at surface 
level [3, 4]. 
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UBER DIE MAGNETISCHE WIDERSTANDSANDERUNG 
. IM GERMANIUM 


& Von 


: A. L6rinczy und 
_ FORSCHUNGSINSTITUT FUR TECHNISCHE 
PHYSIK DER UNGARISCHEN AKADEMIE DER 

: WISSENSCHAFTEN, BUDAPEST 


P. SzEBENI 


FORSCHUNGSINSTITUT FUR DIE NACHRICH- 
TENTECHNISCHE INDUSTRIE, BUDAPEST 


(Eingegangen 23. X. 1959) 


Bei der Bestimmung der physikalischen Charakteristiken der Halb- 
leiterstoffe wird von der Erscheinung der magnetischen Widerstandsinderung 
oft Gebrauch gemacht. Der Widerstand der stabférmigen Halbleiterprobe 
‘Andert sich unter dem Einfluss des auf ihre Achse senkrecht stehenden Magnet- 
feldes. 


A 
Wir haben die magnecische Widerstandsanderung <@ an den in der 


. Qo 
Tabelle angefiihrten Proben als Funktion der magnetischen Induktion 
gemessen. 


Zeichen Akzeptor Donor Konzentration 
ne 

P 02 Cu 2,2» 1021 

P 04 Cu 1,4-107! 

N 06 Sb 

N 07 Sb 1,9- 107! 

N 08 Sb 1,9- 1071 

N 1l Sb , 

P 15 In 4,4 - 1071 

P 20 In 


Die magnetischen Induktionswerte haben wir zwischen den Grenzen 
0,1 und 0,8 Vsec/m? geaindert. Der Messfehler der magnetischen Induktion 
ist +3%, aber die Messfehler der einzelnen Punkte im Vergleich miteinander 


A 
sind +0,4%. Stellen wir log ee als Funktion von log B dar, dann erhalten 


wir gerade Linien, die bei Tice gischer Proben einander parallel sind (Abb. 1). 
Die Richtungstangente der geraden Linien bei den n-Typ Proben ist 1,8, 
bei den p-Typ Proben ergab sich 1,5. Die Ergebnisse der Messungen waren 
gut reproduzierbar. 

Die Messungen haben wir mit einer sogenannten Prozentmessbriicke 
durchgefiihrt. Die Schaltskizze dieser Gleichstrommessbriicke zeigt die Abb. 2. 
Die Ausgleichung der Briicke vor der Einschaltung des Magnets erfolgt mit 
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Abb. 1 


= Abb. 2 


Abb. 3 
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5) Die n- und p-Typ Germaniumproben schnitten wir mit Hilfe von Ultra- 
schall aus geschliffenen und in Perhydrol geatzten Einkristallscheiben aus. 
Die Abmessungen der Proben waren 0,6-2-13 mm}, ihre Form zeigt Abb. 3. 
Die Kristallorientierung wurde durch Réntgendiffraktion bestimmt, die 
Flache der Scheiben ist parallel mit der Flache [111]. Die Stromzufiihrung 
2 durch geschweisste Endkontakte, die nach der kontrollierten Potential- 


erteilungsmessung ohmisch waren. 


$ Wir sprechen Herrn Dr. Z. Bopvo fir seine kritischen Bemerkungen 
sowie Herrn Dr. I. Szép und Frau P. Rozsa fiir die Zurverfiigungstellung der 
Proben unseren Dank aus. 

: LITERATUR 


G. L. Pearson und H. Sunt, Phys. Rev., 83, 768, 1951. 
V. 1. Stareev und V, M. TucuxKevicn, J. tech. Phys., XXVI. 2, 273, 1956. 
P. SzeBeNt, Mérés és Automatika 7, Heft 10, 291, 1959. 


P 
. 


4 


_— = 


PBsez 


. 


oe 


‘Das auch ih Ungarn beliebte Buch er- 
lien in einer umgearbeiteten Neuauflage. 
verdankt seine hohe Ausgabenzahl und 
n vornehmen Platz unter den im Handel 
indlichen dhnlichen Biichern unzweifel- 
ft den prominenten didaktischen Fahig- 
ten des Verfassers. Mit den 47 grundlegen- 
n physikalischen Ubungsaufgaben muss es 
ein Hilfsbuch fiir den Universitats- und 
‘Hochschulunterricht angesehen werden. Der 
Ve asser betrachtet die besprochenen Auf- 
‘gaben als Musteriibungen und strebt keines- 
‘wegs auf Vollstandigkeit, worin sich das Buch 
yon: anderen grésseren Praktikumsbiichern 
unterscheidet. Dem Laboratoriumsiibingen 
hfiihrenden Studenten bietet dieses Hoch- 
ulpraktikum eine ernste Hilfe, doch er- 
setzt es die Arbeit der Assistenten nicht. 
Bei der Beschreibung der einzelnen 
Ubungsheispiele finden. wir stets einen Hin- 
Am auf die entsprechenden theoretischen 
‘Stellen des Lehrbuches des Verfassers und 
eine Erlauterung der mit der beziiglichen 
“Aufgabe verbundenen theoretischen und 
messtechnischen Fragen. Der Verfasser be- 
riicksichtigt die Verschiedenheit der appa- 
yativen Ausstattung der Institute und ent- 
Shalt sich der ausfiihrlichen Beschreibung 
spezieller Versuchsanordnungen. Jede Ubung 
‘enthalt ein Beispiel mit den samtlichen noti- 
gen Zahlenangaben, die als Wegweiser bei 

der Durchfiihrang der Aufgaben dienen. 
Die die Ergebnisse der Ubungen zusammen- 

fassenden Graphikone sind sehr anschaulich 
und wertvoll. Am Ende der Ubungen befin- 
den sich Beispiele zur Fehlerrechnung, die 

die Arbeit der Studenten erleichtern, zum 
Verstandnis der Fehblerrechnung beitragen 


“und auf die grosse Wichtigkeit der kritischen . 


 Uberpriifung der eigenen Arbeiten erziehen. 
Der Umfang der Ubungsbeispiele ist so 
gewahlt, dass ihre Durchfihrung, die zu 
brer mindlichen Erklarung notwendige Zeit 

- miteingerechnet, 3—4 Stunden beansprucht. 
WesteHats Praktikum bedeutet aber 
nicht nur fiir den Studenten eine ernste Hilfe, 
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arbeitgte Auflage. Friedrich Vieweg & Sohn, Braunschweig, 1959. 285 Seiten 
nit 126 Abbildungen und 6 graphischen Tabellen. Kunstleder. 


sondern auch fiir den jungen Assistenten, 
der eine gute Einfiihrung in seine Instruktor- 
arbeit darin findet. Die Assistenten kénnen 
ausserdem die behandelten Musteraufgaben 
auch zur Bearbeitung anderer Aufgaben her- 
anziehen. 

WESTPHAL stiitzte sich bei der Abfassung 


_ dieses Buches auf seine mehrjahrige pada- 


gogische Erfahrung. Er hielt sich stets vor. 
Augen, dass eine Einfiihrung in das physi- 
kalische Messen nur dann lehrreich ist und 
die Studenten nur dann befriedigt, wenn sie 
bei der Losung der einzelnen Aufgaben griind- 
liches und sorgfaltiges Arbeiten verlangt. 
Sein Buch bietet in dieser Hinsicht ein gutes 
Befspiel, denn ausser der Hilfe, die es den 
Studenten in ihrer Arbeit leistet, erzieht es 
sie’ zu gewisserhafter, disziplinierter und 
systematischer Arbeit. 

Die neunte Auflage ist stark umgearbeitet. 
Ein betrachtlicher Teil des Textes wurde neu 
geschrieben und dabei wo méglich gekiirzt, 
so dass der Umfang und dadurch auch der 
Preis reduziert werden konnte. Einige ent- 
behrliche theoretische Ableitungen und Feh- 
lerrechnungen konnten weggelassen, andere 
vereinfacht werden, Als neue Ubung wurde 
»die Verdrehung der Polarisationsebene des 
Lichtes« und als neuer Abschnitt der Punkt 
4 der Ejinleitung aufgenommen. Bei den 
Ubungen 5 und 25 sind neue Messverfahren 
verwendet worden. — 

Die umgearbeitete Auflage lasst sich 
geradeso fliessend lesen wie die friiheren. 
Die Ausdrucksweise ist gut, der Stil klar, 
die theoretischen Erklarungen zu den ein- 
zelnen Ubungen sind leichtverstandlich und 
die zur Durchfiihrung der Ubungen gegebenen 
Anweisungen anschaulich. Die benutzten 
Formeln sind einfach und auffallend gedriickt. 
Schén und sehr gut ist die Ausstattung bzw. 
die Typographie des Buches. Die Tabellen 
sind leicht iberblickbar und die Abbildungen 
und Graphikone sind ebenfalls schén. In der 
Neuauflage befinden sich mehrere neu- 
bearbeitete Abbildungen. 
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Als Mangel des Buches muss vermerkt 
werden, dass aus dem Gebiete der modernen 


_ Physik keine Ubungen vorhanden sind, und 


dass die elektronischen Messgerate keine 
Anwendung finden. f 
Die Einteilung des Buches ist folgende : 
I. Einleitung. A. Massysteme. Der 
Verfasser behandelt hier alle drei Massys- 
teme. Im neu aufgenommenen vierten Kapi- 
tel wurden jene auch fiir den Physiker wich- 
tigen Begriffe aufgenommen, die bei der Ver- 
fertigung von Lésungen benutzt werden. 

B. Fehlerrechnung. In diesem 
Abschnitt werden wir mit den Fehlerquellen, 
mit dem Ziel und der Theorie der Fehler- 
rechnung bekannt gemacht. Es wird darauf 
aufmerksam gemacht, dass die nach den 
Messungen durchgefiihrten Fehlerrechnungen 
den padagogischen Wert der Ubungen erhoht. 
Allerdings arbeitet das Praktikum schon des- 
wegen nicht mit dem ganzen Apparat der 
eigentlichen-Fehlertheorie, weil die dazugeh6- 
rige mathematische Vorbildung den das Buch 
beniitzenden Studenten noch fehlt. Im Buche 
werden oft nicht die mittleren, sondern die 
grossten Fehler der Messungen ausgerechnet. 

Anweisungen zur Durch- 
fiihrung physikalischer Mes- 
sungen. Hier erhalt der Student Rat- 
schlage zur Protokollfiihrung, zur Ausfiihrung 
der Messungen, zur Anwendung des Nonius, 
zur Messungsweise der Zeit, zur Ausfithrung 
elektrischer Schaltungen und zur Hand- 
habung von Akkumulatoren und Trocken- 
elementen. 

II, Mechanik. Dieser Teil enthalt die 
folgenden 10 grundlegenden Messungen aus 
der Mechanik : Dichte fester Stoffe. Elastizi- 
tatsmodul. Oberflachenspannung. Zahigkeit 
von Flissigkeiten. Tragheitsmomente und 
Richtmomente. Messung eines Schubmoduls. 
Absolute Wagung. Empfindlichkeit und 
Schwingungsdauer der Waage. Messung der 
Fallbeschleunigung mit dem Pendel. Gekop- 
pelte Pendel. 

III, Wérme. Gastheorie. Akustik. 7 Ubun- 
gen: Messung spezifischer Warmen. Schmelz- 
und Verdampfungswirme des Wassers. Mes- 
sung der molaren Warmekapazitat der Luft, 
Messung mit dem Volumenometer. Boyle- 
Mariottesches Gesetz. Messung des Druck- 
koeffizienten der Luft mit dem Gasthermo- 
meter. Luftdichte, Luftfeuchtigkeit. Akus- 
tische Messungen. 


IV. Optik. 12 Uhbungen: Brennwei 
diinner Linsen. Brennweite und Hauptebe 
einer dicken Linse. Vergrésserung einer Lupe 
Brennweite und Hauptebenen eines Linsen- 
systems. Mikroskop. Messungen mit dem 
Mikroskop. Brechzahl eines Prismas. Wellen- 
langenmessung mit dem Gitter. Newtonsche 
Ringe. Beugung des Lichtes am Spalt. 
Drehung der Polarisationsebene des Lichtes. 
Lichtmessung. “4 : 

V. Elektrizitét. Magnetismus. 18 Ubun- 
gen; Widerstandsmessung mit Strom- und 
Spannungsmesser. Kennlinie einer Glii 
lampe. Widerstandsmessung in der Briicke 
schaltung. Klemmspannung und _ inner 
Widerstand von Elementen. Das Warm 
aquivalent. Der Wirkungsgrad eines elektri- 
schen Kochers. Temperaturkoeffizient des 
Widerstandes von Metallen. Messung vo 
Spannungen und Widerstanden durch Kom- 
pensation. Spezifischer Widerstand von Elek- 
trolyten. Messungen mit dem Voltameter. 


Messung elektrischer Felder im elektrolyti- 


schen Trog. Messung von Induktivitaten und 


Kapazitaten. Magnetisches Feld einer Spule 


und erdmagnetisches Feld. Schwingung und 
Dampfung des Galvanometers. Empfindlich- 
keit und sonstige Konstanten eines Galyano- 
meters. Messung sehr grosser und_ sehr 


2 


kleiner Widerstinde. Ballistisches Galvano- | 


meter. Messung magnetischer 
der Induktionsspule. Messungen an Elektro- 
nenroéhren. 
meter. 

VI. Anhang. Dieser Teil des Buches 
behandelt dis gedampften und ungedampften 
Schwingungen, das Drehspulgalvanometer 
und die Theorie der Fehlerrechnung. 

VII, Tabellen. Dieses Kapitel enthalt fol- 
gende 6 Graphikone : 
zwischen 0° und 30° C. Dampfdruck des 


Felder mit 


Messungen mit dem _ Elektro- | 


Dichte des Wassers | 


Wassers zwischen —10° und —+-30° C. Siede- | 
temperatur des Wassers zwischen 680 und 


780 Torr. Reduktion einer Barometerablesung 


auf 0° C. Reduktion eines Ausschlags auf dem _ 


Bogen. Zum ballistischen Galvanometer. Am 
Ende des Kapitels finden wir die Sammlung 
von wichtigeren Zahlenangaben. 


Zusammenfassend kann gesagt werden. 


dass dieses Buch fiir die Laboratoriums- 
tibungen ausfiihrenden Studenten bzw. fiir 


die die Ubungen leitenden Assistenten sehr | 


wertvoll ist. 
Gy. TamAs 


’ 


mtwicklung und Bedeutung des Raman- 
ektes bekannt. 

Im zweiteh Teil werden zuerst die zur 
nregung dienenden Lichtquellen zusammen- 


richtungen (elektrodenfreie Mikrowellen- 
egung), der verschiedenen Filter und 
ilterkombinationen; dann folgt die Be- 
shreibung des Aufbaus und der wichtigsten 
agenschaften der entsprechenden Spektro- 
phen mit grosser Auflésung, nebst Weg- 
isung zur Bestimmung der Wellenlangen. 
der Behandlung der Intensitatsausmes- 
g von Spektrallinien werden verschiedene 
Methoden besprochen und es wird parallel auf 
die Fehlerméglichkeiten und ihre Beseitigung 
hingewiesen. Im Zusammenhang mit den 
Polarisationsmessungen werden nach einer 
rzen Einleitung, auf zahlreiche Literatur- 
llen gestiitzt, die betreffenden theoreti- 
en bzw. empirischen Probleme und ihre 
Lésung dargelegt. Darauf folgt die Beschrei- 
bung der verschiedenen Gefasse, die zur Auf- 
bewahrung der zur Anregung gelangenden 


& 


ir. ewe hn, BbdutachWelp, 1959. 


st, unter Einbeziehung der modernsten © 


, 84 Seiten mit £24 t Abbila 


Stoffe dienen, sowie anderer Avariteeankene 
ausser den allgemein benutzten, auch auf 
einige spezielle Methoden (Mikrotechnik, 
Kristallpulvermethode) eingehend. Schliess- 
lich sind mit einigen Worten auch die zur 
Bestimmung unbekannter Frequenzen ver- 
wendeten mechanischen und _ elektrischen 
Molekiilmodelle erwahnt. 

Im dritten Teil sind die bekannten Mole- 
kilschwingungsprobleme in leicht verstind- 
licher Weise zusammengefasst, unter Er- 
wahnung der verschiedensten Anndherungen 
(Zentralkraftmethode, Valenzkraftmethode, 
usw.) und Hinweis auf die bei der Behand- 
lung der symmetrischen Molekiile vorteilhaft 
anwendbare Gruppentheorie. Die Theorie der 
Polarisierbarkeit und der Abschnitt iiber die 
Auswahlregeln enthalt in gut tiberblickbarer 
Weise die aus der Literatur bekannten Er- 
gebnisse. Der Verfasser wendet sich danach 
der Behandlung der konkreten Anwendung 
der Raman-Spektren zu, zuerst im Zusam- 
menhang mit organischen Molekiilen dann 
mit Kristallen, eine sehr ausfiihrliche und 
griindliche Literaturliste gebend. Schliesslich 
wird auch auf die eventuelle quantitativ- 
analytische Anwendung der Raman-Spektren 
hingewiesen. 

Das Buch ist im Verhaltnis zu seinem 
~Umfang eine griindliche, iibersichtliche, jede 
wesentliche Frage beriihrende und gut ver- 
wendbare Arbeit. 

I. KovAcs 


EINIGE BEMERKUNGEN 
ZUM QUANTENMECHANISCHEN BEGRIFF 
DER PHYSIKALISCHEN GROSSEN 


F. JeEszENszKY 
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INSTITUT FUR THEORETISCHE PHYSIK DER ROLAND EOTVOS UNIVERSITAT, BUDAPEST 


(Vorgelegt von K. F. Novobétzky — Eingegangen 10. IX. 1958) 


Es wird in verschiedenen Fallen untersucht, welches die allgemeinste Aussage ist 
welche iiber kanonisch konjugierte Gréssen gleichzeitig abgegeben werden kann. Es wird 
darauf hingewiesen, dass zwischen dem Verhalten eines einzigen quantenmechanischen Sys- 
tems und den quantenmechanischen Massenerscheinungen ein wesentlicher Unterschied 
vorhanden ist. 


1. Einfiihrung 


Quantenmechanische Systeme werden in drei verschiedenen Fallen 
untersucht: 

1. Freies System. 

2. In einen Raumbereich eingeschranktes System. 

3. Massenerscheinungen. 

Im ersten und im zweiten Fall wird das Verhalten je eines Systems unter- 
sucht, wahrend in dem dritten das Verhalten mehrerer Systeme der Unter- 
suchung unterworfen wird. 

Die im dritten Fall untersuchten Massenerscheinungen sind von zweier- 
lei Art: ; 

1. Ein System kann mit so vielen anderen Systemen in Wechselwirkung 
treten, dass die Veranderung dieses Systems dadurch makroskopisch auch 
bemerkbar wird, und uns erméglicht, aus dem Resultat dieser Beobachtung 
auf das Verhalten des ersten Systems zu schliessen. 

2. Wir werden so viele, sich in einem identischen Zustand befindliche 
Systeme untersuchen, dass dadurch die identische Veranderung eines Teiles 
der Systeme auch makroskopisch bemerkbar wird. 

Ein Beispiel fiir den ersten Typ von Massenerscheinungen ist das sich 
in einer Photoemulsion bewegende Elementarteilchen, welches in so vielen 
Molekiilen der Photoemulsion eine chemische Veranderung zustande bringt, 
dass sich die Platte, der Bahn des Elementarteilchens entlang, schwarzt- 

Eine andere Art der Massenerscheinungen stellt das Beispiel eines 
gliihenden Gases dar, wo irgendein Elektron irgendeines Atoms in so vielen 
Exemplaren von einer gegebenen Energiestufe auf eine andere, ebenso gege- 
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bene, Energiestufe hiniiberspringt, dass die Zahl auf diese Weise emittierten 
Photonen geniigend gross ist, um bemerkbare Spektrallinien zustande bringen 
zu kénnen. : 
In allen drei Fallen wird das Problem untersucht: was ist die allgemeinste 
Aussage, die in den einzelnen F allen itiber die kanonisch konjugierten Grosseng 
gleichzeitig gemacht werden kann. i 


: 
2. Quantenmechanische Grundbegriffe | 


In der Quantenmechanik gehért zu jedem physikalischen Zustand ein 
Element, und zu jeder physikalischen Grésse ein hypermaximaler Operator 
des Hilbert-Raumes. Die méglichen Werte einer physikalischen Grésse werden 
durch das Spektrum des beigeordneten Operators bestimmt. : 

Ein hypermaximaler Operator kann entweder in engerem, oder in wei- 
terem Sinne gelést werden. Die im engeren Sinne aufgefasste Lésbarkeit weist 
darauf hin, dass die Eigenwertgleichung des Operators im Hilbert-Raum 
gelést werden kann, d.h. dass diskontinuierliche Eigenwerte besitzt, zu 
welchen auch Eigenelemente gehéren. Dieser Umstand hat zur Folge, dass 
die der Operatoren dieser Art beigeordneten physikalischen Gréssen genau 
messbar werden, und weiter, dass wenn in einem System die physikalische 
Grésse einen gewissen Wert aufnimmt, dadurch das System in einen wohl- 
definierten Zustand gelangt. 

Die Eigenwertgleichung der im weiteren Sinne lésbaren Operatoren 
kann nicht gelést werden; bei ihnen gibt es nur eine Einheitszerlegung. Diese 
Operatoren besitzen ein kontinuierliches Spektrum, und haben keine HKigen- 
elemente. Infolgedessen kénnen die ihnen beigeordneten physikalischen Grissen 
nur mit beschrankter Genauigkeit gemessen werden. Wenn in einem System 
die physikalische Grisse einen gewissen Wert aufnimmt, wird das System in 
keinerlei Zustand gelangen. Im ersten Augenblick kann dieser Umstand als 
eine Mangelhaftigkeit der Theorie erscheinen, besonders wenn man in Betracht > 
zieht, dass die Operatoren der Koordinate und die des Impulses — die Opera- 
toren der zwei grundlegenden physikalischen Gréssen — auch nur im weiteren 
Sinne gelést werden kénnen.! 


1 Die Versuche, die durch die Einfithrung der 6-Funktionen den Koordinatenope- 
ratoren Eigenelemente zuzuordnen versuchen, sind unzureichend. Einerseits kann man vom 
mathemathischen Gesichtspunkt berechtigte Einwande gegen die Anwendung der 6-Funktio- 
nen erheben (und die entstandenen Schwierigkeiten kénnen auch durch die Einfithrun 
der Distributionen nicht gelést werden), andererseits macht die Anwendung von 6-.und ache 
normierbaren Eigenfunktionen die mathemathischen Mittel der Quantenmechanik unbe- 
stimmt. Vom physikalischen Gesichtspunkt wird sich der sehr wesentliche Unterschied zwi- 
schen den mit absoluter bzw. mit beschrankter Genauigkeit messbaren Gréssen verwischen. 


rigkeit ist jedoch | nur eine scheinbare. NEUMANN? hat es 
ch pick, dass zu einem Operator von kontinuierlichem Spektrum 
; ein solcher approximativer Operator gefunden werden kann, dessen 
ektrum bereits diskontinuierlich ist. NEUMANN’s Gedankengang ist der 
folgende: 
Nehmen wir R als eine physikalische Grésse mit einem kontinuierlichen 
Spektrum. Teilen wir dieses Spektrum in abzahlbar unendlich viele Inter- 
valle J ein, die aber einzeln von endlicher Lange sind. Wahlen wir jetzt von 
jedem Intervall I™ einen beliebigen Wert 1), aus. Wir kénnen eine physika- 
] Behe Grésse F(R) definieren, deren Wert /,, ist, vorausgesetzt jedoch, dass 
ler Wert R in dem Intervall I™ liegt. Wenn die Einheitszerlegung des Opera- 
= R der,Gésse E(A) ist,so kann der Operator F(R) der Grésse F(R) leicht 


_errechnet ceiasTanite : 
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F(R)= S WEI). 


n=—o 


‘Der Operator F(R) kann im weiteren Sinne gelést werden. 
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Aus dem Obigen muss die Folgerung gezogen werden, dass den durch 

‘in weiterem Sinne lésbare Operatoren gekennzeichneten Gréssen keine phy- 

‘sikalische Realitat von demselben Charakter zugeschrieben werden kann, wie 

den physikalischen Gréssen, die einen im engeren Sinne lésbaren Operator 

_besitzen. Obwohl die vorerwahnten Operatoren bei der Begriindung und Anwen- 

dung der Theorie unentbehrlich sind — da die Vertauschungsrelationen nur 

“so aufgeschrieben werden kénnen, und die Quantisierung nur durch ihre Ein- 

fiihrung erméglicht ist — werden nur ihre Funktionen mit einem diskonti- 

-nuierlichen Spektrum wirkliche Zustande und messbare Werte besitzen. 

3 Zum Bereich der physikalischen Gréssen, die durch im weiteren Sinne 
‘lésbare Operatoren gekennzeichnei sind, gehéren natiirlich nicht nur Koordi- 
“nate und Impuls, sondern auch andere Gréssen, wie z. B. die Energie der mit 

“positiver Energie versehenen Elektrons, das sich im Feld des Protons bewegt. 


2 Siehe J. von NeEumMANN: Mathematische Grundlagen der Quantenmechanik (Sprin- 
ger, Berlin, 1932) Kap. II. § 3. 


sR= f AdE(J) und F(R) = { F(A)dE() 


F(A)=4, fir A€IM, also 

RR ya oS hs F(/)dE(A), wo [Ain Any] = 1 
n==a Any 

FR) = ee aE a SEU): 
Se (n) n=—o@ 
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3. Freies System 


In Eigendarstellung ist der Operator q der Koordinate der Operator der : 
mit der Koordinate durchgefiihrten Multiplikation.* Die Einheitszerlegung— 
E(4) des Operators q hat die folgenden Eigenschaften : 


oe 


‘ir a, 1 
POT Rn ctsinenge ales : 


wo f(q) ein beliebiges Element des Hilbert-Raumes ist. 
Im Sinne des Vorhergehenden kann der Operator der Grésse F(q) fol- 


genderweise gebildet werden: 


Fq@= a g.E(I®), 
wo qj, ein beliebiger, im Intervall I“ liegender Koordinatenwert ist. Die 
Eigenwertgleichung des Operators F(q) ist die folgende: 


> q.E (I) v (4) =49(Q)- 


k=—o 


Die Eigenwerte dieser Gleichung sind durch die Zahlen gq; dargestellt. 
Zum Eigenwert g, gehéren diejenigen Kigenfunktionen, die ausserhalb des 
Intervalles I“ verschwinden, und innerhalb des Intervalles den Hilbert- 
Raum der quadratisch integrierbaren Funktionen bilden. Aus dem Hilbert- 
Raum kann dann ein vollstaindiges orthonormiertes Funktionensystem aus- 
gewahlt werden. Dieses System besitzt unendlich viele, jedoch abzahlbare 
Elemente. Jeder Eigenwert q;, des Operators F(q) ist demzufolge unendlichmal 
entartet. : 4 

Ein vollstandiges orthonormiertes System, welches zum Eigenwert qj 
angegeben werden kann, ist das folgende : 


| be = fiir qe I 
ial Gi 5 (l= 0,41, + 2, ...) 
0 


sonst, 


wo m, die Linge des Intervalles reprasentiert.5 


4 Kinfachkeitshalber~haben wir unsere Untersuchungen nur im eindimensionalen Fall 
durchgefiihrt. Die mehrdimensionale Verallgemeinerung ist sehr leicht, doch macht die Bezeich- 
nungsart tberfliissig kompliziert. 

° Zwecks Beseitigung der Divergenzschwierigkeiten der Feldtheorie haben viele Autoren 
Koordinatenoperatoren mit einem diskontinuierlichen Spektrum eingefiihrt. Sowohl die 
Zielsetzungen, wie auch die Methoden dieser Abhandlungen weichen von denen der unseren ab. 


38 h 
gS eS fir ge 108. 
k 


D er Zustand gu(q) ist also auch ein Eigenzustand des Impulsoperators. — 
Im Zustand ¢,:(q) befindet sich das System sicherlich im Intervall I, und sein 
Impuls ist scharf bestimmt: 


: le leek Miata ledi?, bade 


my, 


; ' = 
-Damit ist die Entartung aufgehoben. ¢ 


4. In einen Raumbereich beschranktes System 


Nehmen wir einen ziegelférmigen Raumbereich, dessen Wande die 

" Q-Achse i in den Punkten g = a und q = b schneiden. In diesen Raumbereich 

ist ein quantenmechanisches System eingeschrankt. Die q-Koordinate des 

_ Systems wird sicher im Intervall (a, 6) liegen. Von seinem Impuls ist bekannt, 

dass er gewisse diskontinuierliche Werte aufnehmen kann. Im Falle eines 

fusseren Kraftwirkungen nicht ausgesetzten Systems sind diese Werte die 
: folgenden : 


~ "ae Sees 


P= : (55+): (i=0,+1,+2,...) 
2% 


b—a 


(a ist der beliebige Phasenfaktor). Die Eigenfunktionen sind: 


2Qxni 
?,=- —@b-a 4 g=0,+1,+2,...) 
Vb—a 


Die approximative Messung des Ortes eines freien Systems ist also mit 
dem Einschranken des Systems in einen Raumbereich dquivalent. 
In diesem Falle besteht die Unbestimmtheitsbeziehung nicht in ihrer ur- 


h 
spriinglichen Gestalt, da ja Ap =0 und 4q endlich ist, also Ap-4q=0< rs: 


Ein anderer, ahnlicher Zusammenhang ist jedoch erkennbar. 
Die Differenz zwischen zwei méglichen Werte des Impulses ist: 


he 


—a@ 


Pree sbi s b 
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Wenn p,,1 — pj mit dp und b — a mit 6g bezeichnet wird, erhalten wir 
folgende Beziehung: 


ép-6g=h. 


Dieselbe Beziehung besteht zwischen Energie und Zeit, vorausgesetzt, dasa 
die Beschrankungsumstande entsprechend sind: ; 


6E-6t=h.- 


Zusammenfassend: diese Umstande kénnen im Falle als entsprechend — 
betrachtet werden, wenn die eine Grésse nur zwischen zwei bestimmten Werten | 
einen beliebigen Wert aufnehmen kann, und die Werte der anderen Grésse — 
diskontinuierlich sind. Bei der ersten Grésse ist die in dieser Relation befind- 
liche Differenz mit den zwei Randwerten gleich. Bei der zweiten Grésse wird 
die Differenz durch den Abstand zwischen den zwei diskontinuierlichen Wer- 
ten bestimmt. Das erklart auch den Umstand, warum die Messung das System 
bei den Heisenbergschen Gedankenexperimenten beeinflusst. Bei diesen Expe- 
rimenten erfolgt die Messung so, dass das System in einen Raumbereich 
beschrankt wird. Da die Einschrankung auch die méglichen Werte der kano- 
nisch konjugierten Grésse bestimmt, wird das System dadurch wirklich 
bedeutend beeinflusst werden. 


5. Giiltigkeitsgrenzen 


Die bisherigen Erérterungen bezogen sich auf ein idealisiertes Bild 
eines Systems. Die Idealisierung war zweierlei. Es wurde angenommen, 
dass 1. das Einschranken in einen Raumbereich wirklich durchgefihrt, 
d. h. ein System zwischen unendlich hohe Potentialwande eingesperrt, und 
2. der Ort der Potentialwande scharf angegeben werden kann. Diese Annah- 
men sind aber in Wirklichkeit nicht realisierbar. 

Aus der Nichtrealisierbarkeit der zweiten Annahme folgt, dass der 
Impuls des in einen Raumbereich eingeschrankten Systems doch nicht ganz 


scharfe Werte annehmen wird. Es ist immer wahr, dass p = —l, aber wenn 
m 
m unbestimmt ist — es kann namlich Werte zwischen m—d und m +d auf 


nehmen —, dann wird der. Wert Pp zwischen 


Wenn 


lund 
mtd m—d 


Ll liegen. 


hl A(l+1) 
m—d mtd 


toirn sot bowed hO-42) wa wry 28 
= See e maa 


dax n ist die Bedingung der Vermischung die folgende : 


m Z 
ain cn, . da Tee Si 
Wenn man von der Idealisierung konsequent absieht, wird endlich das _ 
ee erreicht. 

Aber das gleiche geschieht auch wena von der ersten Annahme abgesehen 
wird. Eine unendlich hohe Potentialwand kann in Wirklichkeit nicht zustande 
ebracht werden. Wenn die Potentialwand von einer endlichen Héhe ist, 
ann wird infolge des Tunneleffekts die Aufenthaltswahrscheinlichkeit des 
ystems nirgendswo verschwinden, und das fiihrt wieder zum Wellenpaket- 
ild. - 
¢ Endlich kann man sagen, dass die allgemeinste Aussage von kanonisch 
konjugierten Gréssen gleichzeitig durch das Wellenpaketbild gegeben 
werden kann. In diesem Falle bleibt die Beziehung 6 p - 6q =h giiltig, 6q 
bedeutet natiirlich die Breite des Wellenpakets, und dp den ungefahren Wert 
des Impulses. Statt des Gleichheitszeichens ist es richtiger, das Zeichen der 
annahernden Gleichheit anzuwenden: dp - 6q ~ h. 


ead al dc a ee 


4 
E 
- 6. Massenerscheinungen 
4 
J Bei den Massenerscheinungen untersuchen wir nicht ein einziges quanten- 
BF chaniachos System, sondern irgendein anderes makroskopisches System, 
welches wir Messgerat nennen. Es ist charakteristisch fiir die quantenmecha- 
nischen Systeme, dass wenn sie mit Messgerdten in Wechselwirkung treten, 
sie Ereignisse hervorrufen, die nicht eindeutig bestimmt sind. Demzufolge 
werden wir nicht betreffs des Wertes der physikalischen Grdsse, sondern 
betreffs ihres Erwartungswertes deterministische Schlussfolgerungen ziehen. 
Die Heisenbergsche Unscharferelationen beziehen sich auf die Streuungen 


der physikalischen Gréssen : 


h 
Ap-Aq>. AE-At>—. 
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Es muss nachdriiklich betont werden, dass der Unterschied zwischen den 
Unsch4rferelationen und den Relationen, die fiir ein in den Raumbereich 
beschrinktes System giiltig sind, sehr bedeutend ist. Die vorerwahnten 
Beziehungen gelten nahmlich fiir ein System, wahrend die anderen fiir Massen- 
erscheinungen giiltig. sind. 

Der Verfasser méchte hiermit seinen besten Dank fir die wertvollen 
Ratschlage und die Hilfe des Herrn Dozenten Dr. I. FENyEs zum Ausdruck 


bringen. 
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B paoore B pa3HbIx ciyyaax Hccnelyerca, KaKHe BCeOOuMe SaKMOUeHHA MOryT OBITS 
CHesIaHbl OMHOBPeCMeCHHO O KAHOHH4ECKH COMPACKCHHbDIX BeJIM4UHHAaX. Tlokaspipaetca Aasee, 4TO 
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4eCKHM MACCOBbIM ABJICHHEM CYyIeCTByeT 3HAYHTeMbHAA pasHHIa. 
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We describe an integrating measuring head for the relatively simple and quick measure- 
ment of the quantum efficiency of luminescent substances. The quantum efficiencies of 
some crystal phosphors were determined by comparing them to materials of known quantum 
efficiencies. 


For the determination of the quantum efficiency of luminescent sub- 
‘stances used for scientific, resp. industrial purposes many measuring methods 
have been published by different authors. These measuring methods can be 
divided into two groups. The measurement may lead either to the relation 
between the luminescent energy emitted and the exciting energy absorbed 
[1, 2, 3] or to the proportion of heat produced within the luminescent powder 
to the exciting energy [4,5, 6,7]. For each known procedure one has to 
measure separately the energy distribution of the luminescent spectrum of 
the substance investigated and the energy distribution of the exciting radiation 
too, if the latter does not come from a source of energy emitting homogeneous 
radiation. The measurement of spectral energy distributions and the numerical 
or graphical evaluation of the results is rather lengthy. The examination of 
the quantum efficiency variations of certain luminescent substances under 
the influence of different physical factors can in some cases be carried out only 
in a very complicated way, because the factor influencing the quantum effi- 
ciency can lead also to the alteration of the energy distribution of the lumi- 
nescent spectrum. The use of a special integrating device rendered possible 
a considerable simplification and speeding up of the quantum efficiency 


measurements. 


The role of the integrating measuring device of specified spectral response 


in the quantum efficiency measurement 


Be 1,(v) the spectral energy distribution of the exciting radiation reaching 
the substance to be measured during unit time and J,(v) the spectral energy 
distribution of the luminescent radiation emitted by the substance during unit 


qa and b are the limits for the spectral energy distribution of the melting rac 


on en 


oan 


be. 


ation, a’ and b’ those for the emitted radiation. 
The spectral energy distribution is given generally not as a function o 
y but as a function of 4. In this case | 


Jima fToen : a 
Clb 


where J(A) denotes the spectral energy distribution in wavelength, c the 
velocity of light. On the sitn of Eq. (2) ova 


c[a’ 


J 4-T@aa | 
4 = (3 
fat@aa . 


_ The main part of our quantwn efficiency measuring system is a a 
sensitive device, of which the spectral response in dependence on A E(A), i 
proportional to the wavelength of the radiation 


ela oag a) 


A measuring head of a sensitivity according to Kq. (4), if its Ae 
receives a radiation of a spectral energy distribution J(A), measures a quaniy 


c/a : 
k{ATaaa, (5) 
cle 


which is proportional to the number of photons reaching it. When the measure- 
ment of the relative number of photons emitted by the luminescent on 


! 


x \ a 
x 
” 
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nd the measurement of the relative number of the exciting photons absorbed 
within the luminescent powder are performed by such a measuring head, the 
quotient of the measured values gives directly the quantum efficiency, because 
she proportion factor is eliminated in this way. 

__ The use of a measuring head of a sensitivity proportional to 4, and the 
jpectral response of which comprises the wavelength ranges of the exciting 
‘adiation and of the emitted radiation, makes possible quantum efficiency 
measurements in an arrangement as that to be seen in Fig. 1. 


>. 


+ 


aa ' 


Fig. 1 


The luminescent substance to be measured is put before the aperture 
N, of the integrating sphere U, covered on the inside by a material of a reflection 
coefficient independent of wavelength. The exciting radiation emitted by the 
source H reaches the sphere through the aperture N,. The beam of rays is 
confined by the aperture B to such a degree that only the sample placed 


before the aperture N, is reached by direct radiation. The measuring head M 


of a sensitivity proportional to A, is behind the aperture N, with its indicating 


meter G. The filter S, passes on only the exciting radiation. Behind the aper- 
ture N, different filters are placed during the measurement. When measuring 
the relative number of photons emitted by the sample P, before the co 
; pe Fete 
N, we have to put the filter S, of a constant transmission in the ee _* 
emission spectrum. The relative number of the emitted photons can be r 
on the instrument G. 
The relative number of the exciting photons falling on the aperture N, 


san be determined when a thick magnesium oxide layer of known reflectivity 
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and of identical area is put in the place of P, and the filter before the aperture 
N, is removed. | 

The number of the photons arriving at the sample can be determined 
by a reflection measurement [8, 9]. The reflectivity of the sample P can | 
measured also using the above arrangement by comparison with a magnesium 
oxide sample, but in this case a filter identical with S, must be put before : 
the aperture N, in order to retain the luminescent radiation. q 

Denoting by |, the relative number of the photons emitted by the mate- 
rial which reach the measuring head and by I,, the relative number of the: 
exciting photons reflected from the magnesium oxide to the measuring head, , 
by r, the reflection coefficient of the phosphor, resp. by r, that of magnesium | 
oxide, by d the transmission factor of the filter S,, the quantum efficiency 
can be calculated by means of the following formula: 


I,(1—Tm) (6). 


When comparison is made with a material of known quantum efficiency 7 
and of reflectivity r,, the measurement is simpler and if the exciting radiation | 
is homogeneous, it is sufficient if the sensitivity of the measuring head is 
proportional to the wavelength only in the wavelength ranges of the emission 
spectra. 

In this case 
Lp (1 — ra) 


ane I, qa — rp) 


Na (7) | 


If the spatial distributions of the emitted, resp. reflected radiation of 
the samples to be compared are identical, it is-not necessary to perform the 
quantum efficiency measurement in an integrating sphere. 


Construction of the measuring héad of a sensitivity proportional to A 


The most important part of the whole apparatus is the light-sensitive 
device of a sensitivity proportional to wavelength, i.e. the measuring head. 
Such a light-sensitive device can be constructed by the combination of various 
optical elements. In the instrument developed by us chiefly for comparison 
measurements, the spectral response of a spectroscope and of an electron 
multiplier together has been appropriately modified by means of a light 
restricting mask (Fig. 2). For the correction of the spectral response of light 
sensitive devices various mask constructions have already been used in colori- | 
metry and photometry [10, 11]. : 
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j 
| 
A part of the luminous flux emitted by the luminescent layer P excited | 
by the low-pressure mercury vapour lamp H and focused by the lens L,,, 
reaches the entrance slit R, of the monochromator. The light passes through } 
the collimator lens L,, the prism P, and the camera objective L,. The spectrum} 
of the luminescent substance appears in the plane S,. A light restricting mask ; 
M placed behind the spectrum reduces the transmitted luminous flux in a} 
smaller or higher degree in the different parts of the spectrum. The lens L,, 
focuses the transmitted part of the beam on the surface of the electron multi- - 
plier M, fed by the high tension power supply A. The photocurrent of the: 
electron multiplier is measured by the galvanometer G. The slit R, is movable: 
in measurable steps before the spec- trum plane, its position being read oni 
drum D. The slit R, is used only for the calibration of the measuring head | 
and afterwards it can be discarded. Is the slit before any part of the spectrum, , 
only a spectral band of 90 A average width is transmitted, the rest is blocked . 
by the slit housing. 

Our quantum efficiency meter is based on an UM 2 monochromator... 
The exit slit of the monochromator was removed and an easily removable : 
extension was fitted in its place in which the slit R, movable by a screw which . 
is turned by the drum D, the mask and the lens L, were housed. To the out- - 
put of the extension a light shut-off device is adjustable in which there is a. 
1P21 electron multiplier. 

The photograph of the measuring head so constructed can be seen in 
Fig. 3. Several samples can be mounted in holders, formed on the rotatable. 
disc placed obliquely before the entrance slit of the monochromator. Rotating 
the disc these powders can be measured in quick succession. 

The mask must be shaped so that the total spectral response of the 
system consisting of monochromator, mask and electron multiplier should be 
proportional to the wavelength. 

In the course of the determination of the shape of the mask we examined 
at first — by means of a low-pressure mercury vapour lamp — the wavelength 
of the light reaching — through the slit R, — the electron multiplier for dif- 
ferent drum positions ‘1’. Thereafter, by moving the slit R, along the spec- 
trum we measured the spectrum of a calibrated tungsten band lamp, set up 
in place of the sample P. With the knowledge of the black body temperature 
of the band lamp the desired shape of the mask can be calculeted from the 
measurements [12]. Fig. 4/a shows the ideal shape of the mask calculated 
between 4000 and 6900 A. 

In order to facilitate the construction of the mask, we covered its central 
part with a 2 mm thick Schott NG 5 filter. The mask modified in this way 
is shown in Fig. 4/b. 

After setting up the mask in its final position, we controlled the spectral 
response of the measuring head also by measuring the spectrum of the band 


Fig. 5 shows the galvanometer deflections calculated in case of an ideal 
ensitive device (taking into consideration the spectral dispersion) and 
1 effective measuring results at different drum positions. This control 
easurement shows that the ideal shape of mask was sufficiently approxi- 


f 
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Fig. 4 


itive element of a sensitivity proportional to wavelength can 
her way [13]. The overall transmission of the filters 
(1.5 mm) + GG 18 (1 mm) is proportional to 
7000 A (Fig. 6). If the filters are set up in 
n with a thermopile as light sensitive 
anner to come up to the expec- 


: A light sens 
be realized also in anot 
Schott NG 2 (0.1 mm) + BG 17 
the wavelength between 3800 and 
~ an adequate arrangement in conjunctio 
element, it is possible in a relatively simple m 


tations. 


Measurements and results 

hosphors has been measured 
y. The quantum effi- 
earlier determined 


The quantum efficiency of various crystal p 
by comparing them with materials of known efficienc 
ciency of the materials used as the basis of comparison was 


S 
D 


~ 


——— Transmission of the filters 
NG 2-0,1mm+B8G17-15mm+6G18-1mm 
~~~ Transmission of the ideal filter tobe put. 


Transmission 
S 
*~ 


before the thermopile 
02}- 
a ° 
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- Bové, by means of the calorimeter method [5]. The ratio of the emitted 
tons was measured in an arrangement according to Fig. 2. The use of an 
grating sphere was unnecessary, for other measurements have shown that 

tial distributions of the luminescent light for the very fine-grained powders 
n which form they were subjected to comparison, differ from each other only — 
> a negligibly small degree. 
__ The samples were excited by a low-pressure mercury vapour lamp, in 
he spectrum of which the 2537 A line predominates. According to the measu- 
Eo the samples were excited only in a very slight degree by other lines 
the mercury vapour lamp. The relative number of the photons emitted by 
le mercury hed 2a lamp in the visible range and reflected on the examined 
owders was’ obtained by inserting a separate glass plate (S in Fig. 2). In the 
alculations this fact was taken into account. 


5s 


_ The ultra-violet reflection measurements were carried out at a wave- 
ength of 2537 A. 

: We measured the quantum efficiency of halophosphates activated with 
intimony and manganese, of willemites activated with manganese and of 


nagnesium tungstate, all prepared in our laboratory. . 
—_ 


The avérage efficiency of fifteen calcium halophosphate samples of 
Eiferent compositions was found to be 0.87, with a highest value of 0.936. 
. The average efficieney of four willemite samples was 0.88, with the 
righest efficiency of 0.93. 

The efficiency of our magnesium tungstate sample was 0.97. 

The accuracy of the present measurements depends mainly on the degree 
yf accuracy with which the quantum efficiency of the cadmium borate (7 = 
= 0.51) and halophosphate (7 = 0.82) samples used as a basis of comparison 
was measured. For the proportion of the quantum efficiencies of these two 
mtirely different materials, the same result has been obtained within the 
ror of measurement, by both methods (1,61, resp. 1,59). Among the causes 
yf error there are still to be mentioned: the shape and length of the mask 
liffering a little from the ideal one and the possible variations of the sensitivity 
yf the electron multiplier [14]. 

When the quantum efficiencies of the two materials used as a basis of 
somparison are given exactly, the relative error of the above measurement is 


presumably not higher than --3"). 
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B padote yaeTcaA onucaHve HHTerpupylole TONOBKM, IpHMeHeHHe KOTOPOH jAaeT BO3 
MO)KHOCTS JIA OTHOCHTEJIBHO MpOCTOrO H3MepeHHA KBaHTOBOTO BbIXO{a TIOMHHeECHMpyt0 
mMaTepvanos. M3mepuTesbHOw TONOBKOM, MPHrOAHOH WIA BHINOHeEHHA OTHOCHTENbHBIX H 
peHui, ObIIM MpOBeseHbI HSMePeHHA KBAHTOBOTO BbIXOAa RPACranAO@ocpo pos OTHOCHTeI 
MaTepHasIOB C H3BeCTHbIM KBaHTOBbIM BbIXOJOM. 
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= In this paper we derive an exact formula for the phase shift of combined Coulomb 
and nuclear scattering. The formula derived for the above-mentioned phase shift allows us 


to calculate the phase shift exactly if only we know a-sufficiently large zero of the solution 
of the Schrédinger equation containing Coulomb and nuclear potential. The above-mentioned 


zero has to be computed numerically. 


yi In the analysis of proton-proton scattering, as known, the presence of 
a Coulomb potential causes some additional complications. These compli- 
‘cations are of a type that makes it very difficult to calculate the analytical 
‘expression for the phase shift for the given nuclear potential, which includes 
the Coulomb interaction. We write the basic Schrédinger equation for a two- 
proton system [1] in the following form : 


i e = 
[- = A+V(r) + =] P(r, 3) = E P(r, 9). (1) 


In this equation for Y/(r,9) the symbol M denotes the proton mass, e the 
elementary charge, E the relative kinetic energy whichis just half the incid- 
ent proton energy in the laboratory system. In eq. (1) V(r) is the nuclear 
potential which is assumed to be central. If we expand Y(r,#) in the well- 
known manner it becomes 


P(r) = > Se Pious 0). (2) 


1=0 r 


and then u(r) must satisfy the following differential equation : 


5 : ju (r) = 0. (3) 
igs r 


The symbols k, 0, v (r) appearing in eq. (3) have the following meaning: 
k2 = ME/A2, v(r) = — MV(r) A® and 0 = A?/(Me’). (4) 


/ 
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For the function u,(r) we require the following asymptotic behaviour fo 
arge r, as also the follawing boundary condition for the zero point, namely 


u, (r) > sin br =A In2kr+ .o,+ ,0,| and u,(0) = 0, “ 


| 
| 
| 


where 7 = 1/2 kg. The asymptotic behaviour required above for u/(r) for | 
large r as also the boundary condition at the zero point are always fulfilled, 
if only the nuclear potential V(r) tends more rapidly to zero at infinity than 
1/r. and also the nuclear potential V(r) is not more singular at the origin than — 
1/r’, where p < 2. As known, nearly all nuclear potentials fullfill the above-_ 
mentioned requirements. In the formula given by eq. (5) for the asymptotic — 
behaviour of u,r) the symbol .a; denotes the Coulomb phase shifts given 
exactly by 


exp (2io) =I +14 in +1—in (6) 
and ,0, is the nuclear phase caused by the nuclear potential V(r). In the pure 
Coulomb case it means that V(r) = 0, the linear independent solutions of 
eq. (3) are known. If we denote by G((1/2k 0, kr) and F((1/2k @, kr) the two 
independent solutions of eq. (3) for the pure Coulomb case and require from 
it the following asymptotic behaviours 

G (1, 2k 0, kr) — cos [kr — (1/2k 0) In 2 kr — (In/2) + .oj], (7) 
F'(1/2k o, kr) + sin [kr — (1/2 k 0) In 2 kr — (la/2) + ,0)], 
then the functions having the above asymptotic behaviour, as known [2], 
are 
(1,2 ko, kr) +- iF, (1/2 ke, kr) = exp [x/4ko — Ini/2 + i.a;]. 
W _iiene,t Pij2 (—2ikr), (8) 
G (1 2ko kr) iF) (1,2ke, kr) = exp [2/4 ko + Ini/2 + i oj] 
W; 2ko,l;12 (2ikr). 


In these equations the symbol W denotes the Whittaker function and 
I’, is viven by 


(1/2 <0, ker).-~ 1/2 ex) — ae eee mide ote tee vn 28 = 0) 
+ 2) 
(2thr)':? exp — (ikr) F (L+1—i/2k.p, 214 2, 2ike)). 3} 


‘or large r we can express by means of F', and G, given b 1 (9) 
; egy bees ¢ y eqs. (7), (8) and (9 
he solution u(r) of eq. (3) as follows: Ps A sy te, 


- uy (7) > sin (,0;) 6,(1/2 ko, kr) + cos (,0,) F, (1/2ko, kr). (10) 


____ Eq. (7) for the asymptotic behaviours of F, and G, show that u,(r) given 
by eq. (10) has the required asymptotic behaviour given by eq. (5). Since 
u(r) has an infinite number of zeros and for large r it is expressed by eq. (10), 
for a sufficiently large zero r = ro the right-hand term of eq. (10) vanishes. 
The vanishing of the above-mentioned term gives us a formula for the nuclear 


phase shift |,0;: 

7 

af F,(1/2k-o,k 

a tang (1) ee Fi, (1/2 k - @, kro). J (11) 
GC, (1/2k - @, kro) 

: The last formula for the nuclear phase shift ,o,; gives an analytical 


expression for it, since F, and G, are given. If we want to calculate ,,0, we 
must know the sufficiently large zero r, of the exact solution u,(r) of eq. (3). 
The zero of u(r) should be calculated numerically. Formula (11) gives us, if 
‘we know r,, the exact values for the nuclear phase shift ,0,. As we see from 
the physical literature [3] there is a tendency to present the functions F, 
and G, in tabular form, so the calculation of ,0, would not be very difficult, 
because r) is to be found numerically. Knowing .o; and ,0; we are able to 
calculate the scattering amplitude f(#) of combined Coulomb and nuclear 
scattering from the following expression : 


F(8) = SCl+ 1) [exp iio +.) — 1] Pi(eos 8). 2) 
ue 1=0 


Here there is one important point to note: scattered and recoiled particlés 
are both protons and can contribute to the scattering cross section. The real 
scattering amplitude is therefore not f(#) given by eq. (12) but the super- 
position of f(9) and f(z — 9), for if a particle is scattered through an angle, 
the recoil particle is ejected in the opposite direction 2 — # in the center of 
mass system. Taking into consideration the exclusion principle as well as 
considering whether the spin state is singlet or triplet for the observed differ- 
ential cross section we obtain the following formula [4] 


a(8) =F (0) +f — 9) + - f(8) — f(x — 9) (13) 
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where f(9) is given by eq. (12). After simple calculations, as known [5] we 
can express f(#) by means of the Coulomb scattering amplitude f(9) as follows: 


(9) =f.) + —— > (2+ 1) exp (24,0) (exp 2i,0;— 1) P,(cos 9). (14) 


2ik i= 


Since the Coulomb scattering amplitude f,(9) is known, knowledge of 
n0, allows us to calculate both the scattering amplitude f(8) given by eq. (14) 
and the differential cross section given by eq. (13). ; 
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The results obtained for the approximate quantum mechanical 2-electron overlap 

integrals between the parallel nucleotide bases of DNA at a distance of 3,36 A from one 
another indicate the existence of a non-negligible z-electron interaction between the adjacent 
bases of DNA. Im order to carry out the calculations, details of which are given in the Appendix, 
it was necessary to construct approximately the lowest LCAO MO-s of the pyrimidine and 
purine ring and a screw rotation of 36° between the adjacent bases around the axis of: the 
helix relative to each other had to be taken into consideration. 
‘ This paper endeavours to explain the great biological effect of physical or chemical 
changes localized in small parts of DNA (the effect of X-ray-, particle beam and ultraviolet 
irradiation; spontaneous mutation due to the alteration of the sequence in one point) by taking 
into account the mobility of the electrons along the long axis of the DNA macromolecule. 
Further, it shows the possible genetical importance of the fact that on the basis of the different 
overlap integral values Letween the different rings it may be expected that the electron 
distributions belonging to the various base sequences of DNA differ from one another. 

On the basis of the calculations it was possible to give an interpretation of the important 
role which the substitution on the C atom 5 in the pyrimidine ring is playing from a biological 
point of view. Finally,the paper deals with the possibility of explaining the so-called anomalous 
absorption of the ultraviolet spectrum of DNA by means of the 2-electron interaction between 
the bases. 


Introduction 


The nucleotide bases of desoxyribonucleic acid are arranged perpendi- 
cularly upon the axis of the double right-hand helix of DNA, paraliel to one 
another at a distance of 3,40 A according to the stereo model of Watson 
and Crick [la, lb, lc, 1d]. On the basis of this the X-ray diffraction data [2], 
known when the model was established, could be interpreted correctly. Since, 
however, according to the model a complete thread contains ten bases, there 
s ascrew rotation of 36° between the bases lying one upon another. According 
-o data recently obtained with X-ray diffraction [3a, 3b], the distance between 
the superposed bases has proved to be 3,36 A instead of 3,40 A. 

For the explanation of the hypochromic effect observable in the ultra- 
violet absorption spectrum of DNA (the molecular extinction coefficient of 


* Earlier: State Institute of Hygiene, Department of Biochemistry and Isotope Research, 
Budapest. 
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DNA being smaller than the value calculated by the superposition of the 
molecular extinction coefficients of the constituent nucleotides) the interaction : 
of the z-electron orbitals belonging to different rings, which rings are super- 
posed parallel to each other, was assumed by some authors [4a, 4b]. This 
assumption seems to be a very reasonable one, especially, when one takes into 
account, that in the graphite crystal with parallel network planes at a distance 
of 3,35 A from one another a shift of the energy bands of the z-electrons of 
about 0,35 ev occurs, if also the interaction between the z-electrons of the 
different network planes is considered [5]. Quantum mechanical calculations 
for the z-electron interaction between individual nucleotide bases have not 
yet been accomplished according to my knowledge [6]. 

On the basis of the X-ray investigations [7, 8,9] the adenine (A), 
guanine (G), thymine (T) and cytosine (C) bases occurring in DNA proved to 
be planar (an exception was guanine, where the N of the amino group showed 
a protusion of 0,11 A from the plane of the ring) and the bond distances were 
found to lie between the values for pure single and double bonds. From the 
values obtained for the length of the C—O bond the conclusion has to be 
drawn that the crystallineous G, T and C bases are in their keto form. Accord- 
ing to the spectroscopical data concerning ultraviolet [10, 11] and infrared 
absorption [12] these bases were found to be present also in DNA about 
Pi; = 7 in their keto form. On the basis of these considerations it can 
thus be presumed that the N atoms in the purine and pyrimidine type bases 
mentioned above are in the sp, hybrid state and therefore a delocalized 
m-electron system extending over the whole ring is present in these com- 
pounds even in their keto form. 


Calculation of the electron overlap between atoms belonging to rings situated 
one upon another 


Considering that in DNA the individual bases are arranged parallel to 
each other in axial direction at a distance of 3.36 A and remembering that the 
maximum values of the wave funtions of the x-electrons are in the direction 


perpendicular to the planes of the rings (see Fig. 1), as a first step in the investi- 
gations of the electron interaction between adjacent bases. with the aid of 
the SLATER’s [13] approximate atomic 2p: wave functions, the values of th: 
one-electron quantum mechanical overlap integrals 
(him ES. ted 9 
a | Va (2p) YR (2p.)dr, (1) 
were caleulated for the atom pairs C.--C, N--N, O—O and C=-N in ease 


an oonternuelear distance of 3.36 A (the z-axis lies in the internuclear axi 
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Thus in this calculation the screw rotation of 36° around the axis of the helix 
Betivcen the parallel rings is not yet taken into account. 

Re For a comparison also the values of the 2-electron overlap integrals 


4 


Lo iad 


Sie = J va(2p,) vp (2px) dt | (2) 


were calculated for two C atoms being at a distance of 1,39 A (the bond distance 
in benzene), for the atom pair C, N being 1,35 A apart from one another (one 
of the C—N bond distances in adenine [7]) and for the atom pair C, O being 
at a distance of 1,25 A from one another (the C—O bond distance in cyto- 


sine [9]). Here the x-axis is perpendicular to the line joining the two nuclei. 
Details of the calculations are given in part I of the Appendix. 
Table I contains the values obtained. 


Table I 


Values of the overlap integrals 


szg Sis Si3 SEB 
az R=1,39 A R=134A R=2=1,25 A 
Cc—C 0.03210 0.26300 = = 
N—N 0.00815 — — = 
C—N 0.01527 — 0,21576 = 
O—O 0.00182 — — = 
c—O —_— — — 0.20414 


On the basis of the data given in Table I it becomes obvious that the 
value of the overlap integral of C atoms belonging to different bases is 
more than 10 per cent of the C—C z-electron overlap integral and.15 per 
cent of the C—N a-electron overlap integral within one ring. Considering 
that four of the six bonds in the pyrimidine ring and eight of the ten bonds 
in the purine ring are C—N bonds, it may be stated, that the electron overlap 
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between the rings is not to be neglected in comparison with the electron ov 
within the ring. Further (see Table I), the value of the C—N overlap integr 
between the rings is more than 7 per cent and the value of the N—N integré : 
is more than 4 per cent of the C—N z-electron overlap integral within on 

ring, but the value of the O—O overlap integral between the rings has 7 


found to be insignificant. i 
{ 

Approximate method for the determination of the electron overlap between 
the adjacent bases of DNA ; 

Since the corresponding atoms of superimposed bases are in reality not 
covering each other completely, projections for two superimposed pyrimidine, 
for two superimposed purine as well as for one pyrimidine and one purine ring 
taken in the plane perpendicular to the macromolecule axis have been con- 
structed. In these projections the rings were oriented relative to one another 
according to the results of the X-ray diffraction investigations [3b] (see 
Fig. 2). From the Figure it becomes obvious that in the case of the pyrimidine- 
purine combination with respect to the relative position of the rings it is not 
the same, whether the purine ring comes to lie below and the pyrimidine ring 
above or whether the inverse occurs (the “lower” end of the helix is the end 
of the molecule from where the order of the elements of the right hand 
helix is counter-clockwise). The distance between the projections of individual 
atoms in the superimposed bases (in the following denoted by @) may be obtain- 
ed with the aid of the scale given in the Figure. 

Further, for the determination of the electron overlap between the 
different bases having a delocalized z-electron system, the detailed knowledge 
of their molecular orbitals would be necessary. These, however, are not to be 
found in the literature. Therefore, as a first approximation, instead of the mole- 
cular orbitals of the real adenine, guanine, thymine and cytosine bases the 
lowest LCAO molecular orbitals of such hypothetical purine and pyrimidine 
rings, respectively, were written down in which the electron distribution 
agrees with the probable electron distribution of adenine and uracil (the latter 
are taken on the basis of the X-ray investigations). In these molecular orbitals, 
however, the z-orbitals of the substituents have been neglected, since in this 
treatment the possibility of the overlap between the z-electron orbitals of 
the substituents, or between the z-orbital 6f some substituent and the z-orbital 
of some atom in such a ring which is the next upper or lower neighbour of the 
ring containing the substituent, is not taken into account. Only the determi- 
nation of the differences between the electron overlaps between purine and 
pyrimidine rings, respectively, but aot of the discrepancies in the overlaps 
of individual purine or pyrimidine bases is possible with this method. It must 


Gy 
Ke 
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be mentioned, however, that the possible deviation between the electron 
overlaps of the two different pyrimidine bases may chiefly be due to the dif. 
ference in the electron distribution within the ring and not to the different 
overlap between the substituents, for the z-orbitals of the substituents are 
provided by the N or O atoms in every case and the overlap integral of the 
2px wave functions belonging to these centres is smaller than the overlap 
integrat between two C atoms (see Table I). 

It would be necessary to solve the quantum chemical problem of the 
four bases occurring in DNA with the LCAO molecular orbital method in ordet 
to obtain the correct LCAO molecular orbitals by which the above neglections 
could be eliminated. Such calculations are in progress. 

In order to obtain some information with the approximate lowest pp 
and yp, LCAO molecular orbitals, the overlap integrals 


SéPpi = i; Yi Ppidt, (3a) PL.Pu = f Yr; Ypudt, (3¢€ 
SBi,Pu = ii Ypu YpPu dt, (35) Pu,Pi = i Vpu YPi dt (3d, 


were calculated, where the first factor of the integrand denotes the moleculai 
orbital of the “lower” base. Details of the calculations are given in Part I] 
of the Appendix. The values of the overlap integrals, as well as the enumeratior 
of those atoms which according to the calculation play the most important 
role with respect to the overlap in the individual cases are given in Table II 


Table II 


Values of overlap integrals between the bases and atoms playing the most important rok 
in the overlap 


| 
Values of overlap . 
integrals Active centres 
Pi—Pi 0,01353 C663 CS) 
Pu—Pu 0,01742 eRe Wx EE i 
Pu(1)—Pi(u) 0,02071 Pu: Cy, C,, C, 
: Bi... Ge 3G 
Pi(u)—Pu(1) 0,00622 ingetiees 


As it may be seen from the Table, the values of the overlap integral: 
show only a moderate deviation from one another in the first three cases whil: 
in the case of Pi(l) — Pu(u) the value of the overlap integral was found to b« 
essentially smaller. 

The total probability for electrons to pass from one ring to another cat 
be obtained by the calculation of all transition moment integrals between al 
molecular orbitals of the corresponding rings. These calculations are to b: 
carried out when the molecular orbitals in adenine, guanine, thymine ane 
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ytosine bases have been determined. On the basis of the overlap integral 

ues of Table II, which are not very large but may not be neglected, it 
becomes obvious, that a small conduction along the long axis of the DNA 
macromolecule might occur, at least if some of the rings are in an excited or 


ionized state. 

From Table I it is also to be seen that for the pyrimidine ring in every 
case the greater part of the values of the overlap integrals is given by the 
atomic orbitals belonging to the C atoms 2 and 5 and to a smaller degree also 
to the C atom 6, whilst the highest degree of overlap in the purine Ting is 
attained by the atomic orbitals belonging to the C atoms 2, 4,5 and 6. 

On the basis of such considerations an interpretation of the discrepancy 
between the foles of uracil occurring in RNA and of 5-methyl-uracil (thymine) 
occurring in DNA and between the roles of cytosine and of 5-methyl-cytosine, 
which occurs in individual T-phages, can be obtained. When the H attached 
to the C atom 5, which is important with regard to the overlap of the pyri- 
midine ring, is substituted by the methyl group showing a hyperconjugation 
effect, this changes the electron density at this atom and so also the coeffi- 
cient in the LCAO MO-s of the AO belonging to the C atom 5. Therefore 
inally also the electron mobility between the rings is changed. The rather 
large hyperconjugation effect of the methyl group substituted at the C atom 
5 is clearly shown by the facts, that the maximum of the ultraviolet absorption 
of uracil appearing at 258 my is shifted to 265 my in the case of thymine, 
while the maximum of cytosine at 265 my occurs at 274 my with 5-methyl 
cytosine [19]. On the basis of the above considerations it is very probable 
that in consequence of the methyl! substitution at the position 5 the mobility 
of the electrons along the long axis of the molecule is different in DNA from 
what it would be in such RNA molecules, which otherwise would show a 
stereo-structure identical with DNA, and in the DNA of T-phages containing 
5-methyl cytosine or 5-oximethy] cytosine, respectively, the electron mobility 
differs from that in DNA molecules arising from other sources. 


Probable consequences 


1. Possible interpretation of the considerable biological effect of physical 
and chemical alterations localized in small parts of DNA 


Several phenomena are known, which show, that a great biological effect 

may be brought about by physical or chemical alterations localized in a small 
art of DNA. So for the well-known phenomenon of the spontaneous mutation 
[see for example 20a] an explanation is given by Watson and Crick [lc] 
according to which one of the bases in DNA is present in the less probable 
other tautomer form, when the corresponding base of the other chain is being 
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built in. In this way, for example, not thymine but cytosine will be bounce 
to adenine, the sequence in the new DNA will be changed and consequenth 
the mutation occurs. At the same time the recent genetical investigations 
BENzER [20b] on T,-phages led to the result that even a substitution of } 
single nucleotide pair in the DNA of the phage will be enough to induce a 
mutation of a gene consisting of about 1000 nucleotide pairs. | 

The situation proved to be the same in the case of inactivation of viruses | 
in consequence of X-ray, electron- or heavy particle bombardment and in 
consequence of the effect of ultraviolet light quanta. It has been stated 
that in case of X-ray or particle bombardment most viruses can be inactivated 
by a single primary ionization in the so-called sensitive volume (essentially — 
in the part containing the DNA) [2la]. In the cases of some larger viruses, 
however, it was shown that the inactivation could be achieved by a few 
primary ionizations [22a]. At the same time it could be stated that a primary 
ionization, an excitation or a secondary ionization produced by primary ioni- 
zation can only take place at a distance of some A-s from the orbitals of the 


a a ee 


ionizing particles [22b]. ‘ 

An explanation for the question of how a physical alteration localized in 
a small place is to cause another biological behaviour, is given by BuTLER [23] 
on the assumptions that by radiation 1. the DNA chain may be interrupted, 
2. the saltlike DNA-histone bond at the end of the DNA chain, assumed by 
him, may break and this might cause the chromosome break which is obser- 
vable also in the microscope and 3. an amino or oxy group of a base may 
break which would stop the synthesis of the other chain. 

None of these explanations seems to be, however, entirely satisfactory. 
The probability of an interruption of both chains of the double helix at the 
same point and consequently the interruption of the whole DNA molecule 
seems not to be very large even in the case of inactivation by more hits. If, 
however, in consequence of an ionization or dissociation only one of the chains 
breaks off, the structure will still remain together and probably combine 
again. Even if that would not be the case, the other undamaged chain may be 
able to remain biologically active. In connection with the interpretation of 
the chromosome break it has to be mentioned that a kind of mechanism, by 
the aid of which the change occurring at another remote point of the molecule 
reaches the place of the weak salt-like bond, is implicitly assumed, since the 
particle causing the inactivation has only a very small chance to reach the 
molecule just at the weaker salt-like histone bond. Finally, by the break of 
individual end groups of the bases it could probably not be prevented in the 
case of a system being linked by H bonds in so many points as is the double 
helix of the DNA, that a base would be built in the corresponding position 
of the second chain during the reproduction. At most its quality is not certain, 
since it cannot be bound by H bonds to the damaged base of the first chain. 


a es . _ 

When different véruses were exposed to the effect of ultraviolet light 
viruses were found to be inactivated after the absorption of only a single 
raviolet quantum in their nucleic acid part [20c, 21d]. Further, it was 
ted, that the inactivation spectrum of T-phages and influenza viruses is 
lowing approximately the absorption spectrum of nucleic acid [22c]. 
}UTLER [24] explains these experimental data with the assumption that the 
citation energy taken up by the macromolecule during the ultraviolet 
psorption is dispersed into several bases and by breaking up several H bonds 
it denaturates the native structure. Since the energy of an ultraviolet quantum 
of about 250 mu corresponds to the energy of about 20 H bonds, he assumes 


implicitly also here a kind of mechanism for the spreading of the energy. 
He gives, however, no answer to the question why the H bonds do not recom- 
bine if they break up in this way. 

a On the other hand, it may be assumed [25], that a change (like a break 
off of a substituent) occurring at any point of the DNA and localized in a 
small place (generally in 1 or 1—2 nucleotides) might alter the role which the 
DNA or through it the RNA is playing in the protein synthesis. According to 
this assumption the sequence of the amino acids in the protein molecule is 
“coded” by the sequence of the nucleotides and when a nucleotide is substi- 
tuted by another, or, if merely the nucleotide is damaged, the sequence of the 
amino acids will be changed and the protein molecule exerts another biological 
effect or becomes biologically inactive. However, such a specific role, which 
the majority of the amino acids in the protein molecule is supposed to 
play, i.e. to induce a biological change in the case of substituting one 
for another, is hardly conceivable. This specific role is, however, implicitly 
assumed in the interpretation of the above-mentioned phenomena by the change 
of the protein synthesis. 

On the basis of all these considerations it can be stated that hitherto in 
the literature no satisfactory interpretation has been given, of the question 
of how one or a few physical or chemical alterations (ionization, excitation, 
dissociation, alteration of sequence) localized in small parts of the macro- 
molecule are capable of bringing about such a change which finally will also 
lead to an alteration in the biological function of DNA particles. 

Another possibility for the solution of this problem may be provided 
by taking into account the interaction between the nucleotide bases of DNA, 
a proof for which has been given by the above-described computation of the 
overlap integrals. With the assumption of the z-electron system of the macro- 
molecule to be a uniform electron system it becomes quite obvious, how the 
effect of a change at any point of DNA is passed on in the direction of the 
long axis of the molecule and how it can exert an influence upon the whole 
molecule. In this way it becomes for example quite clear, how the effect of 
a physical alteration caused by radiation at any point of DNA makes itself 
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felt in the place of the salt-like DNA histone bond assumed by BuTLER and | 


how by splitting up this bond it can cause the break of the chromosome, or, 


how the energy of an ultraviolet light quantum absorbed by a given base is 


able to spread to other bases and may cause, according to the assumption of . 
Butter, the break of the H bonds of about 10 bases. 


By this mechanism with all its explanations for the passing on of the : 


effect along the long axis of DNA no answer has, however, been given yet 


} 
; 
; 


| 


to the essential question: Why is the electron system of DNA or probably the — 


electromagnetic field in it such a specific one, that a relatively very small 
change in the electron system can finally lead to alterations of genetical or 
biological properties, (see the above-mentioned example: about spontaneous 
mutation)? For a further examination of the problem the calculation of the 
a-electron energy bands of DNA and the investigation of the electromagnetic 
field in it is planned. 


2. Expected genetical consequences 


On the basis of the values for the different overlap integrals given in 
Table II it may easily be seen that z-electron interactions of different degree 
belong to the various nucleotide sequences of DNA when the overlap integral 
values between the individual nucleotides in Table II are taken as a first 
approximation of the degree of the interaction and these values are summarized 
for successive nucleotide pairs. As it is shown by the values given in the Table 
the x-electron interaction approximated in this way would become then the 
highest if all purine and pyrimidine bases of DNA were arranged successively 
without any dismembering. Should, however, as generally assumed, the sequ- 
ence of the bases in DNA determine the genetical properties of the DNA 
macromolecule in question, a suitable differentiation for the almost infinite 
number of genetical properties could not be achieved by such an arrangement. 
The description of the calculation of the z-electron interaction belonging to 
two different sequences will be given in another paper [26]. A more exact 
determination of the different z-electron interaction values belonging to 
different sequences would be of course only obtainable with the knowledge 
of all molecular orbitals of the bases. It is probable, however, that the values 
computed by considering all the combinations between the different MO-s 
would show greater deviation from one another than do the one-electron 
overlap integral values, because the number of centres in the purine ring (9) 
is different from the number of centres in the pyrimidine ring (6). 

If it will be possible to determine experimentally the nucleotide sequences 
of the DNA samples originating from different sources and to improve the 
theory for the electronic structure of the DNA, then on the basis of the above 
considerations a description of the genetically different DNA molecules as 
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various z-electron systems and therefore also a characterization of individual 
genes finally as well-defined z-electron systems could probably be given. 


a 2. 


3. Spectroscopical conclusions 


As it is well known the intensity of the ultraviolet absorption spectra 
for both the RNA and the DNA is less than the intensity calculated on the 
basis of the superposition of the spectra of the four bases occurring in the 

nucleic acids (anomalous absorption), if on the basis of equation 


| e(P) = (4) 


the molecular extinction coefficient of the nucleic acid refers to the concentra- 
tion of phosphorus (where A = log I,/I., d is the thickness of the layer 
measured in cm and c the phosphorus concentration in g-atom/1) [see for 
example |2b]. At the same time from a number of experimental investi- 
gations [27, 28, 29, 30] it followed that such physical effects, which induce 
the denaturation of the native DNA macromolecule, simultaneously increase 
the intensity of the absorption spectrum. It is therefore obvious that a mutual 
perturbation of the individual bases takes place in the native structure, so 
that the probability of those electron transitions by which the absorption 
spectrum is brought about will decrease. 

According to recent investigations [4b], [31] this diminution of the 
intensity appears also in a single oligonucleotide chain and is therefore not 
achieved by the H bonds which join the two helices of DNA. 

It was assumed by LaLanp and his coworkers [4a] as well as MicHEL- 
son [4b] that the reduction of the ultraviolet absorption is a consequence 
of the mutual perturbation of the z-orbitals of the parallel bases, to this assump- 
tion, however, no support was given by computations. On the basis of the 
above calculations the interaction between the z-electrons may be considered 
as verified, however, in order to prove that this interaction actually leads to 
a decrease of the intensity it would be necessary to calculate the values of 


the oscillator strength 


f= 1,08 - 10-5» GR?, (5) 


which gives theoretically the probability of the electron transition for the 
cases of free bases and for bases being in interaction (in the formula y is 
the wave number corresponding to the transition in cm—, G = 1 for the case 
of a transition into a non-degenerated upper state and G = 2 for the case of 
a transition into a doubly degenerated upper state, R is the absolute value of 
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the transition moment vector). It is thus necessary to calculate the transition” 
moment vectors ay = ; 
Ri= J wed fivede (6) 

g 


for the individual electron transitions of the individual unperturbed bases’ 
and this should be compared with the corresponding values of 


R= Sve 3 ivede : (7) 


calculated with the perturbed wave functions. In the equations Wer Yo and 
Wg, Ye, denote the unperturbed and perturbed many-electron wave fune- 
tions, respectively, of the ground and the excited state, 7; is the position 
vector of the i-th electron, the summation has to be extended over all 
z-electrons and dt = dt, dt, ... dty is the volume element of the 
3 N-dimensional configuration space, if N is the number of the z-electrons. 

This rather complicated calculation, at least for the case of the pyrimi- 
dine dinucleotides, is contemplated to follow the determination of the LCAO 
MO-s of the free bases. 

I wish to express my gratitude to Prof. C. A. Coutson for his valuable 
mathematical advice and encouragement given by correspondence during my 
work, to Prof. D. Sucar, who kindly placed some experimental data at my 
disposal before publication and drew my attention to valuable data in the 
literature. I am indebted to Prof. F. B. Straus for his careful criticism con- 
cerning the biological part of my work, to Dr. T. Horrmann, Doctor of 
Physical Sciences for critical discussions concerning the physical part of my 
work and to Dr. I. SzéxAcs by whom valuable data in the literature were 
brought to my notice. 


Appendix 
I 


The evaluation of the overlap integrals of type (1) and type (2), was 
carried out with the aid of SLATER’s approximate atomic wave functions [13] 


c 
—+r 


1/2 c 
| rcos #e ; (1’) 


c> 


y (2p,) = ro 


m= > r 65 
327% 


ze = 
327 


respectively, 


ce \1/2 —->9r 5 )\1/2 eee 
vp.) =|] Cy ets ajuk rsin ? cos ye ha (2’) 


Fig. 3 


wo .Ehe evaluation of the integral (a), which gives the overlap of the zt-elec- 
tron ierbitals belonging to different rings for the case of equal centres was 
arried out on the basis of the expression 


2 | 
Sed a et irate oe per ah y (3) 


given in the literature [14]. 
z, For the case of different centres the integral (1) may be expressed by 
auxiliary functions [15], : 


: | Sip = + GB)" [42 (Bo + B,) ~ By (do + )} (4" 
- 

where 

a wtesiet- Reape 22. R 

: ZT 2 

4 

The definition of the partly tabulated auxiliary functions 4, and B, is: 

a 

s ‘ ’ 2 : 

3 : 

: B,=B, roel = 4, |= oes e = fal 4 where [5c] (5’) 
3 n 2 9 

Po fsa] 
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The individual values of A, may be obtained from the table by interpola- ; 


tion [15b]. The values of 4, 2 — = B | which are necessary for the calculation ~ 


of the values of B,, are available in the literature, but none of the values of | 


A, 


ig fe = B | [16a], [16b]. Therefore the following indirect method had to 


be chosen. A, may be expanded [15c] into the series 


; fe Fee a ot 
A,(0;K)=— $ 


r=0 (n — r)! k’" 


(6’) 


With a substitution of n = 0 o = — 1 or +1 respectively, the values of 
As ie ig a B and Ay|1; ae 1 can be obtained from this expression. By 


substituting these values into (5’) the corresponding value of By, is formed. 


Knowing B, the values B,, belonging to larger n may be calculated with the 
aid-of the recursive formula [15c] 


ee ee n ae : 
" res es? (7) 


BAB) = ae ee 


With a substitution of these values and the corresponding values of A,, into 
(4’) the integral S%°, can be computed. 

The calculation of the integrals (2) giving the z-electron overlap within 
one ring for the case of equal centres may be carried out on the basis of the’ 
relation 


2 1 c 
Sy", = |1 + x + — x2 + — 23| e-*; = R— 8’ 
A,A 3 5 ot 15 e x 2 (8’) 


given in the literature [14b]. 
In the case of different. centres the integral may be given in the following 


form [15a]: 
Si'2 = s (a B)°? [((A, — A.) (By — By) + (A, + 4o)(B,—B,)]. (9) 


After the substitution of the corresponding parameter values the quantities 
occurring in (9), which have the same definitions as those in (4’), can be 
calculated as mentioned above. With the aid of these the value of the integral 
S%"3 can be obtained on the basis of (9’). 


For the Seite of the en shebtats (3a)—(3d) the lowest LCAO 


m 0. Et alnc orbital of the pyrimidine and Seen ring, respectively, may be 
ritten in the following form: 


"yeahs oe 


a 


Here m is the number of centres, y; is the SLATER’s 2p, atomic wave function 
_ of the i-th atom [see equation (1’) in Appendix I] and the ¢; are constants. 


PITT 8 ROME Morse I teh eet nee a NaN 


5 
a 


_ The values of the constants c; are not known, however, probable values may 
_ be obtained for them on the basis of chemical considerations and of the bond 
_ distances obtained by X-ray diffraction on uracil and adenine, respectively. 
: In the case of uracil the bond distances written beside the individual 
_ bonds in Fig. 4 were given by the X-ray analysis [8].-By making use of the 
- approximation that the partial electron densities of the electrons in the lowest 
- molecular orbital are equal at the C atoms 4,5 and 6, the equation 


ILE (2”) 


i=1 
arising from the normalization of the MO may be simplified to the expression 
c2? + c2 + c2 + 33 = 6. (3”) 


Keeping in mind the difference in the electronegativities of the C and N atoms 
(C: 2,5 e. neg. u; 3,0 e. neg. u. [18]), and assuming the electron density to be 
smaller at the N atom 1, which is between the two C=O groups, than at the 
N atom 3, as has also been shown by the difference between the bond distance 
of C,—N, and C,—N3, respectively, and considering the electron density 


Make) 


= 4 
i dahrovo. ae by, seu 


“a>a> qd q ont te ju Tetidae. 
F pea * pres Totter ae wi 
By taking | up the probable values ES co 


c? = 1,20; f= 0,653 a 0,93 


8 sot 35° is obtained from (37). With these values and if all coefficients 

of the.lewest LCAO MO-s are assumed to be positive, for the lowest MO o a 
hypothetical pyrimidine ring, in which the relative electron density at the 
atoms building up the ring agrees with the values in uracil, may be writter 0 
approximately 


pi = aie 10 yAt + 0,81 vite + 1,16 v2 + 0,97 fos, + vi, + vH,}]> (4”) 


where the individual functions y2, are SLATER’s approximate atomic 2p, 
functions belonging to the corresponding atom as centre. 


By the investigations of adenine with X-rays the following bond distances 
were obtained [7]. The relationship 


‘tothe equation 


2c} + WB + 3c? + 2c? = 9 


following inequality 


/ eae 
c an be written for the remaining four coefficients. When the probable values 
“ : c? = 1,20; c2 = 0,65; c? = 0,90 


¥ ' = 
rz e taken up, from (5”’’) ec; = 1,30 is obtained. With these values (assuming 
also here all coefficients c; of the lowest LCAO MO to be positive) 


- 
Yeu = vg [1,10 var, + 0,81 vip, + 1.10 veh, + 0.95 {vip, + vip, + vib + 
+ 1,14 937 + 0,81 ys, + 1,14y))] ap) 


SR) iI tae all 


“may be written approximately for the wave function of the lowest MQ in a 
hypothetic purine ring, where the electron distribution is equal to that in 
the adenine ring. 

{ If (4’”) and (6’’) are substituted into the integrals (3a)— (3d), these will 
split into the sum of integrals which are the integrals of the products of atomic 
orbital functions. The distances taken in the plane perpendicular to the direc- 
tion of the axis (values of g) of the individual centres, which are at a distance 
of 3,36 A from one another in the direction of the axis, are represented in 
Fig. 2a—2d. It must be mentioned that the real values of 9 cannot be obtained 
in this way exactly, because the pyrimidine and purine rings, respectively, 
in Fig. 2a—2d were not constructed with the true bond distances, i. e. 
with hexagons and pentagons, respectively, with different lengths of side, 
but they were constructed as an approximation with hexagons and pentagons, 

respectively, of side length of-1,39 A. This error seems, however, to be much 
more insignificant than the errors arising from the approximation of the 
lowest LCAO MO-s. 

The evaluation of the overlap integrals between 2p, atomic orbitals 
for 9 + 0 (see Fig. 6a) can be carried out on the basis of the relation 


(Sa slexo = cos? O SH%_ + sin? OSi%5 (7") 


(see Fig. 6b), where tg # = 0/3,36, and the overlap integrals S43 and Si’s, 
respectively, of the type o and 2, respectively, are to be calculated for the 
distance of centres R = /3,362 + 02. 
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As further approximation in the calculation of the integrals (3a)—@d)_ 
only the terms not smaller than 0,0080 were considered. According to the : 
calculations then the C—C overlap integrals, which have relatively high values, _ 
have to be taken into account up to the value of g = 2,00 A, and the smaller : 
C—N overlap integrals up to @ = 1,35 A; the N—N overlap integrals with 


essentially smaller values were taken into account only up to g = 0,10 A 


(see Table I). 
go 
g 
Fig 


- 6 
In this way the one-electron overlap integrals between the individual 
bases are obtained finally in the following form: 


3,36A. 


1 n” 
SA ring, Bring = Vente Xj Ci; (J Vi Yj dT), <p limit , (8”) 


where 0 jimi: = 2,00 A for the C—C, 1,35 A for the C—N and 0,10 A for the 
N—N overlap integrals, m and n, denote the number of the centres in ring 
A and B, respectively, y; and c; or y; and cj, are the SLATER’s atomic 2p, 
wave functions belonging to the i-th centre of ring A, or the j-th centre of 
ring B, respectively, and its coefficient in the molecular orbital. When the 
integrals (8) were calculated on the basis of equation (7”) and the integrals 
S°’* and S”” occurring in (7’’) on the basis of equations (3’) and (8’), respecti- 
vely of Appendix I, the numerical values given in Table II were obtained. 
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ACCIIEQOBAHHE SJIEKTPOHHOM CTPYKTYPbI 
JIESOKCHPHBO3HO-HYKJIEHMHOBON KHCIIOTbI 


H. JAQUK 


Pe3swme 


Pe3yIbTatTbl, MOyYeHHbIe JIA MpHONWKeHHBIX KBAaHTOBOMCXAHHYeCKMX MHTETpasoB 
TIEPeKPHITHA 7% - JIEKTPOHOB M@2KIY MapasIeIbHbIMH HM HaXOAALMMHCA Apyr OT Apyra Ha 
paccrosnuu 3,36 A HyKNeOTHAHEIMH OCHOBAHMAMM J@30KCHPHO03HO-HYKeHHOBOH KMCIOTbI 
(HK), yKa3bipaior Ha CyulecTBOBaHHe M@)KAY CMe@)KHBIMA OCHOBaHHAMM JJHK a-91eKTpoH- 
HOFO B3aMMOACHCTBUA, KOTOPbIM MpeHeOperaTb Hemb3A. JA NpoBeseHHA pac4eToB, nNo_poo- 
HOCTH KOTOPbIX COfepKaTCA B MpHNOKeHHM, HEOOXOAMMO ObIIO MpHOIMKeHHO CKOHCTPyupo- 
‘BaTb CaMyHO HKSKYHO MOJIeKyIApHy!o OpOuTy no LCAO nupumMHaAMHOBOrO HM MypHHOBOTO KoueL, 
KpOMe TOFO HYy)KHO ObIIO MPHHATb BO. BHAMAHHe M OTHOCHTCJIbHbI MOBOPOT CMe@)KHBIX OCHO- 
BaHHH OKONO OCH Ha 36 rpafycos. 

Bonpmoe Guonoruyueckoe BIMAHHe H3MeCHCHHA PUSHUECKOTO HIM XHMHYECKOFO Xapak- 


Tepa, JOKaIM3MpOBaHHOrO B HeOoONbUIOH “actu JTHK (BosgehcTBue peHTTeHOBCKOrO, yJIbTpa-— 


qbuoneroporo oOmyueHuit, OO yueHHe MOTOKOM 4YaCTHIL; CaMOMPOH3BO.1bHaA MyTalHA BCIeL- 
CTBHe MOABIIAIOWICrOCA H3MCHCHHA CEKBEHI[HH Ha OAHOM MeCTe) ABTOP MbITaeTCA OOBACHUTb 
TeM, UTO MPHHHMaeT BO BHAMAHHE NOABH)KHOCTb 3IEKTPOHOB B MakKpoMmosrekyse JTHK no ee 
NpOAONbHOK ocH. B padoTe yKa3bIBaeTCA Waslee HA BOSMO)KHOE TeHeTHYeCKOe 3HAYeHHE TOMO, 
uTO Ha OCHOBaHHM 3HaYeHHH WHTerpasOB MepeKPbITHA MOXKAY OTIMYAWWIMMHCA KOIbIaMUu 
MO)KHO O)KHAaTb, 4TO K PaSNHYHOH CeKBeHUMH OCHOBaHHH JTHK npunaanexuT pasmmunoe 
pacnipeneneHue -971eKTPOHOB. 

Ha OcHOBe NpOBeAeCHHbIX PACYeETOB OKA3aI0Cb BO3MO)KHbIM OOACHHTb TOT akT,, MOYeMy 
B MHPHMMAMHOBBIX KOJIbIaX C OMONOrHYeCKOH TOUKH 3peHHA MIpaeT OTMMYHTENbHYO POJIb 
3amelleHve y 5-ro aroma C. Hakonell, NOKaSbIBaeTCA BOSMODKHOCTh HHTepMpeTalMu Tak Ha- 
3bIBaeMOH AHOMaIbHOK aOcopnuMu ybTpaduoneroporo cnextrpa JLHK nytem s3anmogeii- 
CTBHA 2-9JIEKTPOHOB Me@)XKAY OCHOBAHHAMH. 
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ELASTIC SCATTERING OF ELECTRONS 
BY AN APPROXIMATE POTENTIAL OF THE 
SELF-CONSISTENT FIELD FOR IONS 
IN THE FIRST AND SECOND BORN APPROXIMATION 


By 


T. Tie Tz 


INSTITUTE OF THEORETICAL PHYSICS, UNIVERSITY LODZ, LODZ, POLAND 


(Presented_by A. Kénya. — Received 6. XI. 1959) 


In this paper using an analytical expression for the atomic field proposed by FocEL 
we calculate the differential scattering cross section for elastic scattering of electrons in the 
first and second Born approximation. The integrals appearing in this paper have been calcu- 
lated by the technique given by Dattrz and VACHASPATI. 


Introduction 


The only way, so far known, to formulate a wave-mechanically acceptable 
descriptien of the atomic field is the self-consistent field method. As known 
the self-consistent field method is very laborious and requires enormous nume- 
rical computation. Because of these difficulties in many cases in order to 
obtain analytical expressions one must choose a simplified potential model. 
The potential function considered here is given by 


V=—i_—e(z—1)*~. (1) 
r r 
In this formula e is the electronic charge and Z is the atomic number. 
For the immediate neighbourhood of the nucleus the potential given by 
eq. (1) corresponds to a pure Coulomb potential, and at large distances of r 
it passes into a potential for a single positively charged ion. For the inter- 
mediate region the potential expressed by eq. (1) gives the screening effect. 
The potential discussed above was used by Focet [1], who explained a number 
of properties of the atom, using V given by eq. (1). FocEr using DrRAc’s 
equation for the potential (1) calculated numerically the values for x for 
several atomic numbers Z. His numerical values for x are listed in Table I. 
There x is given in the unit of the rest energy of the electron. 


Table I 
nnn UE SEE 
Z | 20 30 | 37 | 40 | 50 | 60 | 70 | 80 | 90 
x 102 | 2.2584 | 2.7656 | 3.0452 | 3.1537 | 3.5314 | 3.9140 | 4.2362 | 4.6546 | 5.0077 
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. Fig. 1 | 
thard atomic units are used. Fig. 1 shows that the simplified sovthitlal model 
given by eq. (1) approximates roughly the exact potential. In this paper we 
calculate in the first and second Born approximation the cross-section for 


the elastic scattering of electrons by the atomic potential given by eq. (1), 
using the Dirac equation. 


- Theory of Born approximation 


The Dirac equation for an electron moving in the saebasrs nia ZeV, of a 
fixed centre of force is . 


\ 


[E —i(@grad) + mA]y=—eZV,y. fe 


: the welliikncwn Die sete A 


cfdeamets id (4) the eskduht D= E + i(a grad) — mp we obtain ; 
id of eq. (4) the eq. written below for y: 


7 
nets 


(A+ k8)y = =ZeDV,y, (5) 


es (5) as known [3] can be solved by a power series in Ze?. Using for 
e first approximation of y the plane wave solution we obtain, after a long 
yut simple calculation, the following formula for the differential seattering 


: ‘cross section 


db/dQ=dG/dQ+d%JdQ. (7) 


The first term, d®,/d Q, appearing in formula (7) denotes the differential 
cross section corresponding to the first BorN approximation, and the second 


one d®,/dQ is the second Born approximation for the differential cross 
_ section. The differential cross section d®,/d2 for the first BorRN approxima- 
tion is given by 


Se OE ee ee 


_ A 


oni 6 


d D,Jd Q = 4.Z%eA| a, |* 3 cos? (8/2) (1 + (m*/k8) sect (8/2), (8) 
where @is the scattezing angle and k, is related to the momentum of the scat- 
tered electron k, as follows | ks | = k,. The symbol a, appearing in eq. (8) is 
given by 


a, = (1/4 2) (k;| V4] ) = (1/p) { rVsin (pr) dr, (9) 


where the vector 4; denotes the momentum of the incident electron for the 


' elastic scattering. In this case we have | ies [= = | ki|- The symbol p is connected 


with the momentum transfer p as follows p = ks — ki and p= | p|. For 


‘the second Born approximation of the differential cross section d® o(d 2 


appearing in eq. (7) we have: 


d®, /d2Q = 16 Z3 8 a, E k2 cos? (0/2) (c= + s “| + (m/k2) a., sec? (O/2) | ; 
: (10) 
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The symbols a2, and ag, are the real parts of a, and a, and are given by the © 
following integrals: 


thes GlMalGLYaLED : 
tay a m)8 rs - Rk 6 fe 
and 
a ee BUALADGDIGLAL» d?k 1 . (12 
= 4 7 (2 2) |P jeer kz — k2 = 4%) (12) 


In formulas (11) and (12) for a3, and az, the symbol P stands for the 
principal value. In formula (12) for a3, n denotes the arbitrary vector and from 
eq. (1) we see that az, is independent of the arbitrary vector n. Using the 
technique of Daurtz [4] as also of VacHaspPati [5] we can evaluate the integral 
appearing in eq. (11) and (12). ; 


Procedure and _ results 
From eq. (1) and eq. (4) we see that V, is given by 


this AS ae den 


= 
Zr rs r 


(13) 


Substituting V, given by the last eq. into the formula for a,, eq. (9), we 
obtain in our case for a, the following expression: 


aces cee 


(14) 


In order to calculate a2, and a3, defined by eq. (11) and (12) we intro- 
duce following Dauirz the following expression: 


4 [Gi — Be + 2] (R= 8) [BP + 1 
I, (A, “) = hee om P| —— (n k) d?k 7 
n(k;+k) [(&, — he) + 22] (k2 — b) [(E, — 2 + p] 


(16) 


The symbols J, and I, given by eq. (15) and (16) were introduced for 
the first time by Datirz and are called the Daitz integrals. Using I, and 


xorgq a aaah 


: Athen se» ae 0. eT, (0) fyi 2D, ( 


ee = sr et tl (0.0) + (21) [Fa (0.%) +1 (.0)] + (L pesceinit “)p. 
a a : . (18) 


‘Dauirz has given ia(0, 0) and I, ,(%,%) in his paper. The calculation of 
Th 2(0, ») + Ih,2 (¥, 0) is straightforward. The results in our case are: 


I, (0,0) =0, I, (0, ») = I, (x, 0) = 2? X, /[443 (1 — 88)] 
I, (%,%) = 2? X, / [23 (1 — s%)] i peel 
and 
_ 1, (0.0) = 28 / [483 (1 — *)] (he (0,4) + Ta (0)) = 2°, / [8 13 (1 —5)] 
I, (xx) =28Y, /[418 (1 —5)], far REODe(AO) 


_ where the symbol s is s = sin (9/2) and the symbols X,, X., Y,, Y, are defined 
as follows: 


j Ay = (1/d)[—(l— 2) % + 1 — 2X], 

a,, = (1/wZ)[Y,—(1—Z) Y, + (1—Z)*Y,]. ue 
7 where ; 

; w = 8k3(1—s%, X, = [(1 — s*)é#/(1 + s?é2)] tan-1 (1/6), 

| X, = [(1 — 52) 2/(2.sm)] tan} (s €/ (2) oo 
and 


a Me ee 
1+ s?& 
-cot-1&, Y, = (1 — s)/(2s) + [(2 + £) /(2s%)] tan (s &/2 7) + cot~* & — 
— (1/s) cot} (s £/2). (23) 


Y,=2(1—s)/(2s), Y, =2(1 —s)/s — (2/s)- cot~ (sé) |. 


The symbols £ and 7 appearing in eqs. (22) and (23) are given by 


E=2k,/x and n=(1 +8? + s*é4/4)12. (24) 


a 
’ 


ey 
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. | 

Formulas for aj, and a3, given by equations (21), (22), (23) and (24) | 
allow us to calculate tke differential scattering cross section d D/d 2 in the 

second Born approximation as given by eq. (7). | 
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YNPYrOE PACCEAHHE 3JIEKTPOHOB MIPHBJIMKEHHbIM MOTEHUMAJIOM 
CAMOCOrJIACOBAHHOrO MNOJIA JIA HOHOB B TIEPBOM HW BTOPOM BOP- 
HOBCKOM MPHBJIVJKEHHH 


T. THTLU 


Peswme 


B janHot paGote npv BBYMCHeHHAX B ATOMHOM Tose MCMONb3yeTCA aHANMTMYeECKOe 
BbIPaKeHHe, Mpew0%KeHHOe Doresem. BerunciAeTCA Auhepenunanbnoe sekTHBHOe CeyeHHe 
PacceAHUA DJIA SNEKTPOHOB, PacCeAHHbIX yNPyTO, B NepBOM H BTOpOM BopHoBcKoM mpHOnH-. 
*KeHHH. BcrpeywaiouMecaA B paGoTe HHTerpaibl BLIMHCIAIMC, MeTOZ0M Jlanuua un BaxacnarTu. 
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DIATOMIC MOLECULES 


ta 

S B 

4 y 
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- An empirical potential function for diatomic molecules is given. The conditions to be 
satisfied by such an empirical potential function, as derived from physical considerations, 

_are determined and some of the potential functions used previously are briefly discussed 

_ from this point of view, It is shown that the solution of the ScaRéDINGER equation for the 
Morse potential, as used extensively, is not exact. The new potential function suggested 
by the authors, satisfies the required conditions and leads to an exact solution of the ScHr6- 
DINGER equation. The considerations are restricted to the vibration spectrum. 


Introduction 


The exact determination of the potential function for diatomic mole- 
cules involves rather serious mathematical difficulties. Therefore, it is con- 
venient to lay down some conditions based on physical considerations and 
to attempt to find empirically the potential function satisfying these con- 

ditions. 

These conditions are stated briefly as follows: 

l. V(r) +0, ifr +—>09; 

2. Vir) ++ ©, if r— 0; 

3. V'(rm) =0 and V”(ry) > 0; rm is the interatomic distance at 

equilibrium; 

4. V(ry) = — D, D is the dissociation energy; 

5. V(r), if substituted into the ScHRODINGER equation, has to yield 
an energy eigenvalue consistent with the experience, that is of the form: 


W, =—D+ho[(n +1/2)— x(n +12)? +Ky(n +12)? +...]- (0) 


In the above V(r) is the potential function (Fig. 1) and r the interatomic dis- 
tance. In the following some potential functions applied up to now will be 
shortly discussed on the basis of the above conditions. 

The potential functions 


V (r) = —D+a(r—ry)?— B(r —ru)? + --- (2) 
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| 

obviously do not satisfy conditions 1 and 2, so that they may be applied only | 

in a narrow range around ry. | 
Kratzer proposed the following function [1]: 


r—ry)* cs (r — ry)® c, (r — ry)* 
V()= — D+ 20) ari| § nh desteg tl 4 SET EE tof, 
(3) 


which does not satisfy condition 1. 
RypBeEre’s function [2]: 


V (r) = — D[1 + b(r —ry)] 8 (4) 


on the other hand does not satisfy condition 2. 


Fig. 1 


We do not attempt to analyse all the potential functions ever suggested 
for diatomic molecules and our considerations are restricted to those used 
more extensively. (Specification and analysis of such potential functions is 


given by V. P. Varsunti [3].) Finally, we discuss more fully the Morse poten- 
tial of the form [4]: 


V (r) = D [e-240-"™m) — 2 e240 -"w)]. (5) 


This function does not satisfy condition 2, nevertheless it is quite frequently 
used in spectroscopy because of its convenient form and of the good agreement 
with the experimental values obtained with it. Thus, for instance, the eigen- 
values given by the solution of the ScHRODINGER equation yield the first 
three terms of expression (1). However, it will be shown that the solution of 
the SCHRODINGER equation containing the Morse potential cannot be con- 


sidered exact, either in the original paper [4] or elsewhere in the literature. 
We refer to equation (10) in [4]: 


dF a 


Ba (a 5) eB) (6) 


4. _ 


re nd f are constants, F(z) differs from the radial component of the 
ive function by a multiplication factor, the exact form of which is irrelevant 
the following reasoning, and the variable z depends on the interatomic 
distance r as follows 


| | Ss 2ae7e-ty) , (7) 


where d is again a constant. We want to find a solution for F' (3) which is 
limited within the interval specified for z. The usual procedure with the. 
Morse potential can be regarded only as an approximation since Morse 
considered, in fact, the interval 0 < z < + co, whereas from (7) it is obvious 
that because 0 <r < + ©, only 


, ' 
z Om F< 2dr (8) 


‘is possible. In this case, however, the application of the SomMMERFELD poly- 
nomial method is not justified as the breaking off of the infinite series is not 
required at all. In fact, a solution for (6) which is limited may be given 
directly [5] as 


F (z) =C,F, (4, 8,2), (9) 


i oe 


> 


where ,F,(a, 8, z) is the confluent hypergeometric function limited for every 
finite z so that it is needless to equate the first parameter with a negative 
integer (2 = — n) leading to the breaking off of the infinite series, Morse 
solves the SCHRODINGER equation for the interval 0 < z < © and gives the 
eigenfunctions representing an orthonormalized system in the same interval. 
‘Even if we accept that these pseudo-eigenfunctions and their eigenvalues give 
a good approximation for an actually very narrow interval — it is proved by 
‘experience and was shown also mathematically by D. Ter Haar [6] that the 
‘orthogonality of the set of functions is ensured only in an extended interval. 

In order to avoid the above problems, we propose the following potential 


function: 


1 —e-Fe 


V(r) =p)h1 - peed é 1) (10) 


where 
r 
ges ye (11) 
To 
and D is the dissociation energy, § a constant and r, can be expressed by means 
of § and the interatomic distance at equlibrium, provided V’(ry) = 9, as 


A ie ey. (12) 
In (1 + e?) 


T9 


4* 
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It is seen that as (10) satisfies the first four saniiieiane and — as it will be 
shown later — the exact eigenvalues are in agreement with the ata 
our potential function meets all requirements. 


Solution of the Schrédinger equation 


The ScHRODINGER equation for atomic nuclei is written in the case of 
diatomic systems as follows 


ye od aoe Na V(r) pr, 8,9) = 0 . (13) 


h 
where A is the Laplacian operator, 4 the reduced mass A = 20? where h is 
It : 


the Planck constant, W the energy eigenvalue, V(r) the potential function 
defined in (10), y the wave function, r, # and ¢ spherical coordinates. Separating 
now the wave function in the form 


¥(8,9) = 2 6 (0) 9 (@) a4) 


and neglecting the angular dependence, that is restricting our treatment to 
the vibration spectrum, we obtain for the eigenfunctions the following differ- 
ential equation 


@R(e) os e-P(e-1) 72 
W+D—D seine si | 
re tly + hen — [RO 0, ia 
where 
2 ur? 
a? = — a $ (16) 


Now we have to find the solution for equation (15) in the interval 0 < 9 < oo 
in such a way that R(o) is limited and quadratically integrable. For this pur- 
pose let us transform (15) by making use of the new variable 


Maes 17 
and we have aq 


— < a oe 


a — y)\— aaa + [4+ 4,7 +4397] R(y)=0, (18) 


Dla 2 De’), 
i 98 a g ga, beens 
ae ple Pee), a — @)) 


ay Our transformed variable y is defined within the interval 0 < y = 1s 
more, we shall write now instead of R(y) 


Mae oy eo ey 


If the exponent s is conveniently chosen as 


s(s—1) +a, +a,+4,=0, 


a 


asp inedaters +/i+ofe : (23) 


as a result of this transformation, equation (18) ‘can be divided by 1 —y 
pe. give j : 


At eee 


oa — yo +[a—(a,+s%)y]u=0. (24) 


Ibis is to be noted that s is SF Pear ae of the eigenvalue W we want to deter- 
mine. For further simplification [r following transformation is performed: 


. u(y) = yoy)» | _ (25) 
where A is so chosen that 
4 aU, ‘that is: A= + Joa, ~ 5 (26) 


Upon this sae eget (4) can be divided by I and becomes of the 
form — . 


ici yee og ee ee en 
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where 7 
f=s+\—a,+)/—a4,, (28) | 
n=s+)—a,—\/—a4,, (29) 


¢=1+42)—a,. (30) — 


The general the solution of differential equation (27) is known [7] to be 
o(y) = Cy oF, (6m O39) + Coy oF (E—S+1,0—-f+1,2—C3y), (31) 


where C,, C, are arbitrary constants and ,F;(...) is the Gaussian hyper- 
geometric function. R(y) will be limited at the point y = 0 for C, = 0 only. 


The point y = 1 requires more careful consideration since on the basis of [8] 


divergent , if E+n—CS1; 
oF, (75631) oar vaieas if & 
° + —C<0. 
Tie-ore we 


(32) 


In our case € + 7 — 6 =2s —1=> 1 since s> 1. Also the extent of diver- 
gence can be determined by making use of the relation in [9]: 


oF, (67,03 ¥) = (1 cy. oF, ( — &,0—,03y), (33) 


where the hypergeometric function on the right is already convergent at the 
point y = 1, as according to (32) 


(¢—é)+ (€—n)—C=C—E—n=1—2s8 <0. (34) 


It is seen that R(y) tends to infinity for y—-1 as (1 — y)!-*. This can be 
prevented by transforming the infinite series into a finite polynomial so that 
the first or second parameter of the hypergeometric function is put equal to 
a negative integer. This is possible, since parameter W is still undetermined, 
thus our treatment yields precisely the eigenvalues. In both cases we have 
the same result. Let us consider the first possibility 


=s+/—a,+)/—a,=—n. (35) 


Upon rearrangement and squaring we introduce the following abbreviation 
with respect to (19) and (21) 


baa — a, = DAR +e). (36) 


/ 
=e 


fen ce, considering eq. (19) the eigenvalues are given by 


aera 


It will be shown later that (38) yields the empirical energy eigenvalues 
as required by (1). It is to be noted that n cannot assume arbitrarily high values, 


since in (26) /—a, has to be positive and it follows from 1, > 0 that ee 


maximum value of n is 
N=[fl —s], (39) 


v here [A] means now the integer part of A. Let us note finally that by using 
the previously introduced symbols and substituting )N,, for C,, the eigen- 
: nctions will be of the form 


= 


4 is readily seen that (40) satisfies the orthonormality requirement of a correct 
wave function 


Be) es—inbe FY, (— n, 21, +2s+n,21,+13¢-%). (40) 


+, 


fi R,, (7) R,, (7) dr =o R, (0) R,, (@) de = 6, n> (41) 


wt Ne ere 


and for n = n’ the normalizing factor N, can be determined from (41). The 
detailed calculations are given in the Appendix, here we refer only to the 
result which reads 


N. = 70 n+s n!I'(21,) 0 (2l,+1)L(2s+n) (42) 
ef 1 tn+¥ £Ql,4+2s-n)0Gi+2+1) 


< 


, 


It has still to be shown that the eigenvalues can be expressed in the form 
(1). For this purpose, let us transform (30) as follows 


| 1 a eee a2 =~ @ 
4 Sys ae Se — — + D—e~ D—ée, (43) 
T: ‘ IE p i 


his re -_ 
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where : 
j2 : 
y= ~~. |p hee po ae 
ig n+—+s' 
ora | 
: 
Here we made use of (23) and of the fact that in actual cases s ~ s’ > 100. 
Further, from (39) and (36) we find 
oe 
ae pe Ee = V1+2e" —1<1, (45) 
Expanding now the third term of a in powers of the above ratio, upon 
rearragement we have 
B “| s'4_P 1 Pet gt Ft 1), 
=~ Ng ele _ 
4 a2 \: s’ of s'3 (Go 2 s/(P— RT TS a 
1 ay aS 
en Elen = eg fa 4 
2 s’2 (J? — s’4) is o 2 = | ( “ 
Finally, considering that from (36) and (43) 
E 
aS 1+ 2e-8 (47) 
and introducing the following denotations 
2B ~~ e& +1 
Ko, ee pS eke (48) 
a ef 
: 1 e414 3ef 13 
x=hw pete tpn ireeetines 
"4D (e +1)? iia. 
1 (iim, 2 (e8 + 2)2 
K=>( yaaa wag (50) 
2\2D! (e+ 1)8 
the energy eigenvalues can be written in the form 
W, = —D+ ha) (n+ */2) — x(n +1/,)? + Ky (n +5 ies | (51) 


which completely agrees with the empirical formula. 
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Conclusiens 


q The eigenfunctions of eq. (40) and the eigenvalues of eq. (51) offer the 
solution of the problem. Although the potential function suggested here 
 Satisfies all physical requirements, only the comparison with the experimental 
_ data can prove whether it gives a true description of the potential of diatomic 
molecules. We do not attempt here to perform the lengthy numerical compu- 
_ tations in order to assess the worth of our new potential. For the present we 
_ suggest merely two ways for carrying out such a comparison: 

3 1. The values obtained by spectroscopic measurements are substituted 
for D and-@,, while e* is determined from (48). Considering equations (16) 
and (12), we find 


. a) - P+DL (+1) _ |/Eoz 
f(e) " fees (52) 


; where J = ur is the moment of inertia of the diatomic molecule with respect 
to an axis perpendicular to the molecular axis and passing through the center 
_ of mass. The value of J can be determined also by measurement which makes 
_ the right-hand side of eq. (52) known. Thus e® can be determined either from 
tables or by plotting f(z). Using now the value of e* thus determined as well 
as those measured for D and ®), from (49) and (50) x and K, can be evaluated 
and compared to the experimental values. It can be said in advance that there 
will be some discrepancy between computed and experimental values, since, 
for instance, experiments yield for K, positive as well as negative values, 
though in our case it is definitely positive. Perhaps taking into consideration 
some suitable perturbation term would make this discrepancy disappear. 
2. An alternative possibility of checking the theory is to plot the poten- 
tial function (10) by using the experimental points obtained for 6 and ry 
and to compare the curve thus obtained with that plotted with the KLEIn— 
RyDBERG method. By this method, suggested by KLEIN [10] and RyDBERG 
[11] the “‘true” potential function can be plotted point by point, by using 
merely data of spectroscopic analysis. 
Finally it is to be noted that for sufficiently large f the parameters 
involved in the eigenvalue formula go over into the parameters given by 
Morss [4], as can be seen from relations (48), (49) and (50), where 


2pYD. i wo 
toy e ak a7 yt K,—0, 

We are indebted to Dr. T. Horrmann and Dr. E. Nacy for drawing 
our attention to this problem and for valuable discussions during our work 


and to Dr. T. MAtrRali for useful advice. 


ener Rede=ty Seioyor taney Ue 


nash srt £ ©: fig ti xsd sebw rong a 


| whee Rilo) is tafe tea given in (40). ssi che 


_ ducing the variable — = ot, we have i in - o a 


Let us use now eee transformation 12] 


(¢ — a), y-#1 (1 — ye" JF, (a — m,b,059) = 


a locate (1 zs y)tt: —c FE (a, 5, esa) 
yn : 


= 


Let be a = 0, b = 21, + 2s + n,¢ = Ql, + Land obviously 90, b, aad 


then (1,2) can be written as 


1 


Sense revere vs ty 1 Fi(— 21, 428-4021, 41:9): 


PQl,+ Ind 


ane =|" alee tthe fg sie dy. 


Upon an n-fold partial integration and using the expansion of ,F,( 
from [13], it is easy to see that from expressions 


¢ Se F,(—n,21,+2s+n,21,+1; |= cadial s 


Oe (21, +2s+n) 
oF, (—n, 21, +2s+n,21,+13y)=(— I)}*n | ~4—-_ in 
dy (20, + 1), 
the normalization factor is obtained as = 
: ; 
Ne Tots , J In-1 (1 — y)2s+n-1 dy — 
: fai, + tl)” ae 


eet apy +n), 


(2 ‘2 ap 1), [ow ntn (1 — — y)Rsta— —t ay |. 


(1,7) 
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Expressing now the integrals and the multiplying factors by I functions, 
upon rearrangement, we have 


m nts nil (21,)F (21,41) (2s+n) 
B l,tn+sP(21,4+2s4n)F(21,+n+41) | 


(1,8) 
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HOBbIA NOTEHLMASI WIA DTBYXATOMHbIX MOJIEKYJI 
B. ®OrAPAILIA u ©, HEMET 


Pe3wme 


Tlorexyuan fByxXaTOMHBbIX MOJIeKy wWesecooOpasHo onpeszenAeTcA 3MMMpHyeCKH. 
>esIOMHpyeM KpaTKO yCOBHA — MoOyyHMble u3 usu4ecKux cooOparKeHHi — KOTOPBIMU 
JOTCHI[MAN JONIKEH YHOBNETBOPATh H Ha OCHOBE 3THX YCNOBMH AMCKyTHpyeM HeKOTOpble MpH- 
ACHAeMbIe NOTeHUMaNbI. JoKaxKem, 4TO OOWIeNpHHATOe ypaBHeHue LIpequnrepa c noTeHiHa- 
IOM THNa Mopc c MaTemMaTHY¥eCKOH TOUKH 3peHHA HeKOppeKTHO. /[aem HOBbI MOTeHMaI, 
OBNeTBOPAWUIM HanaraembiM yCOBMAM, C KOTOpbiIM ypaBHeHne LIpequurepa pelllHMo TOUHO. 
Jaila TpakToBKa orpaHwueHa Ha KOsIeOaTeNbHbIM cneKTp. 


*< 
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. OB OJHOM TIPHMEHEHMM : 
CTATHCTHYECKOrO BAPHALMOHHOrO NPMHUMNA 
K TEOPHH ATOMHOrO AIPA 


B.T. ConoOBbEB u TEH bi 


bBEQUHEHHbIA MHCTHTYT ADEPHbIX HCCIEQOBAHHM, JIABOPATOPHA TEOPETH- 
UECKOM ®H3HKH, DYBHA, CCCP 


(Ipeacrasneno K. HosoOauku. — Mocrynuno 5. XII. 1959) - 


- 
, 


” 
3 Crarncriyeckuit BapHalMoHHbii IIPHHUMM MpHMeHeH AIA UCCeqOBAaHMA CBepxTeKy- 


COCTOAHMA KOHEYHOTO Apa Mp OTIMYHOH OT Hy.IA Temnepartype. Ionyyena remmepatypa 

BOrO Nepexoga Apa W3 CBepxTeKy¥erO COCTOAHHA B HOPMAJIbHOe H PaCCMOTPeHO MOBe- 
jeHue TepMOAMHAMMUeCKHX BeHYHH Kak IipH TemMnepatype OnH3KOH K HYJIIO, TAK M Mp Tem- 
ee orype Seeigt K KPHTHUeCKOH. 


a CraTuyecKuit BapvalMoHHEIt Mmpwnuun [1], saBasrouniicsa o6obiennem 
3a pual|MOHHOr 0 IpHHuUMNa, MpesoxKeHHoro Borosmobosbim [2], faeT BO3MO)K- 
10CTb BbIYMCIUTb TEPMOJMHAMHYeCKHE BeJIMYMHbI KaK IIpM HyIeBOH, TaK HM OTIMY- 
io OT HyJIA TemMepatype. B HacTosulel paboTe c MOMOMIbIO CTaTHCTHYeCKOrO 
3APHAL|MOHHOFO MpHHUMMa MpoBeseHo UCCNefOBaHHe CBepxTeKy4ero COCTOAHMA 
{ipa Mp oTNMYHOK oT HyMA TeMMepaType: MosyyeHa TemMepaTypa (asoBoro 
lepexofla U3 CBepxTeKy¥ero COCTOAHMA B HOPMaJIbHOe M pacCMOTPeHO MoBeseHHe 
‘ePMOJMHaMHUeCKHX BeMYMH KaK Mp TemMepatype, Omuskoli KO ~ 0, Tak u 
Ip TemMepatype, Onu3kol K KpuTHyecKol O ~ Oy. 

Tak Ke, KaK M B Mpefblqyuimx padoTax ofHOro M3 aBTopoB [3, 4], OCHOBbI- 
aACh Ha OOOMOYeUHOM MOMeIM Apa, pacCMOTPHM OCTAaTOUHbIe B3aMMoseHCTBUA 
1yKJIOHOB, HaXOfAIMxcA BONM3M SHepreTuYeCKOH MoBepxHocTH WepMh, T. e. 


E,; —6<E(s,m) CE; +4. 


‘AMUJbTOHHAaH OCTATOUHbIX B3aMMoOselcTBUM HYKJIOHOB 3aMMWemM B Buse 


H= > {E(s,m) — 4} Agm(s) + Agm (8) + 
s,m,o 
+ ee an J (84 82, 5 84> 85/01 My> Op Mey 3 01 M4, Og Ms) - 
eee ~ Am (81)+ Aggy ma (82)* A osmi(82) Act mi (4) 
010201, 02 


om, +oyg=01mi+ osm (1) 
QF orm, 


KHUMMYeECKHH MOTeHUMa A oMmpesesweHnA U3 YCOBUA 
= D < Ayn (8)* Agm(s) >: (2) 


s,7,e 
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o6osHayeHHa Te >Ke, UTO uM B [4]. CopepumimM KaHOHMYeCKoe Mpeobpas0BaHHe 
y 
i 8 
A gm (8) = Um (8) 4m, -p (8) + @ Vin (8) 4g (8)* (3) 

c ycJIOBHeM 
Em(s) = Un (sl? +Vin(s?-1=0, 2 (4) 


M ONpeszeHM HOBOe BaKYYMHOe COCTOAHHE me: 


Urobb u30exKaTb Mepexofa OT ueTHOrO Apa K HeyeTHOMY Spy pacCMOTpHM 
BosOyKeHHble COCTOAHMA Bua ; 


Pz = m+ (8)+ am (s)* PM . (5) 


T'amMusibToHMaH IipeAcTaBuM B Bue 


HS Ae, (6) 
rye 
ee Hy = = Em (8) mg (8)* &ng(s) » 
E,,{s) = 2 {E (s,m) — AU, (s)}? — V,, (s)?} — 
xe 42 J(s, s'|m, m’) U,, (8) Vin (s) Uy (s’) Veo (s’) (7) 


IIpHMeHAA BapMallMoHHy Teopemy Boromo6ospa, nomyyuM BepxHnit | 
Mpenes TepMOAMHAMMUECKOrO MoTeHWMasa Apa B cieylouleM BUZe : 


a chonmttl 
0 


=—@0 In 


sm 


| + S{E (om) — 3} 


— 2 ZT (s,8'| mm’) th 22) Wr, (5) Voy (8) Uy (6) Vor (8?) + 


S,S’,m,m 


" s, s'|m. m’ En (s) En s' ’ 
FS Tee mm) he thE) Ye) ¥, (Uys (8) Hoel") 
(6) 


aye a0 


a om 300 Fa) +2 2, nll Vy as : > J (s, 8’ |m, m’) v,,) (s’) ee ’ 
ee 4 ae a. sm’. : : 
| Uy (5°) Voy (8!) + 4 a0 (0, (5)? — Vals)?} 
ey ata 
DF ‘\m, m ") oo 0) 1 (s’) eas (s,s mf m, m") Vin” (s”) ae (s”) Vn (s”) £ 


2. : s | i ie : 
4 = {U,,, (s)? — JV, (s)2} cth “al ATs Z | m, m’) key : 


| 28 
é I (s',8" | m!, m") v:_e (8°) Une (8") Vone (8") + (9) 


Ae 


U,, (s)? — 


3 Yn (s)? ZI (o58!|mym) th) e 


) Uy (8) Vy (*) = 0, 


1 
Vm (Ss) eee a 
1 + e=m/0 
_ Jlerko BujeTb, 4uTo (9) folycKaeT TpHBMasIbHOe pellieHve, COOTBETCTBYTOLIce 
4 HOpMaJIBHOMYy COCTOAHHW, a HMeCHHO 


U,(s) =1 — Of (s,m), Vm (s) = O; (s,m), 
rye : 
O, (s,m) =1 npu E(s,m)<Ep u O-(s,m)=0 npn E (s,m) > Eg. 


Ha ocHopaHum paccMoTpeHua BTOpow Bapnalun TepMOwMHaMMuecKOrO 
floreHunaya, Kak B [3], Momy4uM CJlefytoulee ypaBHeHMe [IA HaxOoKMeHHA 
TemMlepaTypbl dasoBoro Mepexosa : 


2|E(s, m) —ajon Em — Fel g, (3) + SI (58! mm) oye (8) = 0. 
9, 
(10) 
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Temnepatypy asoporo Mepexofa O, HaxXoqMM M3 yCOBAA: ypaBHeHHe (10) 
JOJDKHO MMeTb OTJIMUHOe OT HyJIA pewleHve. YunTbIBand MaJIOCTb | E(s, ug | 


—Epf|/O, u paccmarpusas. npuOmmxenne (4) 
J =const.,; @ = const. wm hen 


nosyyuM TemMepaTypy asoporo nepexoza Oo paBHoit 
Gres “2 (4 48). | (12) 


STO BbIPAKeHHe OTIMYACTCA Ha MHO)KUTEJIb 2 OT COOTBETCTBY1OMero BbIPAKeHHA 
B [3]. ITO CBA3AaHO C TeM, 4TO MBI pacCMaTpHBalIM BoOs0yKMeHHbIe COCTOAHKA 
Bula (5). CieflyeT 3aMeTUTb, 4YTO TOHATHE TeMMepaTypbl KOHeYHOrO Apa Hauu- 
HaeT TIPMHMMaTS *usvuecKHH CMBICI MpH JOCTATOUHO CHJIbHOM BoOS0y>KeHHH 
ajipa, T. e. BONM3M M Bbilue TeMMepaTypbl PasoBoro Mepexosa. 

Hafijem HeTpHBMaIbHoe pellieHve ypaBHeHua (9). ITO MODKHO CieNaTb B 
JIBYX IIpejleJIbHbIX CJLyYaAX : B CIyyae TeMIepaTypbl OM3KOH K HYJIO MB Cyy4ae 
TemilepaTypbl OM3KOM K TemMMepaType dasoporo Nepexoga. B oboux 9TUX ciy- 
yaAxX ypaBHeHHe (9) MpHHuMaeT cHeqyrouMh Buy: 


s s s Us (s)? =. Las s.s' ’ En (s’) E 
Pra) Els (9) Menor area at | m,n!) th So 
- U,, (s') Viv (s') = 0, (13) 
rye 
E,(s) = E(s,m)—A. 


BpefeM HOBYy!0 (yHKUH0 


C.. (3) == = J (s,s’|m,m’) th ont) U,," (s’) Vi (s’) (14) 


M MOJIOXKUM 


“— ees ies En (s) 
ae 1 ; Ky, (elses UEP ope 
Oo Pt TEE EGET a hs pean 


Tora us (13) nosyunm 


Vas SS) i : Cr (s) ee. 
EY 560 


ae tS 


2 Ep-a—6 Vere is 


EO =En()= 
ae SaS tres SIT LIE a dé 1 a 
b yo+e yore ee | joy ee. : ; = 
‘ss F- “3 


YpabHennve (2), onpeyenaioujee XAMMYeCKHi MOTeHUMaN, B STOT pwosm Kenn 
saliMiueM TaK 


Ep-at+4 © : 
2% J ae 18 
| arta (18) 
Ep—A—6 
2 TepMosMHaMMYeCcKH horenuuan CHCTe€MbI B CeMYIOWIeM BHI : 
Zz ore pci ds E 
(c) 
ve i dé{— Oln(I+e i AO) 84 
; Ep—4—6 
1 lacy ala (19) 
‘ a Je+e@ ues 


‘Sametum, uTo npu O = 0, ypaBHeHua (16), (18) pemarorca MpocTo HM BeMUMHEI 
Cy u Ay Monyyensl B [4]. 

one ABHbIN Bu CU A B KadKOM M3 MpesebHbIX CJlyuaeB, 

Cnyyai 1: O~0, T. e. Temnepatypa O Onu3sKa K HyJHO. 
Pasnaras 


. 


2 VCH+e 
6 


5 Acta Physica XI/3. 


ene 
: | | 
fn : a 


sk on tl i327 Dr aE oh a a Qs mastoca nga = 
ty Bp hts — 2VGtE © == , 
K-28 fis #5 


Ep-’o—8 


Pemas B 9TOM M HpHOmxennH (16), (18), Rosy 


_ 1@0= 9s Cth Lee — 
~  Q(e/@—1)— 
ea ,K@) 1 ey 
miceyeet ick 3 ae ee a oe 
I'ye G = — Jo, n — uncno HyKnoHOoB, a 2 — uncno vpennet etme nosey DX= 


HocTH Pepmu. 
Cayuat I] O ~ @,, T. e. Temnepatypa © cnerka MeHbile TemMepaTypb 
basoBoro Mepexona O,. 
_B srom cayyae (13) TIpHHMMaeT BUR 


En (8) Un (8) Va 8) + ig [Um (0) — Ya (| J (6.5mm) 
4 Un (s’) Vv (s‘) = 0 | (22) 


Chi (=> SIs ‘|m,m’) Ey (8’) Uy (s’) Vay (8’) « 


s’,m’ 


B npwommxenuu (11) ana ompeyenenna C nomyunm ypaBHenve 


orkyya 


a ee 


pasmorKennit C(8) oxono @ = Oyn 


ppnea—mfr—2). 


Za SuTponua S u cBoOoqnas sHeprua E cucrembl cBasaunl c TepMHYeCKHM 
‘TOTeHUMANOM p CieAYIOUMMM. COOTHOWeHHAMH : 


oe 
= 80 dc 30 a 
~ 
: E=OS+y. 7 
dy a 


_ Jlerko NoKa3aTb, ¥TO Mpo“sBoqHaA vicuesaeT B TOUKe O,, u BCeACTBHe STOrO 


dC? 
_ SHTpoliua S He UCMbITIBaeT CKayKa B TOUKe O,, NosTOMy da3s0Bblii Mepexon 
_ CHCTeMbI M3 CBepXTeKy4ero COCTOAHUA B HOPMAJIbHOe ABMAeTCA :asoBbIM Mepe- 
_ XOJOM BTOporoO poza. 
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i 


mr + yea vi ei 
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ON AN APPLICATION OF THE STATISTICAL VARIATIONAL PRINCIPLE TO THE 
THEORY OF THE ATOMIC NUCLEUS 


V. G. SOLOVIEV and TEN GEUN 


NE ee ee ee re ee OO 


Abstract 


| The statistical variational principle is used for investigating the superfluid state of 
the finite nucleus at non-zero temperature. The temperature of the phase transition of a nu- 
cleus from the superfluid to the normal state is obtained; behaviour of thermodynamical 
quantities at temperatures close to zero as well as close to the critical temperature is con- 


sidered. 
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KPATKHE COOBINEHHAA — BRIEF REPORTS 
KURZE MITTEILUNGEN 


ZUR GRUPPENTHEORETISCHEN BEGRUNDUNG 
DER QUANTENMECHANIK I 


Von 


P. G.O. FreuNp* und I. Hecepiis 
FACULTATEA DE MATEMATICA $I FIZICA, TIMISOARA, RUMANIEN 
(Eingegangen: 10. VIII. 1959) 


§ 1. Einleitung 


Die Quantenmechanik stiitzt sich auf zwei Postulate; 1. die Wellen- 
gleichung, 2. die wahrscheinlichkeitstheoretische Deutung der Wellenfunktion. 
Die Wellenfunktion transformiert sich gemiss einer linearen Darstellung einer 
bestimmten Gruppe (z. B. Drehungsgruppe, Lorentzgruppe). Wir wollen nun 
zeigen, dass diese Eigenschaft die Wellengleichung eindeutig bestimmt. Dies 
soll uns erméglichen, Postulat 1 durch die Forderung der Invarianz der Wellen- 
gleichung der betrachteten Gruppe gegeniiber zu ersetzen. Es ergibt sich dabei 
ein allgemeines Kriterium zur Bildung von Wellengleichungen: man bilde die 
allgemeinsten einer gewissen Gruppe gegeniiber invarianten homogenen par- 
tiellen linearen Differentialgleichungen, deren Lésungen sich gemass einer 
linearen Darstellung der Gruppe transformieren. 


§ 2. Die allgemeinste der Drehungsgruppe gegeniiber invariante Differential- 
gleichung 


Es sei y ein Spinor, der sich gemass der (nicht unbedingt irreduziblen) 
Darstellung D der Drehungsgruppe transformiert. Dann hat bekanntlich die 
allgemeinste partielle der Drehungsgruppe gegeniiber invariante lineare Dif- 


ferentialgleichung, der y geniigen kann, die Form (siehe [1] S. 242 Gl. (60.11)) 


= Ans’ x! r V2 30 “3 sin®@ 09 + (Pp ) ctg Waits 


; ; 6) (ls’'lp—1|sp) ) 
+451 Vb] + (Ls 0p|sp) ap net gis rj2 ae 
t 8 ; o | S? aD | a p 1 
a0 —(p- 1) ctgO yaisr + Op meee =#Yhs - (1) 
sinO Og 


*Derzeit am Institut fiir Theoretische Physik der Universitat, Wien, Osterreich 
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Dabei sollen As,s7 beliebige numerische Koeffizienten sein, x eine beliebige 
der Drehungsgruppe gegeniiber invariante Funktion. Mit dem Index s bezeich- 
nen wir den Rang der irreduziblen Darstellungen, in die D entartet, mit n 
numerieren wir die irreduziblen Darstellungen desselben Ranges, falls mehrere 
solche in D enthalten sind, und mit p(p = — s, —s + 1, ... +s) bezeichnen 
wir die Komponente des Spinors y lings des p-ten Einheitsvektors jenes 
invarianten Unterraumes, welcher der Darstellung D,,; zukommt. Die Sum- 
mation iiber s’, n’ erstreckt sich iiber alle irreduziblen Darstellungen, in die 
D entartet. Die Symbole der Form (s,s,p, P2|sp) bezeichnen die CLEBSCH— 
Gorpanschen Koeffizienten. Endlich 


ap =V/s(s + 1)— p(p—]). (2) 


Wir wollen nun zeigen, dass die allgemeinste, der Drehungsgruppe gegen- 
iiber invariante partielle Differentialgleichung zweiter Ordnung, welcher die 
sich der Darstellung D, gemass transformierende (also invariante) Grésse y 


geniigt, eben die ScurépiNncErsche Gleichung der stationdren Zustande mit 


spharisch-symmetrischem Potential ist. 

Da die Gleichung (1) erster Ordnung ist, wir aber eine Gleichung zweiter 
Ordnung suchen, wollen wir die drei Ableitungen erster Ordnung oder genauer 
ibre drei, sich gemiss der Darstellung D, transformierenden linear unabhan- 
gigen linearen Kombinationen 


pois 1 ey t 3 
; r/2 \so sin © wate 
oy 
ee 
Y1 S (3) 
a rs) t 8 
yn = —_—— =e ee pee, 
: Fall 00 sind may 


als unabhingige Komponenten des Spinors y in Gleichung (1) betrachten. 
Also transformiert sich y gemiss der Darstellung D = D, + D,, wobei: 


vo=Y. 7 (4) 


Da in D nur D, und D, je einmal vorkommen, sollen in (1) s’, s die 
Werte 0, 1 annehmen, wobei man die Indizes n, 


n’ einfach weglassen kann. 
Gln. (1) schreiben sich also: : 


| tae ay Peete at vt| + (1100 00) > vt | 


ae 3 ligs s <a a0 yaaa Pp caval =e ; 


eo eee 


r V2 rr) sinO 89 
44, | G1=10]1—1) ge gs 


) f 

1), i 

Py | he ag 

in it 7 Ay 
ae ‘ i | fe fe 4 
PAT ae I ) f 
? a 1 

“A iiss Lit SS 


fat atvr ]+ (5) 


| rz 86 " sin® 89 
; ~ + (110 11-9)? yp + emi waa ahs Goda 3 
An|22= 2109 og 0020) ot + 7 
fee ee. naar aaa oe 
= bap +80 |v" t+al.yz ‘| =* 9 
ge ou) (-ae 2 vil 4u{ =D aah 
+ (1101 11) = Soir ang a emer 


+atyi]| =xyt. 


Die numerischen Werte der in Gln. (5) vorkommenden CLeBscu— 
Gorpanschen Koeffizienten und aj sind in den Tabellen 1 und 2 angegeben. 


ave 1 0) ahi glee Pally 


9) eo 


1 be 0 0) 
0 | i —1) 


64 P=3) 


O=F| 1-1} 
1 —2 | 1—1) 


0) 
0) 
0) 
0) 
0) 
0) 
1) 
1) 
1) 
1) 


Tabelle 2 


y2 


Durch Misses dieser Werte in (5) und Beriicksichtigung von (3)—(4) 


) 
~ (Ap —*)— =0, 


sin@ agp 
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(7a) 


Wobei a, b = f(Aj;, x) und aus (6b) und (6d): 


9 
Bev ta(r) (c =c(A,;,x)). (7b) 

Aus ss); (7b) und der Homogenitatsbedingung folgt: 
Ay=iy, eet) 


wo A= MAij, ). 
Da x eine beliebige drehungsinvariante Funktion ist, kénnen wir r ohne 


Beschrankung der Allgemeinheit 
2m 
1=——" (EV) (9) 


_setzen, wobei V eine beliebige drehungsinvariante Funktion und E = konst. 
ist. Aus (8) und (9) ist es leicht ersichtlich, dass die gefundene Gleichung mit 
der angegebenen Wahl der numerischen Koeffizienten eben die ScHRODIN- 
GERsche Gleichung der stationaren Zustande mit SPReE cr unty Mactan cneus 
Potential ist. 


§ 3. Verallgemeinerung 


Ahnlich zu § 2 erhalt man bei der Betrachtung der Lorentzgruppe und 
der sich gemass der Darstellungen Dj, Dy; + Dj. transformierenden Spi- 
noren y die KLE1IN—Gorponsche bzw. die Diracsche Gleichung. 

Im Einklang also mit der in der Einleitung gemachten Behauptung 
geniigen alle Wellengleichungen dem Kriterium: die Wellengleichungen sind 
maximal in bezug auf eine Gruppe, d.h. sie sind die allgemeinsten der betref- 
fenden Gruppe gegeniiber invarianten homogenen linearen Pate Diffe- 
rentialgleichungen. 

Fordern wir, dass die Wellengleichung den Translationen des Zeitur- 
sprungs gegeniiber auch invariant und dass sie von erster Ordnung in bezug 
auf die Zeitableitungen sei, so ergibt sich, wie leicht ersichtlich, als maximale 
Gleichung die zeitabhangige ScurépincERsche Wellengleichung 


2 
eed wie Ay LV ys (10) 
Ot 2m 


LITERATUR 


‘J 
1..G.1. Lyusanrskis, Gruppentheorie und ihre Anwendungen in der Physik, Gostehizdat, 
Moskau, 1957. 


iw auuaad sat dbtdastd ease 
; . -_ — 


= Ss 


. & anita I isdew 
ei es dat (haw {h¥-« 


ET HEN BEGRUNDUNG 
Q UANTENMECHANIK II 


Von 


P. G.O. Freunp* und I. Hecepiis 


FACULTATEA DE MATEMATICA SI FIZICA, TIMISOARA, RUMANIEN 


(Eingegangen: 10. VIII. 1959) 


jUrekaeit § 1. Finleitung 


Im vorangehenden Aufsatz [2] gaben wir ein allgemeines Kriterium zur 
Herleitung von Wellengleichungen an. Wir fanden, dass die Wellengleichungen 
aximal (d.h. die allgemeinsten einer bestimmten Gruppe gegeniiber inva- 
ianten Differentialgleichungen, denen eine spinorielle Grésse eines gewissen ae 
ewichtes und Ranges in bezug auf die Gruppe geniigen kann) sind. Es soll = 
un gezeigt werden, dass man aus Gruppeninvarianzbedingungen allein die 
peratorische Beschaffenheit der quantenphysikalischen Gréssen sowie die 
aus ihr entspringenden Unbestimmtheitsrelationen herleiten kann. 


§ 2. Die Herleitung der operatorischen Beschaffenheit der nichtrelativistischen 
quantenphysikalischen Gréssen 


| 

4 Wie auch in [2] wollen wir unsere Betrachtungen vorlaufig auf den 
ichtrelativistischen Fall beschranken. In diesem Falle leiteten wir auf rein 

— Wege die Scur6pINGERsche Wellengleichung 


inv = — * Ay + Vy = ley (1) 


: Bekanntlich (siehe [3]) ist (1) die EuLerR—Lacrancesche Gleichung des 
Variationsprinzips 
6{Ld'x=0 (2) 
mit 
3 i? weg i 

, L=——(V eV y*)—th yt Vy" (3) 
j 2m Ot 

7 Dem Noeruerschen Satz zufolge (siehe [1] §§ 25, 27) entspricht der 
Invarianz der Gleichung (1) der Drehungsgruppe gegeniiber der schiefsymme- 
trische in der Zeit konstante Tensor 


j Mim = ( d3 x6 (%¢m_ T? —%,T), (4) 


* Derzeit am Institut fiir Theoretische Physik der Universitat, Wien, Osterreich. 
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wobei ORS : 
| Tor — OL ee eat (l=1,2;3). 2 q 
(=F Ox, : 
Ot = | 
a 2 1-0, ] 
0. 


10. 
Aus (3), (4), (5) folgt , 


Geniigt y der Gleichung der stationaren Zustainde 
Hy=Ey, | (7) 
so haben wir, da der der Drehungsgruppe gegeniiber invarianten Gleichung (7) 


ein mit den Infinitesimaloperatoren der Drehungsgruppe Ig, I5,, I, ver- 
tauschbarer Operator H entspricht!, die Beziehungen 


; 1 = 1,2,3 | 
—thlim y= tin ¥( ). (8) 


mix= 2301 


Da die Funktionen y Vektoren des Raumes L? darstellen, so haben wir 


ii by 2 — x, = 

= * Ox, "Ox, 
re) 8 

I,, = * —— 3 z 9 

31 1 ae tea (9) 
3 8 

I,, =x —%# 

= "Ox, Ox, 


Aus (6), (8), (9) unter Beriicksichtigung der wahrscheinlichkeitstheoreti- 
schen Deutung* der Wellenfunktion (siehe [2]) folgt 


_* Es soll hervorgehoben werden, dass vorlaufig unter H der durch (1) rein mathematisch 
ohne jede physikalische Deutung definierte Operator zu verstehen ist. 
*d. bh. f ptydx=l. 
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fs Also haben die Operatoren 


Jim = —titlim (11) 


folgende Eigenschaften: 

1. Die Werte, die jene konservative Grésse M a welche der Drehungs- 
gruppe entspricht, annehmen kann, sind Eigenwerte des Operators J{m. 

2. Der Operator Jim hat die Dimension eines Drehimpulses. 

Da man die konservative Grésse M"” (die auch die Dimension eines 
Drehimpulses besitzt) unter Beriicksichtigung des Korrespondenzprinzips als 
Drehimpuls -deutet, so ist es klar, dass der Operator Jj, allein den Werte- 
bereich des Drehimpulses M,,, bestimmt. 

Im allgemeinen schreibt man in der Physik einer vollstaéndig beschrie- 
benen physikalischen Grésse eine Dimension und eine mathematische Grisse 
zu, wobei die letztere uns tiber den Wertebereich der physikalischen Grésse 
in einem vorgegebenen Einheitssystem Auskunft gibt. Z. B. schreibt man der 
Koordinate eines Punktes die Dimension Lange (z. B. cm) und die mathemati- 

sche Grésse x zu, wobei letztere angibt, dass die Koordinate, z. B. im CGS- 
‘System, jeden reellen Wert von — co bis + co annehmen kann. 
Man sieht also leicht ein, dass die Eigenschaften 1) und 2) nichts anderes 
besagen, als dass der Operator Jim die Grésse Drehimpuls vollstandig beschreibt. 
Daraus folgt natiirlicherweise die Deutung des Operators Ji, als Operator des 
Drehimpulses. Geht man auf diesem Wege weiter fort, so findet man alle 
bekannten Operatoren der Quantenmechanik auf. 


3. Verallgemeinerung. Unbestimmtheitsrelationen 


Da sich alle bekannten Wellengleichungen aus Variationsprinzipien her- 
leiten lassen, ist es leicht ersichtlich, dass im allgemeinen die Werte jener kon- 
servativen Gréssen, welche der Wellengleichung mittels des NorTHERschen 
Satzes hinzugefiigt werden, unbedingt Eigenwerte (bis auf weltkonstante 
Faktoren) der Infinitesimaloperatoren der betreffenden Gruppe sind. Also 
lassen sich die Wellengleichungen (siehe [2]) sowie die operatorische Beschaf- 
fenheit der quantenphysikalischen Gréssen aus rein gruppentheoretischen 
Betrachtungen herleiten. Diese aber bestimmen bis auf die wahrscheinlich- 
keitstheoretische Deutung den Inhalt der Quantenmechanik. Also spricht 
diese nichts anderes als rein gruppentheoretische Eigenschaften der Materie 
aus. Dies ist im Einklang mit der neuerdings von HEISENBERG ausgedriickten 
Meinung. Endlich soll noch folgendes bemerkt werden: die V. R. der Infini- 
tesimaloperatoren sind fiir jede Gruppe charakteristisch. Also sind die V. R. 
der quantenphysikalischen Gréssen durch deren Identifizierung mit Infini- 
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atom model the computations on the normal states and on the excited states 
of the H} molecule-ion play an important part. Howe.t and Sxutt [1] 
have treated this problem with the variational method, whereas CHEN [2] 
used a special method. The authors of both papers are interested in the question 
of the contribution given by the spherically symmetrical part of the molecule- 
_eigenfunction to the energies of the so states. The values they obtain for this 
contribution do not. agree: the value computed by Howe. and Suu. is 
¢ onsiderably smaller then the one obtained by Cen. The cause for this 
discrepancy lies in the following : 

_ In the system of coordinates given in Fig. 1 the Hamiltonian operator 
of the H} molecule-ion is given by 


2 z 
mee. : ja 
r r, 
patenasigpe (1) 
426 ¥ T= Py, (cos) 
j = 2 — Ze e pnti gn (ec 8 * 
"Let the eigenfunction of the Hj molecule-ion be 
E : 
é y= > Ro(r) Po (cos #). (2) 
v=0 


j . 2° 

In (1) and in (2) 2A is Planck’s constant; ¢ 1s the charge and m is 
the mass of the electron. By r < and by r > we denote the smaller and oe 
greater of r and R respectively. 2R is the distance between the two nuclei of 
| the H+ molecule-ion. P,(cos #) is a Legendre polynomial. If we put (1) and (2) 


into the Schrédinger equation 


: HEALY? (3) 


‘* 


In investigations concerning the convergence problems of the united 
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of the H} molecule-ion, then, making use of the polar coordinate form of the — 
Laplacian, we get | 


ma sgh ae (a 


os P,, (cos 8) |— —= 


Fr - Or 

: 

= =, Py (cos #) Ps, (cos 7) Ro (r) — re =f. 

Let be 
P,,, (cos 8) Ps, (cos 3) = > C3P Po; (cos 9), (5) 
'b 
Zz 
a R 0 R I) 


Fig. 1. System of coordinates and position of atomic nuclei in investigating the H;+ molecule. 
a, b denote the positions of the protons and 2R the distance between them. The centre of the 
united atom is in 0 


by which assumption this series contains, as is also to be seen from the notation, 
only the Legendre polynomials with even indices, and 


e 4i+1 
[(4v + 1) (4n + 1)]1/2 
In (6) there oécur on the right special values of the coefficients C“ (I, m,; I’, m), 


well known also from the book of Conpon and SHortiey [3]. 
On putting (5) into (4) we get after a rearrangement 


5 Pe loos)|— | male oR 4 aeet) R,| — 
—ER—2¢ 5 > 22 


n=0 l= ore 
n+Il>v0 


Cy," C# (2,0; 2n,0). (6) 


(7) 


Ch | = 0. 
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eines (7) must hold for any value of 9, we get for the determination of the 
functions R, the coupled system of differential equations 


_ [1 8), oR) 20(20+1) 
ik =" a r2 R,] — ER, — (8) 
oo o re *s 
— 2e? =3; ee ay Ce R,=0. 


The approximation given by CHEN results if we simplify (8) by taking 
into account in the expression containing double sums only the terms corre- 
sponding to the equality / = v, whereas this is clearly not the case with the 
approximation computed by Hower.Lt and SHULL. 
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, = 
Das Buch behandelt in 7 Kapiteln die 
neuen oder in den friiheren drei Banden 


noch nicht an die Reihe gekommenen 


Halbleiterprobleme. Die einzelnen Referate 
wurden von verschiedenen Experten ver- 
fasst und mit einem sorgfaltigen, kritischen 
und ergainzenden Beitrag von ScHOTTKY 
versehen. Einigen Kapiteln, die die Vor- 
trige der im September 1957 gehaltenen 
Heidelberger MHalbleitertagung enthalten, 
sind auch die den einzelnen Vortragen 
gefolgten Diskussionen- hinzugefiigt. 

1. H. Haxen: Der heutige Stand der 
Excitonenforschung in Halbleitern (mit 18 
Abbildungen). Nach der Darlegung des 
Excitonenbegriffes, seines anschaulichen Bil- 
des und seiner Vorgeschichte wird die 
Theorie des Excitons behandelt. Man kann 
das Elektron und die positive Leerstelle 


_ im Kristallgitter als ein dem Wasserstoff 


dhnliches Gebilde auffassen, worauf nach 
den Methoden der Quantentheorie die ScHR6- 
DINGERsche Gleichung und ihre Lésungen 
angewendet werden kénnen. 

Der Verfasser verwendet die quanten- 
theoretische Behandlungsweise fiir die Falle 
des undeformierbaren und deformierbaren 
Gitters und erértert danach das Wandern 
des Excitons im Gitter nach HELLER und 
Marcus. 

Im weiteren folgt die Beschreibung der 
optischen Eigenschaften des Excitons im 
Falle von kleinen und grossen Radien. 
Auf Seite 21 befindet sich eine Tabelle iiber 
Alkalihalogenide, worin die errechneten und 
gemessenen E-Werte gut iibereinstimmen. 
Schliesslich werden auch die Wechselwirkun- 
gen des Excitons mit den Elektronen der 
Stérstellen, die Rolle der Excitonen bei der 
lichtelektrischen und Warmeleitungserschei- 
nungen und das Verhalten des Excitons in 
fusseren Kraftfeldern besprochen. 

Der zweite Teil des Referates enthalt vor 
allem die Ergebnisse der an Alkalihalogeni- 
den ausgefiihrten Messungen der Higen- 
absorption und die Erscheinungen des 


6* 


ausseren Photoeffektes. An Hand eines 
reichen spektrographischen Materials werden 
die Ergebnisse der Emissions- und Absorp- 
tionsaufnahmen an Alkalihalogeniden, Cu,O, 
CdS und anderen Stoffen besprochen. Beim 
HgJ, und CdS werden auch spektroskopische 
Aufnahmen betreffs der inneren lichtelek- 
trischen Wirkung mitgeteilt. An dieses Refe- 
rat schliessen sich die Diskussionen von 
ST6CKMANN, MAYER, BRAUER, GRoscHWITz 
und zuletzt von SCHOTTKY, stets mit den 
Antworten des Verfassers. Von grosser 
Bedeutung ist der Beitrag von ScHorTTky, 
der ein anschauliches Bild vom Verhalten 
des Excitons gibt. 

2. P. HAASEN und A. SEcER: Plastische 
Verformung von Halbleitern und ihr Ein- 
fluss auf die elektrischen Higenschaften. 

Der Referent schickt eine Beschreibung 
des Diamantengitters voran, um dann spater 
die damit zusammenhingenden Erwigungen 
in erster Reihe auf das Ge-Gitter tibertragen 
zu kénnen. Es werden im Zusammenhang 
mit der Erscheinung der plastischen Kristall- 
verformung die Begriffe der Versetzung 
(Dislokation) und die experimentellen Me- 
thoden zu ihrem Nachweis erértert und die 
damit verkniipften Begriffe, der Begriff 
des Burcer-Vektors, erlautert. Die all- 
gemeine Theorie der Plastizitat wird nach 
Seitz auf die Halbleiter angewendet, der 
diese mit den Verunreinigungen im Halb- 
leiter in Verbindung bringt. 

Da infolge der Verformung im Kristall 
viele Fehlstellen entstehen, wird der Ein- 
fluss der Verformung auf die Eigenschaften 
der Halbleiter offensichtlich; es verdndert 
sich die Zahl und die Beweglichkeit der 
Ladungstrager. Die Kigenschaften der ent- 
standenen Fehlstellen sind verschieden, und 
diese beeinflussen das Verhalten der im 
Kristall von den fremden Atomen erzeugten 
Ladungstrager. Desgleichen gestaltet sich 
auch die Rolle der Temperatur dadurch 
vielfaltig, dass auch die plastischen Vor- 
gange temperaturabhingig sind. Die auf- 
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tretenden Erscheinungen werden mit Bei- 
spielen aus den Beobachtungen an Ge- und 
Si-Kristallen erleuchtet. 

Im folgenden Abschnitt beschreiben die 


Verfasser die Wirkung der punktformigen | 


Fehlstellen auf die Leitfahigkeit, die Ande- 
rung der Zahl und der Beweglichkeit der 
Ladunsgtriger durch die Versetzungen und 
zuletzt die Verminderung der Lebensdauer der 
Minoritatstrager entlang der Versetzungs- 
linien. 

Dem Referat schliessen sich die Bemer- 
kungen von PENNING, HorNsTON und VINK 
an, die diese hauptsachlich mit an Ge- und 
Si-Kristallen gemachten Erfahrungen begriin- 
den. 

3. H. D. Koswic und O. Srasitw: Die 
spektrale Lage der Absorptionsbanden von 
Stérstellenelektronen in Ionengittern. 

Die Referenten besprechen ihre eigenen 
Versuche sowie die ihrer Mitarbeiter und 
deuten sie theoretisch. In Silberhalogenid- 
kristalle wurden an Stelle der Halogenionen 
zweiwertige Ionen eingebaut, die kurz den 
Namen Chalkogenionen erhielten. Betreffs der 
Maxima in den Absorptionsbanden glaubten 
die Verfasser einen der bei den Alkalihalo- 
geniden giiltigen Motiwo-Regel (hyd? = 
= konst.) ahnlichen Zusammenhang gefun- 
den zu haben. Diese Beziehung lautet: 
hv = AR—BR?, wo R der Radius des einge 
bauten zweiwertigen fremden Ions ist. Die 
Konstanten A und B kénnen mittels an Silber- 
.halogenidmischkristallen ausgefiihrten Mes- 
sungen ermittelt werden. Die Referenten 
teilen zahlreiche Versuchsdaten mit und 
stiitzen sich bei ihrer Deutung auf quanten- 
mechanische Behelfe. Die Referenten fiihren 
einen neuen Begriff ein — den Begriff der 
inneren Bindung — was von SCHOTTKY so ge- 
wiirdigt.wird, dass er seine Meinung in einem 
besonderen Diskussionskapitel behandelt. Der 
neue Gedanke der Referenten besteht darin, 
dass das absorbierende Elektron in die ius- 
sere Elektronenhiille des eingebauten zwei- 
wertigen Ions hiniiberspringt. Der Vorgang 
ensteht infolge einer komplizierten raéum- 
lichen und polarisierenden Wechselwirkung 
zwischen dem zweiwertigen. Fremdion und 
dem Gitter. Dieser Gedanke wird von 
ScHoTTky durch eingehende kritjsche Erwi- 
gungen gepriift und als deren Resultat 
misst er den neuen Ergebnissen der STasiw- 
Schule grosse Wichtigkeit bei. 

4. G. Laurz: Uber die technische Aus- 
niitzung der Thermokraft von Fastmetallen 
und Halbleitern (mit 12 Abbildungen). 

Aus dem geschichtlichen Uberblick er- 
fahren wir, dass ALTENKIRCH die Anwendung 
des Prrier-Effektes fiir Kihlungszwecke 
bereits 1911 theoretisch durchdachte. Es ist 
diesbeziiglich interessant, dass SCHLEGEL im 
Jahre 1933.- auf Grund eigener Versuche, 
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seine Anwendung fir aussichtslos erklarte- 
Im Jahre 1948 nahm JustTI mit positivem 
Erfolg dieses Problem wieder auf und schlug 
gemeinsam mit ScHoTTKy die Beniitzung von 
modernen Halbleitern vor. 

Nachfolgend werden die modernen Theo- 
rien des Problemkreises und die Ergebnisse 
quantitativer Messungen dargelegt. Wichtig 
ist die Auswahl der benutzten thermoelek- 
trischen Stoffe. In dieser Hinsicht war der 
bedeutendste Fortschritt die Beachtung der 
Anforderungen an moderne Halbleiter, u. 
zwar die Erhéhung der Ladungstragerzahl 
in den Grundstoffen, d. h. der Einbau 
(Dotierung) von Donatoren und Akzeptoren. 
Die erhaltenen Resultate sind durch Tabellen 
veranschaulicht. Eine andere Art der Grund- 
stoffverbesserung versucht, mittels Legieren, 
also nicht von der elektrischen, sondern 
von der Seite der Warmeleitung her, den 
Effekt zu verbessern. Die so erhaltenen 
Ergebnisse werden ebenfalls durch Tabellen 
veranschaulicht. In experimenteller Hinsicht 
werden vor allem die Arbeiten von JOFFE 
und seinen Mitarbeitern besprochen. Ausser 
zur Kiihlung kann der PEttier-Effekt auch 
zu Heizzwecken und zur Temperaturstabili- 
sierung benutzt werden. Zahlenmiassige Da- 
ten werden in den Tabellen VI und VII 
mitgeteilt. Schliesslich werden als besondere 
Formen die Sonnenbatterien mit numeri- 
schen Angaben erwahnt. Zum Referat lie- 
fern DAHLBERG, BIRKHOLZ und SCHOTTKY 
Erganzungen. 

5. J. Dosse: Stand der Entwicklung und 
der Anwendung von Transistoren (mit 19 
Abbildungen). Auf dem Gebiete der Transis- 
torenherstellung hat das Legierungsver- 
fahren eine gewisse Vollendung erreicht. 
In der Diffusionsmethode steht jedoch der 
Technik ein noch vollstandigeres Verfahren 
zur Verfiigung. Die Spitzentransistoren sind 
bereits tiberholt, die gebrauchlichen Fromen 
werden durch Lichtbilder veranschaulicht. 
In der Richtung der héheren Frequenzen 
bilden die pnip-Transistoren einen grossen 
Fortschritt. Das sind solche Transistoren, 
bei denen zwischen der n- und p-Schicht sich 
eine Kigenleitungsschicht, eine sogenannte 
i-Schicht, befindet. Die thermischen Eigen- 
schaften der Transistoren werden in Tabellen 
mit denen der Elektronenréhren verglichen. 
Daraus ergibt sich, dass beziiglich der 
Frequenz die Elektronenréhren vor den 
Transistoren stehen; die Rauschgrenzen sind 


_ einander gleich, wihrend Warmebestandig- 


keit und Festigkeitsverhaltnisse bei den 
Transistoren besser ausfallen. Die Anwen- 
dungsgebiete der Transistoren nehmen staén- 
dig zu; es kénnen mit ihnen bequeme Hor- 
gerite konstruiert werden. In der Nach- 
richtentechnik finden sie eine sich stiirmisch 
erweiternde Anwendung und es ergeben sich 
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mit ihrer Hilfe stets neue und neue Schal- 
tungsmdéglichkeiten. 
- In der Diskussion weist WELKER darauf 


_ hin, dass bei GaAs- und InP-Transistoren 


am grosse Elektronenbeweglichkeiten ge- 
unden wurden, was neue Médglichkeiten 
eréffnet. HOFFMANN macht die charakteris- 
tischen Daten der Schwerstromtransistoren 
bekannt. 

ScnorTKy gibt in einem Sonderreferat 
einen Uberblick iiber die Speicherkapazitat 
von Transistoreneinrichtungen und iiber ihre 
physikalischen Grundlagen. 

6. W. Scnorrxy: Zur Frage der rationa- 
len Stérstellenbezeichnung. Dieses Referat 


-von Scwottky hat fiir die ganze weitere 


Entwicklung der Halbleiterforschung eine 
grosse Bedeutung. Es handelt sich darin 
nicht nur um die Vereinheitlichung aller 
bisherigen Bezeichnungsarten und Benen- 
nungen, sondern auch um etwas inhaltlich 
Bedeutendes. Nach den kritischen Erwi- 
gungen iiber die in der Literatur benutzten 
Bezeichnungen werden an diese bestimmte 
minimale Anforderungen gestellt. Diese kén- 
nen etwa so zusammengefasst werden, dass 
die Bezeichnungen die chemische Qualitat, 
die Mengen- und die elektrischen Verhilt- 
nisse derweise enthalten miissen, dass daraus 
die Gleichgewichtsbedingungen quantitativ 
entnommen werden kénnen. Die diesbeziig- 
lichen Vorschlage sind tabellarisch mit den 
heute gebraiuchlichen Bezeichnungen ver- 
glichen. Man kann wohl sagen, dass der 
Verfasser bestrebt ist, die tiblichen Bezeich- 
nungen nach Moglichkeit beizubehalten und 
versucht sie in die prinzipiell erwiinschte 
Richtung weiterzuentwickeln. 

Im Referat kommen weiterhin folgende 
Unterkapitel vor: Die Stérstellen und die 
Gittermolekiile als Elemente der Stér- 
stellenstatistik. Die Bedeutung der unab- 
hangigen Bestandteile fiir’ die Stérstellen- 
statistik. Statistische chemische Potentiale 
der Stérstellen und des Gittermolekiils in 
héherer Naherung. 

Danach befasst sich ScHoTTKY mit der 
genauerer Charakterisierung der Stérstellen, 
was z. B. bei isomeren Fallen nétig ist. 
Desgleichen macht er Vorschlage fiir die 
Bezeichnung der Aussen- und Innenbindung. 

Unter dem letzten Punkt werden an 
einem konkreten Beispiel gezeigt, wie weit 
die vom Referenten gemachten Vorschlage 
fir die Entwicklung der Bezeichnungen und 
Benennungen begriindet sind. Er macht 
auf die Mangel der von Kro6cER und VINK 
in ihrem Buch benutzten Bezeichnungen 
aufmerksam und weist darauf hin, dass mit 
den vorgeschlagenen Bezeichnungen die phy- 
sikalischen Zustaénde viel exakter beschrie- 
ben werden kénnen. 

7. M. ScHén: Die Kinetik der Photo- 
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leitungs- und Phosphoreszenzprozesse (mit 
5 Abbildungen). 

Der Gegenstand dieses Referates ist der 
alteste auf dem Gebiete der Halbleiter, 
weshalb hier von der einheitlichen Deutung 
vieler Erscheinungen die Rede ist. Wer 
dieses Gebiet seit langerer Zeit kennt, sieht 
erstaunt, wieviele neue Begriffe sich im 
Verhaltnis zu den einfachen und unklaren 
anfanglichen Vorstellungen ausgebildet haben. 
Gleichzeitig kann aber auch mit Beruhigung 
festgestellt werden, dass sich eine geniigend- 
einheitliche quantitative Theorie entwickelt 
hat. Es handelt sich dabei um folgende 
Begriffe: Aktivator, A; Haftstelle, H; Elek- 
tronenkonzentration, n; Haftstellenkonzen- 
tration, nj; Energie der Elektronen bzw. der 
Defektelektronen an den Aktivator- und 
Fehlstellen, E, und Ep. Mit diesen Begriffen 
koénnen die Zahl der Elektroneniberginge 
in einfacher Weise angegeben und entspre- 
chende Proportionalitatsfaktoren konstruiert 
werden. Mit den in der dargelegten Weise 
richtig konstruierten Begriffen kénnen dann 
quantitative Zusammenhange  dargestellt 
werden, die das Fundament der Theorie 
bilden. Fernerhin kann man mit Hilfe der 
Grundgleichungen auf viele Fragen Antwort 
erhalten, die auch durch Versuche kontrol- 
liert werden kénnen. Solche Fragen sind z. B.: 
Die Abhangigkeit der Photoleitung und des 
Leuchtens von der Intensitat des anregenden 
Lichtes und von der Temperatur. Die 
Abhangigkeit der Intensitatsverhaltnisse in 
den einzelnen Emissionsbanden der Phos- 
phore von der Lichtintensitat und der 
Temperatur. Das Abklingen und das An- 
klingen des Leuchtens und der Photoleitung 
bei konstanter und bei allmahlich steigender 
Temperatur. Der Einfluss der langwelligen 
Belichtung auf die Photoleitung und auf 
das Leuchten (Ausleuchtung und Tilgung). 
Es ist dabei interessant, dass die beiden 
letzten Begriffe noch auf LENARD zuriick- 
gefiihrt werden kénnen. 

Der Referent hat die Grundgleichungen 
fiir eine lange Reihe von Spezialfallen geldst, 
wodurch der innere physikalische Ablauf 
der Erscheinungen klar wird. Die Konstruk- 
tion des Quantendquivalentes bzw. des Nutz- 
barkeitskoeffizienten aus den Grundbegrif- 
fen wird ebenfalls angegeben und bei den 
einzelnen Lésungen wird ersichtlich, in 
welche Formen die eingefiihrte Energie 
wahrend der Vorginge umgewandelt wird. 
Dass dabei zahlreiche Zusammenhange auf- 
treten, kénnen wir aus der Tabelle 1 ersehen, 
wo die Abhangigkeit der freien Elektronen 
und der Nutzbarkeitskoeffizienten von der 
Zahl der Aktivator- und Haftstellen unter 
verschiedenen Bedingungen angegeben ist. 
Der Referent behandelt in einfachen Fallen 
das Vorhandensein von mehreren Aktiva- 
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toren. Er errechnet explizite Ausdriicke fiir 
das Anklingen und Abklingen der elektri- 
schen Leitung und des Leuchtens; desglei- 
chen werden auch fiir die Thermolumineszenz 
explizite Ausdriicke angegeben.. ScHOTTKY 
fiigt dem Referat tiefgreifende und ergan- 
zende Bemerkungen zu. 

Anschliessend folgen einige Seiten hin- 
durch Erginzungen und Berichtigungen 
zum III. Band. ai 

8. Der IV. Band der Halbleiterprobleme 
ist gewissermassen auch die Beendigung des 
in vier Banden geplanten Unternehmens von 
grosser Tragweite. Es ist daher sehr erfreu- 


‘lich und niitzlich, dass hier unter dem 


Titel: »Systematische Themengruppierung 
auf dem  Halbleitergebiet« alle behandel- 
ten Probleme nach Besprechungsstellen, 
Schlagwortern, Banden und Seiten angegeben 


sind. Diese Erganzung erleichtert die Beniit- 
zung der vier Bande betrachtlich und gibt 
uns gleichzeitig einen guten Uberblick tiber 
den ganzen Stoff. 

Wir glauben, dass dieses Werk die Fest- 
kérperphysik mit grossen Schritten vor- 
warts bringen wird und dass es auch in inter- 
nationaler Beziehung fiir Jahrzehnte als 
Wegweiser fiir die Forschung dienen wird. 

Das ganze Werk ist von SCHOTTKYs 
umfassendem und scharfem Geiste durch- 
drungen. Man kann einerseits diese seltene 
Fahigkeit, ein Fachgebiet in dem Masse zu 
beherrschen und andererseits den experimen- 
tellen und theoretischen Scharfsinn, mit dem 
die Teilfragen konstruktiv in das Ganze 
eingebaut werden, nicht ohne Bewunderung 
betrachten. 

ZoLtAN GYULAI 


Halbleiter und Phosphore. Friedrich Vieweg & Sohn, Braunschweig, 1958, 
VIII + 684 pages, DM 68. 


The International Union for Pure and 
Applied Physics (IUPAP) organized in Gar- 
misch-Partenkirchen, Federal Republic of 
Germany, at the end of August 1956 an inter- 
national colloquium on semiconductors and 
phosphors. 

The papers presented at this colloquium 
have appeared in 1958, in the edition of F. 
Vieweg, making up a book of almost 700 
pages. The 99 papers fall in two categories : 
The papers in the first part are of generai 
character aiming at giving a summary of the 
latest developments in selected topics, the 
rest are short original communications. The 
progress in this field can be measured by 
the comparison of this volume with the sum- 
marized proceedings of the Amsterdam con- 
ference, held two years previously. The Am- 
sterdam congress did not deal specifically 
with phosphors, the papers dealing with 
semiconductors proper occupy about the 
same printed space as in this congress. A 
closer inspection, however, reveals the im- 
portant difference: in the Amsterdam con- 
gress the experimental facts were predominant, 
here the emphasis is shifted towards the 
theoretical consolidation of the recent ad- 
vances, with the purpose of reaching con- 
clusions generally valid in solid state physics. 

I assume that the reader of this review 
does not ask for a complete critical assess- 
ment of all the hundred papers presented. 
The task of the reviewer should rather con- 
sist in drawing the attention — relying enti- 
rely on his personal taste and valuation — 


to some papers, which seem to him of a suf- 
ficiently general interest to the wider public. 

The first paper is written by E. Bintic 
and deals with crystal growing and crystal 
imperfections. It summarizes the most recent 
developments in the experimental determi- 
nation of grain boundaries and dislocations. 
It was a fortunate choice to put this paper 
first, for it is really a must for everybody. 
The following summaries from F. A. KrOGER 
and H. J. Vinx, resp. N. Rieu are very 
similar: both try to derive the formation 
and equilibrium concentration of lattice de- 
fects from the macroscopic mass action law. 
Very important results have been obtained 
in this way, nevertheless the concept is of 
limited applicability. 

The paper of P. T. LANDSBERG satisfies 
a long-felt need, by its treatment of the 
statistical properties of non-ideal semicon- 
ductors. The reviewer would like to see our 
young research workers peruse this article 
very carefully before — or perhaps instead 
of — engaging themselves in fabrications of 
term schemes or macroscopic kinetic equa- 
tions. 

The next paper’ from P. BRAvER deals 
with impurities in ionic crystals, that from 
J. BarDEEN with the surface states of 
valence crystals, the relevant measurements 
and their theoretical implications. The papers 
of H. Y. Fan and K. Lark-Horovirz, resp. 
of W. Hanue deal with the effect of high 
energy bombardment on the properties of 
semiconductors, resp. phosphors. 


- The study of C. Herrine occupying 50 
pages deals with the thermal properties of 
tals, with the object of drawing definite 
onclusions with regard to the phonon gas. 
Phis field is among the most difficult in 
solid state physics, the author’s treatment 
‘therefore — relying only on elementary 
‘mathematics and almost evident physical 
‘reasoning — is very highly commendable. 
_ T. S. Moss ‘treats the photoelectromag- 
‘metic and the magnetic barrier layer pheno- 
mena, O. MADELUNG summarizes theoreti- 
cally the thérmoelectric and thermomagnetic 
effects. 

These summaries are both appropriate 
and timely, for the first theoretical explana- 
_ tions were faulty in both cases. R. W. Kryrs 

treats the effect of elastic strains on the 
_ transport coefficients, taking into considera- 
_ tion the change of the electron band struc- 
_ ture with the applied stress. We should like 
- to draw attention also to W. FRANz’s paper 
dealing with the effect of high electric fields : 
_ impact ionization and ZENER tunnelling. 
3 Next come the general papers on phos- 
- phors. H. A. KiasENs writes mainly on 
ground of his own researches about electro- 
- luminescent sulphides embedded in an insu- 
lating matrix, S. T. HENDERSON summarizes 
the recent progress in nonsulphide phos- 
_ phors, emphasizing the lack of thorough work, 
as compared with the sulphides. W. P. 
- KALLMANN and coworkers, resp. W. Hoo- 
- GENSTRAATEN deal with the energy transfer, 
- in liquid organic, resp. in crystalline anorga- 
- nic phosphors. The paper of M. Fock sum- 

marizes recent Soviet work about the effect 
- of killers in ZnS phosphors. In the opinion 
- of the reviewer, the comparatively smaller 
emphasis on phosphors is due to the fact 
' that a similar congress was held in Paris 

only three months previously. 

The newer trends in present day research 
are represented by the short communications. 
Let us see first which materials were selected 
for study. In decreasing importance these 
are: 


1. Valency crystals (almost exclusively 
Ge and Si, but also GeSi alloys and SiC). 
2. III—V intermetallic binary~alloys. 

3. II—VI intermetallic binary alloys. 
4. Ternary and quaternary alloys. 


It looks as if the theoretical interest cen- 
tered only around the first (and to a much 
lesser degree around the second and third) 
group, while the eventual practical uses moti- 
vate studies also in the fourth group. This, 
however, is almost self-evident: the solids 
in the first group are the most amenable to 
theoretical treatment and can be prepared 
with the greatest purity and reproducibility. 

The two years which have passed between 
the Amsterdam and Garmisch congresses, 
have witnessed a rapid advance also in the 
experimental technique. Those new effects 
(e. g. cyclotron resonance, magnetic suscep- 
tibility, photoelectromagnetic effect) which 
were first reported at the Amsterdam cong- 
ress, seem nowadays firmly established, 
nevertheless the effects, which can be studied 
more easily (and which most probably are 
less adapted to theoretical treatment) are 
still resorted to to a remarkably great degree. 

As regards the practical applications of 
semiconductors, the congress proceedings 
clearly show, that the use of semiconductors 
in electronics and electrotechnics is already 
so firmly established, that investigations in 
these respects do not belong to physics any 
more, one must look for them in the relevant 
technical journals. Besides these, already 
firmly established uses, the research reports 
clearly indicate that serious efforts are made 
to use p—n junctions as nuclear detectors. 
Similarly the great interest in thermoelectric 
and thermomagnetic phenomena, both theo- 
retical and experimental, is a sure sign that 
some substantial practical advance is im- 


- minent in the refrigeration with Peltier-heat 


or possibly in the direct conversion of solar 
radiation heat into electrical energy by means 
of thermocouples. It strikes the reviewer 
as very curious, that not a single paper was 
presented on solar batteries operating on 
the barrier layer photocell principle. 

This nice and clearly printed but perhaps 
a little too costly (DM 68. —) book is indis- 
pensable to anybody doing original research 
in these fields. A further asset of this book 
is the great wealth of references, which ac- 
company each summarizing report making 
them very useful for the serious beginner 
too. One may perhaps argue about the omis- 
sion of the accompanying discussions, but of 
course it would have led to a further in- 
crease in volume. The book contains articles 
from ten countries, from all parts of the 
world. One cannot feel too happy about the 
total lack of any Hungarian contribution. 


ELeMEeR Nacy 
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BUCHBESPRECHUNG 


G. Hertz, Lehrbuch der Kernphysik, Band I. Experimentelle Verfahren. 4 
B. G. Teubner Verlagsgesellschaft, Leipzig, 1958. 227 Seiten 


*Biicher, die die praktizierenden Inge- 
nieure und Physiker mit den Grundlagen der 
Kernphysik und Kerntechnik in verstind- 
licher und dennoch ganz praziser Weise 
vertraut machen, sind fiir die Verbreitung 
der kernphysikalischen Methoden in weiten 
Kreisen sehr niitzlich. Nach einem solchen 
Ziel strebend hat ‘sich eine kleinere Gruppe 
von Wissenschaftlern in der Deutschen 
Demokratischen Republik, unter der Fiihrung 
des Nospet- und Sratin-Preistragers, G. 
Hertz, zur Verfassung eines dreibandigen 
kernphysikalischen Lehrbuches entschlossen. 
Der erste Band dieses Werkes erschien erst 
unlangst und erfreut sich schon jetzt einer 
grossen Popularitat. 

Dieser erste Band befasst sich mit den 
Experimentalmethoden der Kernphysik, dar- 
unter besonders eingehend mit den Mess- 
methoden. Die Verfasser behandeln darin 
die Teilchenbeschleunigungseinrichtungen und 
widmen innerhalb dieses Problemkreises eine 
besondere Aufmerksamkeit den Teilchen- 
beschleunigern von grosser Energie. 


In dem zweiten Band, der in Kirze 


erscheinen soll, wird die Physik der Atom- 
kerne besprochen, mit der Zielsetzung, die 
Theorie der Atomkerne in verhaltnismiassig 
eingehender Form vorzulegen. Die Verfasser 
sehen dieses Vorhaben dadurch begriindet, 
dass die bei den Kernprozessen benutzten 
Begriffe und Gesetzmissigkeiten ohne theo- 
retische Kenntnisse nicht verstanden werden 
kénnen. Selbstverstindlich beabsichtigen 
diese geplanten sich mit den theoretischen 
Fragen befassenden Absitze keineswegs die 
Lehrbiicher der theoretischen Atomkern- 
physik zu ersetzen. Zahlreiche kernphysikali- 
sche Angaben, Tabellen und Nomogramme 
werden das Lehrbuch vollstiéndiger und 
praktischer gestalten. 

Im dritten Band beabsichtigen die Ver- 
fasser, die heutigen Kenntnisse tiber ange- 
wandte Kernphysik, Reaktoren, Isotopen- 
trennung und Verwendung der stabilen bzw. 
radioaktiven Isotopen mitzuteilen. Endlich 
sollen die tiber den Strahlungsschutz und 
die Frage der Dosimetrie geschriebenen 
Abschnitte das Werk noch niitzlicher machen. 

Den einleitenden Teil des erschienenen 
ersten Bandes hat G. Hertz geschrieben. 
Wir finden darin eine gedrangte aber trotz- 
dem leicht verstindliche Zusammenfassung 
iiber den atomaren Aufbau der Materie und 
iiber die Grundeigenschaften der Atomkerne. 

Der erste Band gliedert sich in drei 
Teile. Der erste Teil behandelt die Methoden, 
mit denen die Grundgréssen der Atomkerne 
bestimmt werden kénnen: der zweite die 


Fragen der Kernstrahlungsmessung und der © 
dritte die Eimrichtungen zur Teilchen- 
beschleunigung. 

In den beiden ersten Kapiteln des ersten 
Teiles lesen wir aus der Feder J. SCHINTL- 
MEISTERS iiber die Methoden, die fiir die — 
Untersuchung der elektrischen Ladung und 
der réumlichen Ausdehnung von Atomker- 
nen dienen. In Anbetracht dessen, dass die 
Verfasser spater auch die Physik der Kern- 
wechselwirkungen von grosser Energie und 
deren Untersuchungsmethoden besprechen 
wollen, ware es zweckmiassiger gewesen, bei 
den Methoden, mit denen die rdumliche 
Ausdehnung der Kerne gepriift werden, die 
Verwendungsmiglichkeiten der Teilchen von 
extrem grosser Energie ebenfalls zu erwahnen. 

Uber die Methoden zur Massenbestim- 
mung von Atomkernen und damit zusammen- 
hangend iiber die modernen Massenspektro- 
graphen hat F. BERNHARD ein sehr inhalts- 
reiches Kapitel geschrieben, wobei auch der 
Massenspektrograph der Deutschen Akade- 
mie der Wissenschaften vorgefiihrt wird. 
F: BERNHARD behandelt verhaltnismissig nei- 
gehend und trotzdem in einfacher Form die 
ionoptischen Probleme der Massenspek- 
trographen und gibt eine ausgezeichnete 
Zusammenfassung iiber die physikalischen 
Grundprobleme der Massenspektrometer. 

A. Léscue legt eine wertvolle Zusammen- 
fassung iiber die Bestimmungsmethoden des 
Impulsmomentes der Atomkerne vor. Neben 
der Bekanntmachung der klassischen Me- 
thoden legt er grosses Gewicht auch auf die 
Beschreibung der modernen Methoden (Kern- 
resonanz, Quadrupolresonanz), was selbstver- 
stindlich erscheint, wenn wir in Betracht 
ziehen, dass A. LGésCcHE ein ausgezeichneter 
Kenner des Anwendungsgebietes der Reso- 
nanzmethoden ist. 

Im zweiten Teil werden die Messmethoden 
der Kernstrahlung von C. F. Weiss und 
W. W. Hartmann dargelegt. Der Aufbau 
dieses Teiles ist nicht geniigend einheitlich. 
Im ersten Kapitel werden wir mit der durch 
die Kernstrahlungen verursachten Ionisa- 
tion bekanntgemacht, ohne dass wir tber 
die Fragen der Wechselwirkungen zwischen 
Strahlung und Materie vorher etwas gelesen 
hatten. Es ware wohl besser gewesen, den 
die Messung der Kernstrahlungen behan- 
delnden Teil mit einem in gedriangter aber 
leicht verstindlicher Form verfassten Kapi- 
tel iiber die Wechselwirkungen zwischen 
Strahlung und Materie einzuleiten. Des- 
gleichen wire es angebrachter, die iiber die 
Ionisationskammern geschriebene klassische 
Besprechung mit dem die Ionisationskammer 
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en Teil im W. Harrmanns Kapitel 


1odernen Messmethoden der Kernstrahlung 
ute Zusammenfassung. Vielleicht ware 
xr doch richtiger gewesen, die die 
atistische Auswertung der Messergebnisse 
etreffenden kurzen Abschnitte etwas aus- 
tihrlicher auszuarbeiten, da die statistische 
arbeitung der Messergebnisse mit der 
sung der Kernstrahlungen in engster 
erbindung steht. Obwohl, natiirlich, die 
and des Verfassers durch das beschrinkte 
Volumen gebunden war, wiire es vielleicht 
ch besser gewesen, die ausgezeichnete 
rérterung der elektronischen Einrichtun- 
en, die zur Messung der Kernstrahlung 
lienen, zu e¥weitern und gleichzeitig die 
kurze Zusammenfassung iiber die kern- 
eet eee Methoden (Alfa-, Beta-, 
Gammaspektroskopie) im geplanten zweiten 
Band eingehender darzulegen. 

Der dritte Teil iiber die Teilchenbeschleu- 
niger stammt von A. EcxHarpt. Nach 
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amenzuziehen. Ubrigens geben die von | 
ARTMANN verfassten Kapitel iiber die 


einer verhaltnismassig kurzen Besprechung 
der Teilchenbeschleuniger, die zu kern- 
physikalischen Untersuchungen mit kleiner 
Energie benutzt werden, kénnen wir eine 
tiber moderne, zur Herstellung von Teilchen 
mit grosser Energie dienende Beschleuniger 
(Synchro-Cyclotron, Synchro-Phasotron) ge- 
schriebene, gedrangte Darlegung lesen. 
Da in den meisten volksdemokratischen 
Landern die kernphysikalische Forschung 
sich tiberwiegend auf die Gebiete der niede- 
ren Energie konzentriert, ware es nicht 
uberfliissig gewesen, sich auch mit den 
Teilchenbeschleunigern von niederer Energie 
eingehender zu befassen. 

Der erste Band des Lehrbuches der 
Kernphysik erfillt die Rolle, die. ihm 
die Verfasser zudachten. Es kann als ein 
leicht lesbares, inhaltsvolles Lehrbuch an- 
gesehen werden, das sowohl die Kern- 
physiker als auch die Fachminner, die die 
kernphysikalischen Methoden auf anderen 
Gebieten anwenden, mit Nutzen studieren 
kénnen. 

Lendizp PAL 


Contemporary Physics, A Journal of Interpretation and Review. Taylo 
; & Francis Ltd, London. 


Taylor & Francis Ltd, London, have 
started a new journal, which is to ap- 
pear six times a year. This journal intends 
publishing review articles on various as- 
pects of physics on a standard suitable 
for teachers in schools and technical colle- 
ges, for scientists in industry and fields 
other than physics and others striving to 
keep in touch with modern developments 
in physics. The journal will contain articles 
giving descriptive surveys of advances in 
physics, relatively elementary interpretations 
of theoretical subjects as well as papers on 
the historical, philosophical and educational 
aspects of physics. 

The first number of this journal con- 


tains after the foreword of Sir C. Hin- 
SHELWOOD review articles on molecular 
beams by Professor O. R. FRriscu, on nuc- 
lear structure, by Dr. R. J. BLin-STOYLE, 


a historical review on ALEXANDER VON 


HumMBoLpt’s work and a report: on the 
international organization of geophysical 
research by Dr. C. KeExntNner. Further ar- 
ticles are concerning the alternating current 
experiments useful in teaching, by E. V. 
Beck, the skidding friction, by Miss BAR- 
BARA E, SABEY and the atomic light sources 


by Dr. E. J. WiLtson and J. D. H. Hucues. 


It is hoped that this new publication 
will help the non-expert to find his way in 
the ever growing jungle of physics of today. 


T. A. HorrMann 
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According to measurements reported by several authors, the frequency distribution 
of stars produced in nuclear emulsions by cosmic radiation represented in terms of the number 
of their gray and black prongs yields a curve consisting of two straight lines which intersect 
at a prong number N about 7,5. Upon analysing the results of measurements on cosmic 
radiation and comparing them with those obtained in high-energy accelerator experiments, 
it is found that the above basic feature of the frequency curve is mainly the consequence 
of the energy spectrum of the primary particles generating these stars. 


1. Introduction 


It has been found by several authors [1—6] when studying the stars 
produced by cosmic radiation in nuclear plates that their frequency distribution 
plotted versus the number of black and gray prongs (i > 1,4 imin) in a semi- 
logarithmical coordinate system (the abscissa is the number of prongs N 
given on a linear scale and the ordinate is the frequency n on a logarithmic 
scale) was obtained as a curve consisting of two straight lines with different 
slepes intersecting at N 7,5 (Fig. 1). 


2. Investigation of stars produced by cosmic ray particles 


The experiments. of the above authors, carried out at sea level, at moun- 
tain altitudes and in balloon flights, with or without absorbers and at various 
geomagnetic latitudes yielded alway the same characterjstical plot consisting 
of two approximately straight lines. 

. According to GrorcE and Jason [1], N. Pacx(2] and BIRNBAUM et al. 
[3] the break in the frequency curve is due primarily to the composition of 
the emulsion. They assume the events producing many prongs to be generated 
by collisions with the heavy nuclei (Ag, Br) of the emulsion and those with 
few prongs by collisions with light nuclei. (C,O,N). The break in the curve 


* This paper was presented at the Cosmic Ray Meeting, Bucharest, May, 1959. 
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so that at higher altitudes richer in high-energy nucleons, the break v 
become less pronounced. . 
100 


50 


- 

34 6 8 10 12, is 16 18 . 

v —>wN i 
Fig. 1. An example of the integral size distribution (obtained by GrorcE and Jason (1) 


in emulsion plates irradiated by cosmic rays 


It has to be noted that neither the authors of ref. [1] nor those of ref. 
[2] exclude the possibility of the energy spectrum of star-producing particles 
to be responsible in some way for the characteristical shape of the frequency 
distribution curve. Up to the present no uniform theory has been accepted 
in this respect. 

Now, if the assumption that the break in the curve is caused by the 
energy spectrum of star-producing particles is true, we have to expect the 


following : 


* This problem was studied also by HEITLER and JANossy, Proc. Phys. Soc. A62, 669, 1949. 


e the ener ergy spectrum of cosmic ray particles contains increasing ly 
high energy particles with increasing altitude, the size frequency curve 


nz Sto be of a different shape for various altitudes. 
2. By adding up the ordinates of star size frequency distribution curves 


plotted for events produced by mono-energetic beams in such a way that the 


" 
% 


energy distribution of cosmic ray particles is taken into account, the curves 
thus obtained ought to be similar in shape to the distribution curves for the 
cosmic radiation [7] and this shape is expected to vary with the altitude. 

4 Prompted by the above considerations we assembled the frequency distri- 
bution data reported in the literature and calculated (where not given) the 
slopes (a, and a,) of the straight lines, representing the distributions, as well 
_as the location of the break. The results in terms of altitude are shown in 


Table I 
’ - The slope of straight lines iter | NomkcestsGan 
G | intersection | ®78lysed by the | Reference 
r = a, cited authors 
S 13 0.286 + 0.012 | 0.199 + 0.016 6.2 | ~800* (3) 
; 13 |. 0.286 +0.055 | 0.188 + 0.046 7.5 *s (3) 
15 | 0.301 + 0.044 | 0.195 + 0.017 6.9 + (3) 
Balloon 22 | 0.327-+ 0.018 | 0.197 + 0.010 1.3 ~2 440* (3) 
seEcements 50 | 0.267+0.004 | 0.213 + 0.005 8.0 15 300 (5) 
56.7 | 0.388+0.017 | 0.176 + 0.017 7.8 5 448 | (4) 
- 300 | 0.412 + 0.079 | 0.248 + 0.059 8 190 | (3) 
680 0.48 0.33 8.9 1 930 | (1) 
euniain 680 0.521 0.331 6.3 2 450 2 
M ai 
experiments 680 | 0.365-+ 0.085 | 0.280 + 0.010 8.2 4923 (3) 
680 | 0.499 + 0.006 | 0.274 + 0.008 7.2 6 356 (4) 
Measure- 
ests 1030 0.48 0.33 8.8 102 (1) 
at sea level 1050 | 0.604-+ 0.037 | 0.310 + 0.010 8.3 286 (4) 


* Only the size distributions were given. 


** No data were given. 


It is seen from the Table that with increasing altitude the slopes of both 
straight lines are decreasing and the location of the break is shifted to lower 
prong numbers. In order to see whether this decrease can be considered signi- 
ficant, correlation calculations were carried out with the assumption of a 
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i 
relation between the slopes of the straight lines and the atmospheric depth — 
(h measured in g. cm~?) expressed as 


a, =a, logh+, and a,=a, logh+ f,. (1) 
As a result of these calculations the correlation coefficients were found to be 
r, = 0,943 + 0,026 and r, = 0,987 + 0,025 (2) 


which show the relation to be significant.* 
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Fig. 2. The slope of straight lines approximating the experimental data at different heights. 
The dotted line shows the variation of a, and the full line shows the variation of a, with the 
atmospheric depth 


The experimental points in Fig. 2 were approximated by the “optimum 
straight lines” obtained from equ. (1) by means of correlation calculations 


which led to the following values: : 
a, = 0,172 + 0,014, a, = 0,069 + 0,010, 
B, = 0,009 + 0,031, Bz = 0,100 + 0,025. (3) 


* The fluctuation in the experimental data may be due, in addition to statistical fluctu- 


ations, to the fact that the measurements were performed at different geomagnetic latitudes 
and that different types of nuclear emulsions were used. 
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3. Study of stars produced by mono-energetic proton beams 


*° _ Investigations of the size distribution of stars generated by accelerators 
led to the results predicted by the above considerations. The distribution 
curves plotted against the number of prongs for 0,4 BeV (total number of 
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Fig. 3. Integral size distributions obtained with accelerated protons having different energies. 
The dotted line refers to stars with more than 3 shower particles, and caused by cosmic ray 
particles with an energy of about 9 BeV 


stars 382), 0,6 BeV (450 stars), 1 BeV (380 stars) [8], 2,2 BeV (310 stars) [7], 
3-BeV (100 stars) 4 and 6,2 BeV (only the normalized size distribution was 
published) [9], and 9 BeV* proton energies are shown in Fig. 3. 


* Data for 9 BeV energy particles were placed at our disposal partly by the Dubna 
Laboratory (273 stars), partly obtained in our Budapest Laboratory (542 stars) by scanning 
the plates received from Dubna. 
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Fig. 4. Integral size distribution at height 50 g/cm? and 1040 g/em?. The full lines are the results 

of experiments with cosmic rays, and the dotted lines are calculated from results obtained 

by accelerators taking into account the energy spectrum of primary cosmic ray particles. 
(The dashed lines indicate the mean statistical error of the integral size distributions.) 


sion used with the Dubaa accelerator was NIKFI-R of a composition some- 
what different from that of the ILFORD G—5 emulsion.) 

In Fig. 4 we have plotted the frequency distribution curves as expected 
for experiments at two altitudes (50 and 1040 g/em2), where the primary energy 
spectrum is known [10] by using the optimum straight lines as given in Pigs. 


In this figure we have also shown the curves calculated from results obtained 


ee ees 


AES Fe 8 


th the accelerator and from the energy spectrum measured at the correspond- 
r altitude. 
a ‘It is seen that both the experimental and the expected curves are shifted 
in the same direction with increasing altitude and that within the experimental 
error they are of the same shape. A better agreement could not be expected 
since graphs plotted from the accelerator data were calculated only by 
summing up with respect to a finite number of points, instead of integrating 
_ over the whole energy range. 
j Now, if the break in the frequency curve is caused by the energy spectrum 
_ (more precisely by its part below 9 BeV) of the nucleons, then the frequency 
distribution curve plotted for cosmic radiation events involving energies 
about or above 9 BeV is expected to have no break and since the frequency 
curves obtained in accelerator experiments for energies about 9 BeV virtually 
- remain unchanged, the frequency curve for cosmic radiation has to be similar 
in shape to that obtained for accelerators for the same range of energies, about 
_ 9 BeYV. Therefore we have selected for analysis the events recorded by CAME- 
RINI and coworkers [5], TEUCHER [4] and ROEDERER [6] (total number of 
_ stars is p°°?) together with the events (total number of stars is 163) 
_ found in® our Budapest Laboratory on the nuclear photoplates exposed 
at the 1955 Po-Valley Expedition,* which contained, in addition to 
prongs with ionization higher than 1,4 times the minimum, at least four 
_ tracks with ionization i,<1,4 imin, that is events involving supposedly primary 
energies about or above 9 BeV. The corresponding graphs are shown in Fig. 3. 
It is seen from the Figure that the frequency distribution curves both 
for accelerator experiments and for cosmic radiation measurements are of 
_ the theoretically predicted shape. 
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4. Discussion 


An interpretation of the results obtained with mono-energetic beams 
may be given by considering the nucleon-pion cascade within the nucleus. 
However, since as far as we know, no model accounting for all possible elemen- 
tary interactions has been developed yet for this range of energies, only very 
rough phenomenological conclusions can be drawn. 

At the low-energy. end of the range under consideration (0,4 BeV) the 


incident proton rapidly loses its energy in successive collisions in the nucleus . 


and this energy serves for exciting the nucleus on the one hand and ejecting 
particle groups and 6-nucleons on the other hand. (In the differential distribu- 
tion to be seen in Fig..5a the maximum is found to be at the low values of 


N for an energy of 0,4 BeV.) 


* Data not yet published 
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With increasing energy of the primary particle the cross section for 
meson production (the inelastic scattering cross section) rapidly. increases 
and more mesons are generated. They are mostly produced in the first act 


of collision and owing to their rather low energies, they are partly reabsorbed. 


by the nucleus, contributing thus to its excitation energy, partly even if the 
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Fig. 5a. Differential size distributions built up from /stars produced by primary particles 


accelerated up to different energies 


mesons leave the nucleus, gray and black tracks, similar to those of evapora- 


tion particles and 6-nucleons, are produced by their passage in the emulsion and > 


consequently an increase in the number of prongs of the star can be observed. 
On the other hand, with increasing primary energy more and more energy 
will be available for particle ejection and since on the average the energies 
of the ejected particles are only slightly increasing with higher primary ener- 


gies [5] the average number of evaporation particles and 6-nucleons also 
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increases. (The maximum in the differential distribution curves shifts towards 
higher values of N as the primary energy increases.) 


Now, if the primary energy continues to increase, the nucleonic cascade 


_ which at low energies extends over almost the entire volume of the nucleus, 


becomes more and more contracted and finally takes the form of a funnel. 
During this process the average number of evaporation particles and nucleons 
slightly decreases as the contraction proceeds, to reach eventually a limiting 
value. This approximately constant value is determined according to HEITLER 
dn sila 
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Fig. 5b. Differential size distributions built up from .stars produced by primary 
particles accelerated up to different energies 


and TERREAUx [11] by the average number of the ejected nucleons, the 
surface energy of the funnel and the friction on the funnel wall. 

As can be seen from Fig. 5b the shape of the distribution curve varies 
rather slowly with energies above 4 BeV. This may be attributed to the com- 
pensating effect of the fact that each stage of the cascade may considerably 
contribute to z-meson production, that is with increasing energy increasingly 
more 7t-mesons are produced inclusive the number of x-mesons of relatively 
low energies. 

It follows from the above considerations that for the full understanding of 
the experimental results in this energy range, the development of a comprehen- 
sive model which takes into account the possible z-N interactions too would 


be very helpful. 
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5. Conclusions 


The results of our investigations may be summarized as follows: 

a) If we add up the ordinates of curves obtained for the star size distribu- 
tions in accelerator experiments in such a way that the energy distribution 
of cosmic ray particles is taken into account, the curves thus obtained will 
be similar to the distribution curves for cosmic radiation. 

b) The variation with altitude is the same for both the above distributions. 

c) By selecting from cosmic radiation stars only the high-energy ones, 
the break in the frequency curve disappears and the distribution becomes 
similar to that found in accelerator experiments. 

From the above results it seems acceptable that the break in the curve 
for the size distribution of stars produced by cosmic radiation is due primarily 
to the energy spectrum of the generating particles and not to the composition 
of the nuclear emulsion. - 

The authors are greatly indebted,to Dr. E. FENyves for his constant 
interest in this work and for many helpful and stimulating discussions. We also 
would like to express our appreciation to the scanning staff of our Laboratory. 
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MCCJIENOBAHHE PACHMPOCTPAHEHHOCTH NO UuNMCLYy BETBEH 3BE3], 
HABJIOOAEMbIX B ®OTOSMYIbCHAX 


r. BOSOKM u E. TOMBOLUM 


Peswme 


PacnpoctpaneHHocTn 10 4HCHY BeTBeli 3Be3,,, 
HHeM, 10 M3MepeHHAM HeCKOJIBKHX ABTOPOB MOKeT 6 
uleH H3 ABYX MPAMOJIMHeHHLIX ‘OTPeSKOB, KOTOpbIe Mepecekawren BOmM3H TOUuKH N — 75. 
Ha ocHOoBaHHH pesynEtTaToB H3MepeHHi, MpOBeAeHHBIX C KOCMMYeCKUM H3y4ueHHem Hi ycKo- 
PHTCIAMH, YAAOCh ONPeWeIMTb, YTO XAPAaKTepHBIii BHA YacTOTHOT KPHBOH BbISbIBaeTCA 3Hep- 
PeTHYECKHM CI€KTPOM MepBHYHBIX YACTHIL, CO3alOlHXx 3BC3/IbI. 


PreHePHPOBaHHbIX KOCMIHYeCKHM H3Ny4e- 
bITb almpOKCHMHpoBaHa KPHBOH, cOcTOA- 


A HYDROMAGNETIC DISCUSSION OF 
z THE MERIDIONAL DRIFT OF THE SUNSPOTS 
: igs 

I. K.; Csapa 


INSTITUTE OF THEORETICAL PHYSICS, THE UNIVERSITY, SZEGED 


(Presented by K. F. Novobatzky. — Received 30. IX. 1959) 


‘ 


: The ‘meridional drift of the sunspots studied statistically by J. Tuominen will be 
discussed by means of a hydromagnetic model. The earlier assumptions concerning the 
structure of the solar magnetic field are used and the motions of the hydromagnetic waves 
along the lines of force of a superposed dipole and octupole considered. A value of h = 0,3 
is found for the ratio of the moment of the octupole to that of the dipole field, which is-in 
good agreement with the previous results. Furthermore, certain heliographic latitudes 
(B = + 16°) are found which divide motions towards the equator and towards the poles, 
thus a theoretical explanation of TUOMINEN’s results is possible. 


1. Introduction 


The theory of solar rotation shows that there should be meridional circula- 
tions in the sun. At the surface motion is directed from the poles towards the 
equator and in the interior from the equator towards the poles. The velocity 
is found to be only 10 cm/sec i. e. far-too small for direct observation. Avail- 
able procedures seem to be statistical studies of the meridional motion of 
the long-lived spots. An investigation of this type, made by J. TuomMINEN 
[1], leads to divergent drifts starting from a certain heliographic latitude 
(B = + 16°) on each hemisphere. This result does not provide evidence for 
the meridional circulation required theoretically and we must conclude that 
the drift of the long-lived spots cannot be considered as showing the meri- 
dional circulations. 

In ALFvén’s theory [2] sunspots are considered as produced by hydro- 
magnetic waves travelling along the lines of force of the sun’s general magnetic 
field. The waves which are generated simultaneously in the center spread 
along various lines of force and reach the surface at subsequent times. If the 
solar magnetic field is represented by a dipole a drift directed throughout 
from the poles towards the equator is obtained. This does not agree with 
the observations. 

In first approximation, for a star like the sun, the theory of rotating 
magnetic stars leads to an octupole field as the lowest-order of pole-type field 
[3]. Mathematical difficulties do not permit to extend the theory to higher 
order terms. Therefore the results so far obtained by the theory were compared 
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vary 


with observations. The first discussion on these lines was a statistical evalua- 
tion of BABKOCK’s magnetograms [4]. The external field was defined as a_ 
space and time average of the magnetic fluctuations and represented by two- 
term potential functions as superpositions of a dipole and an octupole field. — 
This first discussion did not prove the theory. However, the octupole appeared 
as the dominant term. The following final conclusion could be drawn: the 
octupole potential must not be omitted in any hydromagnetic discussion 
of the solar phenomena. | . 

‘ In the present paper this conclusion is accepted and the meridional 
drift of the long-lived sunspot groups will be discussed according to ALFVEN’s — 
theory. A two-term potential function for the external field will be introduced 
and its characteristics directly deduced from the observations. 


2. Explanation of the meridional drift of the long-lived sunspot groups 


Corresponding to the previous papers [5], [6] let the sun’s magnetic field — 
be represented by the vector potential 


ky PP APS 
ae we Mia Seat, Day 


r r4 


Df 


? 


(1) 


Fig. 1 


The ratio of the coefficients h, and h, was determined as h — h;/h,r> =0,4 
Hydromagnetic waves move along the lines of forcé and penetrate the pits 
sphere. as spots. They suffer a meridional displacement depending on the 
inclination of the path and the radius. Fig. 1 shows the meridional drift in 
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the case of a magnetic field characterized by h = 0,4. This sept ieellaiton 


zl shows certain heliographic latitudes, B = + 16°, from which the drift diverges 
E towards the poles and towards the equator. This seems to be an important 
_ aspect in the hydromagnetic discussion of TUOMINEN’s work. 


_ Let the angle between the tangent of the line of force and the radius 
be a at the solar surface. Then 


r43=—Ariga, 


where Ar denotes the thickness of the layer defined by the average © 


dimension of the individual spot waves. In the case of a two-term potential 


‘function we obtain 


| gan PPESAPS 

| 2 (P, + 6hP;) 
and 

Ne I ee ht la 

P,+2nP,. 


(7=3h, X=rA@ and A=Ar). 


(2) 


In his statistical study J. TUOMINEN gives the mean daily drift of the 
long-lived sunspot groups for the magnetic cycles during the years 1874—1936. 
Each magnetic cycle was divided into four phase intervals: 

a. first maximum; 
6. first minimum; 
c. second maximum; 
d. second minimum. 
Accepting (2) as a formula of interpolation for the observed values of 


3 X (which are given in symmetrical form) the discussion based on the hydro- 


magnetic model presented here contains the following assumptions : 

(1) The hydromagnetic waves proceed with the same velocity along all 
the magnetic lines of force. Thus the meridional drift will be a function of 
A tg a only. er 

(2) h does not vary with time in the phase interval discussed. 

(3) As the equation. (2) gives infinitely large values of X at; the 
equator and at higher heliographic latitudes far beyond the spot zone, 
it may be assumed that the model cannot be used in the neighbourhood of 
the equater. Hence the drift observed at B = + 1° can be omitted. 

The parameter h has been calculated for the four phase intervals for 


the whole observational material. The results are summarized in Table I. 


_ On Figures 2a—2d and Fig. 3 the dots denote values of X according 
to TUOMINEN. The lines give values determined on the basis of the present 
model. The parameters have been determined by the method of the least 
squares and are summarized in Table I. 


(c) second maximum (d) second minimum 
hs 0.2670 h=0,2667 


4 
, “s Fig. 3 


meridional motion in the visible path of the spot. If we assume that the mean 
value of the deviations of the proper motion is zero, the rate of the meridional 


motion will be 
Ax=Xy,— calc? 
which is given for each of the phases in Table I. 


Table I 


i A +Ax +6 +16 

phase non-dimensional | degrees/day | = _kms/sec degrees/day cm/sec 
(a) max. 0.3533 0.0084 100 0.0036 47 
(b) min. 0.2750 0.0066 719 0.0055 715 
(c) max. — 0.2680 0.0109 129 0.0006 8 
(d) min. 0.2667 | 0.0043 - 51 0.0030 41 
mean > 0.2933 0.079 94 0.0024 33 


Ax, $ and ré are positive on the northern hemisphere and negative on the southern hemis- 
phere. 
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3. Conclusions concerning the structure of the general magnetic field 


The general magnetic field of the sun as discussed above explains the 
divergent drift of the sunspots in a simple way. It gives a slightly smaller 
value for the ratio h than was deduced from the magnetograms and from the 
polar rays (the former value was h ~ 0,4 and the present one h ~ 0,3). ; 

A variation of h is suggested to occur during the 22 years’ magnetic 
cycle. It seems to have its largest value during phase (a), i.e. at the first maxi- 
mum of the magnetic cycle, which is followed by decreasing values, taking on 
its smallest value during phase (d), i.e. at the second minimum. This fact 
may be considered to be in agreement with the previous discussion of the 
polar rays, where a similar variation of h was found. 

An average value of 0,0024 degrees per day was obtained for the velo- 
city of the meridional motion, corresponding to 33 cm per second. This seems 
to be an acceptable value for the speed of the Eddington current. 

My acknowledgements are due to Professor JAAKKO TUOMINEN for 
kindly having read the manuscript and for having made several suggestions 
concerning some points of it. 
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Ankwnre 


MArHETOrHIPOQHHAMHYECKOE HMCCJIEMOBAHHE MEPHMOHAIbHOrO 
APEM®OBOrO TEYEHHA COJIHEUHbIX NATEH 


HW. K. UATA 


Peswme 


MepvAHOHabHOe ApelipoBoe TeyeHHe COMHeYHBIX MATeH HCcweAyeTCA pH MOMOUI 
MarHeTOrH{posHHaMuyeCKOH MofenH. B oTHOWeHHH CTPpYKTYpbl MarHuTHOrO noma ConHua 
MIPHMeHACTCA MpewnonoKeHHe, HCNOIbSyemoe B MpeAbINYLUX paooTax, UM, TaKHM OOpa3oM, 
ABHOKCHHE COJIHCYHBIX MATeH HCCeAyeTCA Kak JIBHKeHHe MarHeTOruApOAHHaMHyeCKHX BOJIH 
10 CHJIOBbIM JIMHHAM HaJIOXKeHHOrO AUNONA Hu OKTyNOA. OTHOWeHHe MOMeHTOB OKTYNONA HU 
AMNOA MOMyYaeTcA PaBHbIM h = 0,3, KoToOpoe XOpoulo CornacyeTca C pesynbTaTaMH, nosy- 
YeHHbIMH paHbie. OTIMYHTeNbHaA remHorpauyeckan wHpota Haiiqena np B = + 16°, eii 
ABWOKCHHA PacnpefesAWTCA Ha HaNpaBJeHHbIle K SKBaTOPYy HW K MOCaM, H Tak TeopeTHueckast 
HHTepNpeTauMA MepHAMOHAbHOrO ApelioBoro TeyeHuA CONHEYHbIX NATCH, BbIBOANMOrO Ha 
OcHOBe HaOsOfeHHH JK. TyomuHeH CTATHCTHYECKH, CTaIa BO3MO>KHOI1. 


SANA3QbIBAIOWME HW OMEPEDKAIOLIME 
®YHKUMY FPHHA B KBAHTOBOM TEOPHH 
M30TPONHOFO ®EPPOMATHETHKA 


lly y-uo, C. B. TABAMKOB, 
MATEMATHUECKHA HHCTHTYT uo. B. A. CTEKJIOBA AH CCCP, MOCKBA, CCCP 
H 


T. WukKnow 
OBbEQHHEHHbBIN HHCTUTYT ATEPHbIX HCCJIEQOBAHHH, AIYBHA, CCCP 


Dk Si 
L* 
, 


(lIpegcrasneno K. ®. HosoOauxu. — Mocrynuno: 9. X. 1959) 


J 

Sana3qbiBaiouwe MU ONeperKarouiMe d@yHkynH [puna ANA pacueta OCHOBHBIX TepMo- 
AMHAMHYECKHX XapaKTePHCTHK H3OTPONHOrO deppomarHeTHKa ObliM MpuMeHeHbI B paboTax 
[1] [2]. Ma Hamarnnyennocru 3THM MeTOAOM NOMyYawWTCA pe3yNbTaTH, TOAHbIe WIA BCero 
MHTepBatla Temlepatyp. 3fecb, B OTIMUHe OT STUX PadoT, He Mpegnomaraem 3apanee U3BecTHOK 
OPHeHTalHO pe3yIbTHPylolle HAMArHHYeHHOCTH OTHOCHTeIbHO HanpaBeHHA BHeLHErO 
MAaTHHTHOPO MOA, YTO Aa€T BO3MODKHOCTH MCCHEAOBAaTb OoNee CMO*KHbIe 3aayH B TEOPHH Mar- 
HeTH3Ma. 

1. MeTox NpuMeHeHHA [BYXBPeMeHHbIX 3alla3{bIBalOWMX M OlleperKaloulx 
@yHKynit [puna B craTuctuyuecKo dusnke u3s10%KeH B paboTte [1]. Ha ocnHose 
paOoTs! [2] KpaTKo-copMymHMpyeM OCHOBHbIe pe3yJIbTaTbI cTaTbH [1]. 

OnpefesuM ABYXBpeMeHHble 3alla3biBawlne HW ONepedKaroulne PyHKUMK 


[puHa COOTHOLIeHH AME : 


G, (t—t’) = <A()|B(t)>,=9(t—¢t) <[A(, B(t)] >, 


G,(t—f)=<AQ|B()>.=—-9¢ -)<[AO,Be>, OP 
rye 
<A> =Q-1Sp Me *}; Q=sp\e I; (1.2) 
[Ad B= ADMBHK)—n1BWAOs n=+!1 (1.3) 
=) 9 dint (1.4) 


t<0, 


lipHuem ycpeqHeHue BeseTCA No Gombulomy aHcamOm0, Tak uTO H BKMOUAeT B 

ceOa unen c — AN (A — xumuyeckuii NoTenuman, N — uncmo yacTHll). (XMMH- 

yecKHii MoTeHIMal He BBOAMTCA, ECM YMCIO YaCTHL B CHCTeMe He PUKCHPOBaHO). 

A(t), B(t) — onepaTopsl B Mperctaprenuu T alizeHOepra, MpejcTaBsAarouneca 

MIpOM3BeeHHAMM KBaHTOBAHHBIX MoeBbIX pyHKUMA, 7 = 1, Mpwuem 3HaK + 

usu — Gepetca 43 coobparKeHnit yqoOcTBa, He3aBUCKMO OT CTATMCTHK HM YaCcTHL. 
@ypbe oOpasubt hynkynit (1.1) 


G,(E) = 5- J G, (t)el= dt, (jSe0) (1.5) 


2 Acta Physica XI/4 
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B KOMIJI€EKCHOM MIOCKOCTH MOryT paCCMaTpHBaTbCA Kak eMHaAn aHaJIMTHUe- ‘ 


ckand @yHKUMA, peryJIApHaA BHe BelleCTBeHHOM OCH, Bua: 4 . 
i a 1(o) 42 (1.6) f 
G(E)= 57 (rnd /| () ja es ‘ wt 
-(G,(E) ImE>0 — 
E)= 
ae ee ImE <0 
I(@) — cleKTpabHad MHTeHCHBHOCTb. 


Torfa oObluHble cpefHHe SHaYeHHA (KOppeJIAMOHHbIe PyYHKUWMH)  onpe- 
JlesAIOTCA POpMysIaMH : 


<B(t)A()>= | f I(@) e~?°¢—-*) dw, 


—s CT 


2 rc] 1.7 
<A()BU)>= f I(wye® e!- dw, On 


—.2 


ynkuua I(w) crpoutca no byHKynAM G(E) no cooTHOMeHHIO : 


(Gye ®cery) etree) 2 EE Tee Brie 


TlocneqHAA B CBOIO ouepesb ONpeeAeTCA U3 PelICHHA WeNOUKH 3aLlenJIAWWWUXcA 


ypaBHenmit Ja dyHkuMA Ppuna, nonyyatouelica zudpepenumposannem (1,1) 
no t: 


i= <A(f)|B(’)> =i6(t—t)<[AQW, BO] >+ 


(1.9) 
dt | 


A(t 
rye i a ) GepeTca H3 ypaBHeHuit [BuKeHHA. B mpaBoii uactu (1,9) NOJIy YaloTCcA 


ONATh MpOusBeeHHA MoNeBbIX PyHKUMH B OonbueM, BOoOWe ToBOpA, NCTE. 

Tina peulenva cuctema (1,9) pacuenisetca nyTem MpepctaBnenua opHoit 
WIM HECKOJIBKAX BbICLIMX PYHKUMH yepes Husune. BHocKMas Mpu 3TOM Norpeul- 
HOCTb MO)KET ObITb, BHJMMO, OlleHeHa M3 pacCMOTPeHMA CyeMyrolllero NpHOMKeHUA. 


2. B raiisenOeprosckolt Mofenv H30TponHBIit beppoMarHeTHK OnMchIBaeTCA 
raMHJIbTOHHaHOM BHJla : 


~ a | 
t= ty ES, — TS hee, (2.1) 
Gna) | 2 fra) 


SAMA3JbIBAIOUIME HM OMEPE)KAIOUIME ®YHKUHH FPHHA 325 


Tye S— a-KoMMoHeHTa onepatopa cnuHa QNeKTPOHa, HaXOMAUerocA B yane 
J f pemerKu [ eqMHuaXx Oo) My— MarHeTOH Bopa, 7% — BuelliHee MarHuTHOe Noe, 


WM ty fe) = 1 fk — fe |) >O — oOmennpit uurerpan. 
Tlepetiqem oT ciMHOBbIX ONepaTopoB K MaysIMeBCKUM C NOMOLIbIO Mpeod- 
| pasoBaHHa : 


> * , 
S>5 = y7(1 — 2ny) + AF by + AZO} , (2.2) 
rye %} — BeKTOpHblii KosphulwenT npeoOpasoBanun, NOLYMHsAIOWIMiicA yCNOBMIO : 
: . v7 = 1, 
| , Pa (7 
3 y y 
Ay= — TL iW, ay — WY 7h, apa; 
nt nt "i ny 


m= {O7? + OVP ae 


s 
ASIA BEKTOPOB “A Mu Ar MMeCNWOT MeCTO CJIEAYHOWNe COOTHOLICHHA ° 
p if f 


(AA) =2: (Ay A) = (Ay A) = (Ap) = (Ay) = 0- 


Onepatoppi by uM by Mo_YMHAOTCA MepecTaHOBOYHbIM cooTHOWeHHAM [laysn : 


b, bf +67 6, = 1, by by = by by =O, 
bb, — 6,5, =0, bb, —bgbp =0, (f#8) (2,4) 
Ny = OF b; . 


B nacronmel pa6ote MbI paccMOTpHM OJHOJOMeHHEIM deppoMarHeTHuK, BCe y3NIbI 
pelleTKH KOTOPOrO 3aMOsIHeHbI MOHAMM OJHOTO COpTa, HK NO 3TOMY M0J10)KAM 
Y¢ = Ya. TamMMsbTOHMaH (2.1) c MomMoulbIoO NpeoOpasoBaHnA (2,2) MepelipeT K 
BHI : 
: H=E,+H,+H,+H,+M%;, (2,5) 
rae 


1 
Eo=— BN (#7) — > NIQ), 


H,=— MHA) J 0p, — bo (HA) Z 6}, (2,6) 
(A) (f) 
Hy = 2h (7 Y)S My t+ 2 (fy fe)My, — 2 21 (fifa) 07, Of » 
(f1) (fief) : (fvfs) 4 
Hz = 0 ’ 
Hy= — S 21 (fy, fo) Mp, Mya» 
ep 
I(0) = >} I(f) fe) ? 
N (sh) 


oF 


326 Ny ®y-uO, C. B. TABJIAKOB u T. WIAKJIOW 


NV — 4ncno Y3JIOB peuleTKH. OTHOCHTeJIbHaA HaMarHHyeHHOCTb onmpexetAeTCcA 

COOTHOLICHHEM : 
=<SJ>=%<1-2y>+A*<y>+A*<H>. (27) | 

db 2% j ate 0) 


Onpegenan i M3 ypaBHeHusA ABYKeHHA: 


ib,=[b,A]; ibt = [bj Al 
MOyYMM CyleflyloulMe ypaBHeHuA ANA dyHKuni Tpuna : 


< < by (1)| Bj(t’) > = 18 (t— 1) bg0 + 2) (HA) <n,(f) | bf(0") > + 
+ 2 {ty (Hy) + 1(0)} < b,(t) | 05(t') > i; = 2 I(gp) { <b, (t) | oj(t’) > — 
— 2<1,{f) b(t) | f(t’) > + 2 <n, (t) b(t) | oF (t’) > }, 

d ke 

i - <Oi(1) |6j(0) > = — 2 (HA) <n,)| 570) > — 
— 2 {tp (Hy) + 1(0)} << 05() | F(t’) > tS > S'21(gp){<b, (t)[F(t') > — 
— 2 << (1) 5) | 5700) > + 2 << nt) 5:(0)| OF) > }, 


i <d4(0)|6(t) > = 29 (A) < n,(t)| 6,0) > + 
— 2 {tty (-%Y) + 1(0)} < b,(t) | b(t’) > — -? I(gp < b,(t) | b(t’) > — 
— 2 <n,(t) 6,(t) | oft’) > + 2 <n,(t) b,(0) b(t’) > } 
| Bi 
Pe <b OU) > = — 14(t — 1) bg — 2 (HA) <1,(t)|6(t) > — 
— 2 {i (HY) + I(0)} << b5(t) | &(t’) > + PP 21(gp) {< p(t) | b(t’) > — 
— 2 << n(t) bo(t) | b(t’) > + 2 <n,(t) b 0) | a(t’) >}, 


rye 
¢=1l-2<af))>=1—2n. 


3. [na pacuennenua ypaBnennit (2,8), (2,9) one 
+ ? , ? aT . 
6,(t) MpezcraBum B Buze: » 2,9) patopbt Mayr -6,(t) 1 


b(t) = B+ u(t); bi(t) = B* + mit), (3,1) 


re bik HeTpy”Ho samucams mlepecta 
> COOTHOWEHHA, OMHAKO STH TlepecTaHOBOUHble COOTHOWIEHMA HaM He 
ca, a Bu B* c-uucna. IIpuyem 2 pe 


OR=<0()>;  B=<jD>; <af)>=<pi)> = 0. 
F <,(t)| f(t) > = <z,(t)| f(t) > = GP, 
<b) | (C1) > = <u, (| f(t) >= GY, 
<b,(t)| b(t) > = <2,(/)| et) > = G9, (3,2) 
<< g(t) |6(0) > = < mg(t) | w(t) > = GP. 


Acnonb3sya (3,1), onepatop n,(t) MooxeT ObITh 3aMvcaH B BHJe : 


g(t) = D5(t) b(t) = Th + Qye(t) + BY H(t) + BHI), (3,3) 


Exe , | 
n= <nft)> =p B+ <u,(t)e(t)>, 


* Dect) = y(t) g(t) — <u) (D> 3 <Qelt) > 0. 


ye 2 


(3,4) 
F 
Vicnomp3ya mpenctapnenue (3.1) u dopmyny (3.3) HerpynHo yGequTbcaA B TOM, 
uTO BCe BCTpeyalolMecaA B ypaBHeHMAX (2,8) u (2,9) PyHKUMH MoryT ObITb BbIpa- 


KeHBI uepes GY} u BbIcUIMe yHKUMH, MocreqHHe cofeprKaT MpousBereHHAa 
u(t) u u,(t) B Oombulem uncne. Hatpumep : 


<n,(t) | 0;(t') > = B* GP + BGM + «2,,(t) | w(r)>, 


< n(t) b(t) | b(t’) > =n GY} + B*BGLY + AR GP + 
+B <Q,,(t)| u(t’) > +.B* <M At) uf) | mit) > + 
+ B< Mgt) Myt) | MFC) & + < Qoelt) My (t) | (ED >- 
B neppom mpuOnmKeHuu mpeneOperaem BbICUIMMM yHKUMAMM, Tora 


ypaBHeHHA JIA TpMHOBCKMX yHKUMH pacuellAOTCA, U WIA yHKuni GY} 
Momyyaem cJlefyioulyio cucTemy ypaBHeHHii : 


ICY = a4,(0) GSP + (0) Ge — & Mal BP) OY — Baral gp) GHP + (tt) dye, 


(3,5) 
iG) = — dyy(0) OY) — ayp(0) GP + 3 aga(gp) GSP + aaa?) GHP » 


| 
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i GY = a43(0) GE) + a,,(0) GY — Pp a,3(gp) GS —  & au(ep) GY, 
i GY = = — 45(0) GY —a,5 () GY? + & Oe3 (gp) G? te a2,(gp) GY —i 6 (t—1') Og , 
(3,6) 
rye ; 
043(0) = 2 {1p (7) + 1(0) (0 + 28*B) + My (HA) B*Y = agp (0), 


042(0) = 2 {449 (.% A) B + 2 1(0) BB} = a,,(0), 


(3,7) 
443(gp) = 2 I(gp) (o + 26* B) = a,,(gp), 
%4(8P) = 41(gp) BB = a29(gp) . 
YpaBuenna (3,5) u (3,6) npumenaa Dypbe npeobpasopanne 
GYt—t)= F OYEye*"-M aE, (j= 1,2,3,4) (3,8) 
GY(E) = SeW/-09 K, (ky (3,9) 
N ®% , 
MOryT ObITb npupesenst K BHA: 
= A) — BY as 3 AC) — BO =0, 
(EAD) Ry BY) Ky on x (E — AY) K, — Be K, 4 (3,10) 


BPK,+(E+ AP)K,=0 5 BPK,+(E+ AP) K, = — paki 
rye 


Al? = 2{149( Hy) + (I(0)—1(k)) (6-+28*B) + ng(.% A) Br} = Aw, 


: (3,11) 
BY = 2 B{ uy ( HA) + 2B (1(0) — 1(k))} = BO. 


Ypapuenusa (3,10) umetot pelleHual : 


MC 5 AW) oe Ap? = = 1,234) 1 


ae a 


i 


— eBags = Leap apy, A= Lap + a) 
ERO E,= VAI BPBP; eM =F, 

2 (k) =Z9 (k) = — ZP () = — 2) =1, 

29 (k) = Z(H) = — 2 () = — 2) = A 
mH =-2 0-22, 2H= re o 
| 29) = 29) = 29 ee (k) =0. 


Mogcrapnad B (3,9) pewenua (3,12) c nmomoupto (1,8) ca culeyrouee 
BbIpaKeHwe [JIA CMeKTpasbHOM MHTCHCHBHOCTH : 


I, (@) = (3,13) 


rye 


zo (w) = § el@-I ZO (k)d (wo — EY) dk , 


M Torfa C MoMoubwo (1,7) Nonyyaem cresyroulMe BbIPAKeHHA JIA KoppesALMOH- 
HbIX @yHKuMH (mpu t = t’): 


ran te-1.0) Ge 4. 2. tei Ae ory Ee ge 
< Ug hf > i e ~~ | e : ng ok 


2 xy a a )3 : 

<p >= a eile Fe) gh 4. 2 eal eet) Aw copy Eee aie 

ag 2 (2x) 2 (2x) ho Egor 28 

+ yt = dare 1 eilg—fik) BY cth —* Ex dk , (3,14) 
pe ALT or J prea ; : 

E 
ele—Sk) —* By eth dk. 

cea ert Gn J Bipiervie 28 


3ameTHM, YTO NoNyYeHHble KoppesALMOHHbIe PYHKUMM B OoNee CNOKHBIX 3afa- 
-yax HeOOXOMMbI JIA MCCeMOBAHHA MAHAMyMa cBOOOMHOM SHeprun. 

Ecau nmonoKuTb g = f, Bbipaxkenua (3,14) qaloT ypaBHeHuA, 118 ofpe- 
nenenua 9, B, B”: 
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25. 2 Qa Jue 208 
o 


Beg ce eee OAR Se nde (3,15) 


we fany® Bie 2 


1) 3 : 
ee ee BP ty Ek ai. (3,17) 
2 (20s ) E, 20 ? 


BektTop MpeoOpasosaHua y onpesensetca u3 ycnoBHA MHHMMyMa CBOOO,HOK 


SHeprun : 
oF 


OY. 


+ Ay, =0; 


rye 


H 
oF a sp [SH SFY, 
Oy, 


Ycnospue MHHAMyMa cBoOo,HOK SHeprvun B HalllemM cityuae HMeeT BU: 


9 * 
= # Nt % a= tN) p— pon ZA) ge + 4y, = 0. (3,18) 


a a 


Mak, MbI Moyunsu 6 ypapHennii (3,15) — (3,18) a9 onpenenenua 6 HeuspecT- 


HBIX: 9, B, B*, ». 
V3 ypasuennii (3,16), (3,17) meroxom MTepauut MOXKEM BEIYHCIINTb Bu B*. 
B cnyyae usoTpomHoro dbeppomarnetuka MTepauMA faeT TOUHOe pelllenue : 


B=p*=0. (3,19) 
Torga us (3,18) nonyuun : 
ON fy H, =Ay,. (3,20) 


HeTpyHO yOequTBCA B TOM, YTO M3 BO3MOKHBIX ABYX pelleHnit (3,20) MMHAMyMy 


CBOOOLHOM SHepruM CooTBeTCTByeT pelleHne 7 || 4% uw raxum 06pa30m JIA ompe- 
WeeHHA aOcouTHOrTO 3Ha4¥eHHA- OTHOCUTeNbHOI HaMarHuyeHHocTH M =o 
Nomywaem Cilefyloulee TpaHcleHAeHTHOe ypaBHeHne : 


l v a 
a wy fth etal, (3,21) 
rye 
Ey = 24M ¥ + 0 1((0) — I(k))}. 


2) s 
2 BP tn Ze af. (3, 16) 


ct ad © he ay 


ae paborixt (] (2). ae 7 
) ana oOnactelt HASKUX TemNepaTyp M TOUKK 


2 noice npu % = 0) a TakoxKe pacuntava MapamarHuTHas Bocnpy- 
CTh Bbileé TOUKH Huiopu. 
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RETARDED AND ADVANCED GREEN FUNCTIONS IN THE QUANTUM THEORY 
OF ISOTROPIC FERROMAGNETICS ; 
By 
Pu Fu-cnoun, S. V. TIABLIKOV and T. SIkLés 
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Abstract 


Retarded and advanced Green functions for the calculation of the fundamental ee - 
"dynamical characteristics of isotropic ferromagnetics have been used in the papers [1] [2]. — 
_For the magnetization according to this method results are obtained which are valid for all : 
_ temperatures. Here, in contrast to those papers, we do not suppose, that we know in advance 
_ the orientation of the resulting magnetization with respect to the external magnetic field. 
This gives the possibility of investigating more complicated problems in the theory of mag- 
-netism. 
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’ ON THE DETERMINATION OF IONIC RADII 


By 
K. SasvArr 


CENTRAL RESEARCH INSTITUTE FOR CHEMISTRY OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


(Presented by Z. Gyulai. — Received 27. XI. 1959) 


; With the aid of ionic close packing ideal crystal lattices can be given to many distorted 
ionic crystal lattices. In consequence of distortion the actual lattices are mostly dilated 
compared to the ideal ones, so that the difference of the volumes associated with one anion 
of the actual and ideal lattice, respectively, is always satisfying the relation AV(X) > 0. 
For every group of ionic compounds with the same anion but different cations of the same 
valency and coordination number and only slightly differing ionic radii the difference volume 
AV (X) will be the same. With this supposition we were able to determine the ionic radii of 
the cations being present in rutile and its sister lattices and CaF, lattices and further, the 
fact may be stated that for the cases revised here, mostly the ionic radii of AHRENS are most 
reliable. In the other cases, GoOLDSCHMIDt’s radii or intermediate values of the two have to 
be regarded as the real ones. Some deviation can be found for the ionic radii in the case of 
the compounds AB,X, ‘in which the divalent cations are Fe, Co, Ni or Mn. An explanation 
for this will be given later. It could be stated that the ionic radii have rather a fictitious 
meaning and their values vary depending on the coordination number as well as on the 
influence of neighbouring cations, polarizability of the anions and on the relative number 
of cations and anions. The ionic radii redetermined in this paper are summarized in the 
tables, where also a comparison with the data of GoLpscuMIDT and AHRENS is given. 


The spatial arrangement in ionic crystals can be thought as approaching 
an arrangement of different charged spheres. Although the ions are not really 
spheres, in the different crystal lattices constant ionic distances are obtained 
in a good approximation if the coordination number and the degree of ioniza- 


- tion is the same. In this sense the ions may be regarded as spheres to which 


well-defined ionic radii can be assigned. 
The first ionic radii were given by WasasTJERNA [1] who found the ionic 


refraction to be proportional to the volume, i. e. to the third power of the 
ionic radius. The ionic. radii of O-? and F~ given by WASASTJERNA prove 
to be the most reliable ones still to-day and give the starting point for the 
determination of the ionic radii of further ions. 

Ionic radii were determined by Gotpscumunt [2] in 1926 on the basis 
of experimental interionic distances taken from the simplest crystals (mostly 
with parameterfree structures) with the ionic radii F~ = 1,33 A and 07? = 
= 1,32 A given by WasasTJERNA. Many ionic radii have been determined 
by Gotpscumipt and the variation of the ionic radii with the coordination 
number was discovered by him. 

Pautine [3] started in 1927 from the assumption that the size of th 
ions is determined by their outermost electrons. As first approximation thes 
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may be treated as electrons of hydrogen being under the influence of th 
effective nuclear charge (Z—S)e [Z is the atomic number and S takes account — 
of the screening effect of the inner electrons]. In this way PAULING was able 
to determine the ionic radii of the isoelectronic ions with noble gas structure 
and got the so-called “univalent radii” from which the multivalent ionic radii 
of the ions could be computed. A great number of ionic radii have been 
determined also in this way, but in many cases a considerable deviation 
is shown from those of GoLDscHMIDT. 

ZACHARIASEN [4] observed that other interionic distances than those 
determined experimentally in individual crystal lattices are very often attained 
with the ionic radii provided by Gotpscumipt and Pavutinc. He attributed 
this phenomenon to the fact that a change of the interionic distances is brought 
about by the coordination number, the valency of anions and cations and by 
the ratio of the ionic radii. The dependence of the interionic distance on the 
coordination number and valency for the ions with inert gas configuration 
was deduced theoretically from the analytical expression of the potential 
energy of ionic crystals and numerically this may easily be given in case of 
crystal lattices, where no anion-anion contact occurs and in this case the 
correction arising from the ionic radius ratio is considered negligible. Zacua- 
RIASEN attributed a general significance to PAULING’s univalent radius and 
according to him. computed interionic distances are obtained in the lattice 
which fulfil the above conditions, when by applying the former correction 
factors, the ionic radii are calculated from univalent radii for every single 
crystal lattice. ZACHARIASEN’s considerations are, however, only applicable 
to ions with inert gas configuration. 

Stockar [5] succeeded in deriving a systematical relationship between 
the radii of the highest-charged positive ions determined by Pauine which 
occurs in each period again. This could be expressed in an explicit analytical 
form, suitable for the calculation of radii of any positively charged ion. 

STOCKAR’s important equation gives a possibility to approximate also 
the radii of such positively charged ions, which cannot be determined otherwise. 

Recently AwRENs [6] established the fact that there exists a regular 
relationship between the PAuLine’s radii computed from the univalent ones 
and the ionization potential and charge of the ions, respectively. On the 
base of these regularities, by taking into account a correction of the ionic radii 
of the alkali ions, AHRENS revised the ionic radii of PAULING and GOLDSCHMIDT 
and brought a great number of new ionic radii unknown till then. 

In the investigation of crystal structures the knowledge of the ionic radii is 
of great significance. It is therefore not unimportant to obtain correct data 
of ionic radii, even then if they bear but fictitious meaning and are reliable 
only in connection with the distance of neighbouring ions in the solid crystal- 
line state, showing changes according to their coordination number and the 
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kind of adjacent ions. Refined and more reliable data of ionic radii are obtain- 
able on the basis of selection by taking into consideration as many circum- 


stances as possible. It is the purpose of this paper to revise and estimate ionic 


radii of some ions based on a new point of view. 

Places of ions in crystal lattices are always determined by comparing 
intensities of X-ray reflections measured and calculated. For calculation of 
intensities atomic scattering factors are used being determined mostly theore- 
tically by assuming spherical symmetry of the atomic electron density. This sup- 
position, however, is never satisfied in the actual lattices, where the ions are 
always more or less deformed, especially in crystals with variable parameters. 
“The distance between the cation and the anions, which are surrounding it, 
can be variable to some extent, their configuration, however, has to maintain 
some kind of symmetry in the case of true ionic bond and stable crystal 
modification. According to actual experimental determination, however, this 
symmetry seems to disappear entirely in most cases, probably for that very 
reason that scattering factors used in calculation are not strictly correct. 

From the variable ionic distances averaged ionic radii can be determined. 
In many cases, however, more reliable ionic radii are obtainable by calculating 
medium ionic distances on the basis of the unit cell volume, as there is a 
possibility to determine the latter more precisely than the ionic positions 
of the crystal lattice. 

In another article [7] the author deals with the construction of ionic 
erystal lattices with the composition AX,. The basic idea is to find those close- 
packed ionic arrangements on the basis of chemical composition and ratio 
of ionic radii, which are satisfying some primary conditions. In this way, the 
possible crystal lattices of different ionic arrangements, including the well- 
known lattice types and eventually also new ones, can be given for a certain 
chemical composition. 

If an ionic lattice type is constructed, it is also possible to give the 
dimensions of the unit cell, with the knowledge of the ionic radii. The lattice 
constructed on the basis of close packing is undistorted and will be called 
the ideal one. Because of polarization and the electrostatic attraction of the 
positively and negatively charged ions coordinated differently, the actual 
ionic arrangement is always more or less distorted, if the composition is 
different from AX. 

The ionic packing of the crystal lattices is always more or less slightly 
dilated in consequence of distortion and therefore the volume associated 
with one anion (the volume of the unit cell divided by the number of anions 
in it) is somewhat larger than in the ideal lattice. The degree of this dilatation 
depends on the polarizability of the anions, on the radii, the valence and the 
coordination number of the cations. The greater the polarizability of the 
anion and the valence of the cation and the smaller the cationic radius the 
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larger will be the difference between the volumes for one anion in the actual § 
and ideal crystal lattice, respectively, which we shall call further the difference _ 
volume AV(X) of the anion, oR 

Our basic supposition will be that, for different ionic compounds, with 
the same anion and with cations of the same valency and coordination number 
and slightly different ionic radii, the difference volume of the anion will be 
the same, or rather in the same direct ratio to the volume associated with. 
one anion, that is ; 


AVX == 4 FUT | (1) 


where A is a constant and V,,(X) means the volume associated with one anion 
in the actual lattice. With this relation we obtain a method by which it is pos- 
sible to check the ionic radii. Such a control and new determination of several 
ionic radii was rendered possible on the basis of the ionic lattices of the com- 
position AX, discussed in another place [7]. 

Let us start from the rutile lattice with one parameter and take in suc- 
session all the compounds with its sister lattices [8]. | 

The edge of the anionic octahedron, i. e. the distance of two neighbouring 
anions in the undistorted close-packed anionic frame can be given by the 
relation 


a z= YD (rig ry), (2) 


if r4 and rx are the ionic radii of the cations and anions, respectively. So the 
ideal volume V;(X) belonging to one anion in the undistorted close packing 
may be given by the following equation 


Gt SAIS Syren (3) 


From this the difference volume of one anion can be computed by the relation 
_AV(X) = Va(X) — V(X). (4) 


_ Let us first take dioxides [9, 10, 11, 12] and let us compute 4V(X) with 
the ionic radii of Gotpscamipt. Numerical data of these com 
seen in Table 1. | 

Apart from a few exceptions the average difference volume is about 
0,50 A (dilatation of about 3%). A great deviation from that occurs in the 
cases of MnO,, GeO, and TeO, in which cases the radii of the tetravalent 
cations must be erroneous. Data for the radii of Cr+4, Tat4, Tc+4 and Re*4 
were not given by GoLpscHMIDT. 


pounds can be 


+0.63 


| , 4.52 Se 3.196 16.33 0.67 15.76 40.57 
4.50 = 3.146 15.93 | 0.66 15.52 | +0.41 
4.395 _ 2.860 13.81 0.44 13.01* | +0.80 
 $n0, | 4.737 _ 3.185 17.87 0.74 | 17.48 +0.39 
PbO, 4.94 ~ 3.377 | 20.60 0.84 | 20.16 | +0.44 
; TeO, 4,80 — 3.778 21.76 0.89 21.59 40.17 
 TaO, 4.709 - 3.065 16.99 - a = 
> vO, 5.743 4.517 5.375 14.68 0.61 14.38 40.30. 
B = (122.61°) 
; P 
MoO, 5.584 4.842 5.608 16.26 0.68 16.00 40.26 
. B = (120.94°) 
wo, 5.565 4.892 - 5.650 16.54 0.68 16.00 40.54 
B = (120,69°) 
TcO, 5.53 4.79 5.93 17.00 te = = 
ep B = (120.00°) ; 
ReO, 5.562 4.838 5.561 16.06 = eo Leen 
B = (120.87°) 


* V(X) is computed by satisfying the condition ra = (VF —1)1,32 A 


The cationic radii of Mn*4 and Ge** given by Go.pscHMIDT are smaller 
than (V2 — 1)1,32 A, so these ions would not fill up the octahedral cavities 
even if the oxygens would touch each other and no cause for a dilatation of the 


actual lattice would occur. The actual volume of the unit cells of these 


two compounds is, however, greater thau the ideal one, in which oxigens 
touch each other, therefore the ionic radii of Mn*4 and Get4 are greater 
than (2 —1)1,32 A. 
If we consider the fact that the averaged difference volume in Table 
1 is about the same as for rutile, it seems to be justified to change the cationic 
radii in the compounds of Table 1 so as to attain a difference volume approach- 
ing 0,50 A3 in every case. After such an alteration, corrected ionic radii are 
obtained as shown in Table 2 which agree well enough with those given by 
GoLpscHMIDT, but in some cases they come nearer to those of AHRENS. 


eile 


an OS sa a! 


15.06 
0.695 | 16.36 


0.57 | 13.50 

: 0.56 | 13.29 
RuO, | 15.92 0.65 | 15.29 

030, 16.33 0.67 | 15.76 

Ir0,, 15.93 0.65 | 15.29 

Ge, 13.81 | 0.56 | 13.29 

Sn0, hier | 8d 17.23 

PbO, 20.60 | 0.83 | 19.88 

TeO, 21.76 -| 0.87 21.01 

‘Ta, 16.99 0.695 | 16.36 
vo, 14.68 | 0.60 | 14.16 

MoO, 16.26 0.67 | 15.76 

wo, 16.54 0.68 | 16.00 

TO, - 17.00 0.70 | 16.48 

ReO, 16.06 0.66 | 15.52 


The same regularity can be found in the case of fluorides. By calculating 
the difference volume on the basis of GoLpscHMIDT’s cationic radii, negative 
values are obtained in every case. Considering the fact that the cations are 
only divalent and the F~ ion is hardly polarizable, it is hardly possible to 
assume a contraction of the lattice compared with the ideal one. It may, 
however, be easily assumed that the close-packed frame of F~ does not dilate 
after deformation and therefore the difference volume will become zero. 
With this supposition the corrected ionic radii will be those given is Table 3 
[9, 12, 13], and in this case they correspond better with AHRENS’ data than 
with those of GoLDscHMIDT. 

The determination of the cationic radii can be continued also in such 
sister lattices of rutile, where two different kinds of cations are present. 

In the sister lattices of composition ABX, trivalent and pentavalent 
cations are present with different ionic radii [9, 14, 15, 16]. In this case a medium 
cationic radius, being the arithmetical mean ‘of the two cationic radii, has to be 
used to compute the volume of the ideal lattice. Carrying out thus the compu- 
tation with the ionic radii of GotpscumipT the AV(X) will be almost the 


aa 


Corrected cationic radii 


‘ 


_ Compounds 


~ Alsbo, 


a CrNbO, ‘ 


- CrTaQ, 
_ CrSbO, 
FeNbO, 
_ FeTaQ, 
_ FeSbO, 
RhNbO, 
 RhTaQ, 
RhSbO, 
RhVO, 
 GaSbO, 
_ MnSbO, 
_ TiVO, 
- SbVO, 
_ YSbO, 


same as in Table 1, if the pentav 
radius is given by GOLDSCHMIDT. 
if we choose 0,66 A for the ionic radius of S 


Szaw6 in 1944 [17]. 


; 


16.32 


19.65 


— 18.25 


Fat X) 
(A*) 


15.15 
16.24 
16.19 
16.03 
16.83 
16.70 
16.18 
16.64 
16.66 
16.50 
15.62 
16.08 


17.14 | 


15.47 
10.05 
16.05 
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; 


a7.53 
16.67 


20.81 


17.33 


ay 


16.36 


19.60 


18.26 
17.48 
16.73 
20.72 
17.36 


Table 4 


of the compounds ABX, with rutile lattice and the ionic radii 


AVR 
(A) 


—0.01 
+-0.04 
—0.06 
_ +0.09 


—0.03 | 


—0.04 | 
+£0.05 | 


given by GoLpscHMIDT and AHRENS 


r (A 


Corr. 


0.57 
0.64 
0.64 
0.64 
0.68 
0.67 
0.65 
0.67 
0.67 
0.68 
0.68 
0.64 
0.72 
0.67 
0.71 
0.64 | 


rp(A) 


corr. 


0.66 | 
0.68 
0.68 
0.66 
0.68 
0.68 
0.66 
0.68 
0.68 
0.66 
0.59 
0.66 
0.66 
0.59 
0.59 
0.66 


- (A’) 


Vi(X) 


14.49 
15.52 
15.52 
15.29 
16.00 
15.88 
15.41 
15.88 
15.88 
15.76 
14.94 
15.29 
16.24 
14.82 
15.29 
15.29 


AV(X) 


+0.66 
+0.72 
+0.67 
+0.74 
+0.83 
+0.82 
+0.77 
+0.76 
40.78 
+0.74 
40.68 
+0,79 
40.90 
40.65 
40.76 
+0.76 


ra(A) 
(ce) | 


0.57 
0.64 
0.64 
0.64 
0.67 
0.67 
0.67 
0.68 
0.68 
0.68 
0.68 
0.62 
0.70 
0.69 
0.90 
0.65 


(A) 


0.51 
0.63 
0.63 
0.63 
0.64 
0.64 
0.64 
0.68 


- 0.68 


0.68 
0.68 
0.62 
0.66 
0.76 
0.76 
0.74 


rp(A) 

© | @ 
| es 
0.69 | 0.69 
0.68 | 0.68 
— | 0.62 
0.69 | 0.69 
0.68 | 0.68 
aM di) 
0.69 | 0.69 
0.68 | 0.68 
bral 
0.4 | 0.59 
— | 0.62 
~ | 0.62 
0.4 | 0.39 
0.4 | 0.59 


alent cations are Nb or Ta. For Sb*° 
An appropriate difference volume is obtained 
b*®, which was given by NAray— 


| 0.62 


no ionic 
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A significant deviation is found in the case of the coniponmd: of 2% 
There a good agreement can he achieved when the ionic radius of V 
chosen to be 0,59 A, which is equal with that given by AHRENS. ~/ : 

Taking these ionic radii of the pentavalent cations the corrected ionig 
radii of the trivalent cations of the compounds in Table 4 can be determines 
by fulfilling the condition AV(X) ~ 0,75 A’ taking also into consideration 
the condition of equation (1). 

The lattice of SbVO, appears to be a very interesting case. Both of its 
cations are known equally as trivalent and pentavalent. In the other compounds 
of Table 4, however, they occur always as pentavalent besides other trivalent 
cations. Therefore, in the present case it is difficult to decide which of the 
two cations may occur with the higher valency, since, however, in the lattice 
the cationic positions are statistically occupied by the two cations and since 
the two possibilities will furnish the same probability, it seems to be evident that 
the two cations may occur in equal number with both their valencies statisti- 
cally disordered. In any case a good approximation of the difference volume 
to the mean difference volume of other compounds of Table 4 (two last rows 
in Table 4) is obtained, by taking the radius of 0,65 A for V** given by Goxp- 
SCHMIDT and the value of 0,77 A for Sb*® which is about the same as that 
of AHRENS. It has, however, not actually been decided till now, which of the three 
possibilities mentioned is realized. 

A further possibility, that both cations of SbVO, might be tetravalent, 
has to be rejected, since also in the lattice of Sb,O, the cation of Sb is found 
to be not tetravalent but tri- and pentavalent [18]. 

Crystals of RhVO, and CrSbO, with slightly different dimensions as 
those given formerly, have been recently mentioned in the literature [15, 16]. 
Whether there is only a mistake in the determination of the data of the two 
crystals or whether the difference occurring might be ascribed to other reasons 
must remain a subject for further considerations. In any case the difference 
volume of these compounds is not found to be what it had been expected- 

In the sister lattice of rutile with the composition AB,O, (trirutile lattice) 
divalent cations A and pentavalent cations B are present. In this lattice 
ZnSb,0, and related compounds [16] will crystallize which are listed in Table 5. 
The deviation of the ionic radii and valencies of the two kinds of cations ix 
significant enough to cause a greater distortion and dilatation in this lattice 
than in the rutile one. If we compute, however, the values of AV(X) with 
the ionic radii of Gotpscumipr, mostly zero or negative values are obtained. 
Since this is in contradiction to our statement a correction of the cationic 
radii has been carried out corresponding to the ionic radii determined above. 

For a computation of the ideal volume associated with one anion, use has to 
be made of the mean cationic radii obtained by weighted averaging [7]. 

As can be seen from Table 5 the corrected ionic radii approach those 


cationic radii of the compounds AB,X, with a sister latti . 34 ba Pag 3 
_ of ZnSb,0,) and the ionic radii given by Cathicmtest ani a Ghe Sate i 


Vin(X) | r4(A) | V(X) AV(X) ra(A) 
wy ies aad (a9 © | : 
Saree Seep escalate Saat eae 16 ame eT a le a ee 
eee ane ea ETE 0.69 | 15.76 0.84 0.78 0.66 = 
SS OS aapaian BS 79 0.67 | 15.60-| 0.85 0.82 0.74 a 
CoS bg: oe 16.70 9.70 15.83 0.87 0.82 0.72 ‘ ¥ 
Fg aS ee .| 1651 | 068 | 15.69 | 0.82 | 0.78 | 0.69 = 
a aia tase a etts tae =e 17.01 0.70 16.17 0.84 ~ 0.78 0.66 
FeTa,O, ....----- +--+ 00s 16.72 0.67 15.83 0.89 0.82 0.74 Fe 
_ CoTa,0, AOA Bane Rise 17.19 0.71 16.24 0.95 0.82 0.72 
ee 16.86 | 0.68 | 16.00 | 0.86 | 0.78 | 0.69 a 
Oe va ce saat sess | 16.61 | 0.70 | 15.83 | 0.78 = 0.72 E 
email eis 17.38 0.74 16.48 0.90 0.82 0.74 
3 ; The mineral tapiolite (Fe, Mn) (Ta, Nb),O, investigated by Tavora and 
- Perxoro [19] and containing Mn and Nb only as contamination shows, how- 
ever, the dimensions of a unit cell corresponding to the cationic radius of Fe”. 
4 From this statement it seems obvious that the related two compounds 
ean crystallize with two slightly different cell dimensions, depending upon 
_ the Fe ion being di- or trivalent. The same effect can be recognized here with 
the compounds containing Co or Ni. In these cases, however, the ionic radii 
satisfying the condition AV(X) ~ 0,85 are between those of the di-and trivalent 
cations, respectively. To find the reason and to give an explanation for this 
phenomenon, the author is making investigations, the detailed report of 
which will be published later. 
The compounds of ReO, and PbO,, which crystallize with the monoclinic 
sister lattice of rutile, have also another sister lattice of rutile with the catio- 
a 


nic arrangement of columbite [20,21]. By comparing the two kinds of lattices 
of these two compounds it becomes obvious that in the latter the volume 
associated with one anion is smaller than in the rutile lattice and therefore 
the difference volume will here be near to zero if we compute the ideal volume 
with the ionic radii of Ret‘ and Pb** taken from the rutile lattice, as it can 
be seen in Table 6. This phenomenon arises most probably from the fact that 
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a ft getale ee 
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tone at a suitable temperature, and is more an | 
ion, whereupon the volume associated with one anion must 


t ab 
hen that in the lattice of the first modification. The great d fiation o 
difference volumes of ReO, and PbO, arises from the fact that, on the oe and 
the Vint X) of ReO, is smaller by 25%, than that of PbO, and, on the other h an 
the ionic radii are given only to two decimals. ‘ 
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Table 6 


Data and difference volume of the compounds AX, with sister lattice of rutile and ca ioni c 
distribution of columbite 


- 7 . : a : 2 

iS Compounds Vim(X) ra(A) V(X) AV(X) 

‘ mA0, | (As) corr. | (ay (a) 
ReOg theca 13.61 0.66 15.52 | +£0.09 
PhOs.< onan 20.14 0.83 19.88 4.0.26 


~ 


the same difference volume for all the compounds of the group in Table 7, 
Table 7 
Corrected cationic radii of compounds AB,X, with a sister lattice of rutile and a cationic _ 
distribution of columbite. (The group of MgNb,0,). The ionic radii given by GoLpscumipt 
and AHRENS 
Compounds Vin(X) r4(X) V(X) AV(Xx) r4(A) ; 
AB,O, (As) corr. - (As) (As) (C) (A) 
MeNb.O;°% . haven coh elk 16,89 0.70 16.17 0.72 0.78 0.66 
MuNbiO;;..,uieneteee 17.67 0.79 | 16.90 0.77 0.91 0.80 
PeND Op). ah ae Oae 16.40 0.64 15.69 0.71 0.82 0.74 
CoNb0is Lhe, eee 16.99 0.71 16.24 0.75 0.82 | 0.72 
NINDIO; .i4 Re Oi eae 16.66 0.67 15.93 Onis | 0.78 0.69 
ZaNb,0, 36). 2a a 17.10 0.73 16.41 0.69 0.83 0.74 
MaTa,O, 7... 3. ales 17.68 0.79 16.90 0.78 0.91 0.80 
PAT RO: 03242. A 16.96 0.71 16.24 0.72 0.83 0.74 
MEE.Os 2.2 cee altar 17.41 0.80\| 16.66 0.75 | 0.91 0.80 


dinthe sameway. ar: 


8 with the chemical composition 


pounds [22] of Table 


Cc arrangement. For the determination of the hexagonal a- and c-axes, 
ctively, the mean cationic radii have been differently averaged in the two 
ase , as it was shown in another paper [7]. Therefore the ideal volume associa- 
ted with one oxygen was computed here from the axes of the unit cell instead 
of from equation (3). . 
re ‘The difference volumes computed from the ionic radii of GoLDSCHMIDT 
are almost ,ali negative, therefore also here a correction of the cationic radii 


is required. 
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Table 8 


Lo rrected cationic radii of compounds AB,X, with a sister lattice of rutile and a cationic 
‘distribution different from those of rutile and columbite (the group of PbSb,O,) and the 
J ionic radii given by GoL~DscHMIDT and AHRENS 


VntX) | ral) | ta | HQ | 4709 | ral) Vol X)s0 
ia corr. % As Ae (6) | (ay | Vase 
21.78 | 1.18 | = 80-16 | Ine Pde “F420 er 116 
CaSb,0, ....--- 19.84 | 1.01 as 18.95 | 0.89 | 1.06 | 0.99 | 1.16 
SrSh,0,........- 21.35 | 1.15 = B043 | 2092 | dary bie yr 16 
2 BaSb,0, ......- asrieit 1:31 <> OR Bt22, 251-9107 143 | 1.34 ~ 
CdSb,0, -..-..- 19.03 | 0.94 = 18.22! 0.81 | 1.03 | 0.97 | 1.16 
“HgSb,0,....... | 19.28 | 0.96 = 4s foes | ii? | hi) “1S 
-PbAs,O, ....--- fees £00. 1 7.6 17.98 | 681 | Ta?) t20°) 1 
BtGA6.O;.....- +» 17.09! 0.92 | —89! 16.32] 0.77 | 1.06 | 099 | 1 
ESrAs,O,....--+: 18.38 | 1.05 S817 59 0079 =| 27 | bar | ol 
CAKSO, .. 2.005 1eseee. 0.85¢) —9.3 | 15.68 | <0.70 | 103 |. 0.97 | I 
| HgAs,0, ......- ieee 0.898 Fe — 7.31 16.04 | 90,76] 412 | 10") 1 
-CoAs,0,....---- 14.82 | 0.68 ae 14.161 5666-1. G82 1 O72 | 2 


The ionic radius of As*® is smaller than that of Sb+® which may be seen 

from the fact that the volume associated with one oxygen is found to be 
smaller in the actual crystal lattice of AAs,O, and according to Table 8 the 

reduction of V,,(X) is always achieved in the same ratio, that is Vin(X)so = 

= 1,16-Vp(X)s independently of which of the divalent cations is found 

to be present. But even with the supposition of rasts < (V2 —1)1,32 A 

thé ideal volume associated with one oxygen is still greater than the actual 

one. In first approximation this seems to be only possible if we suppose a 
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gonal unit cell have a rutile sister lattice with a third kind of 
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decrease of the ionic radii of the divalent cations on the actual lattice. ee | 
means that the same cation would have a smaller ionic radius in meta-arsenates : 
than in meta-antimonates. Because of this fact difficulties are encountered — 
in finding out what the difference volume should be according to which the cor- 7 
rected ionic radii can be determined, since only the ionic radius of Cot? is _ 
known as newly corrected by us and also this only occurs in a compound of As. 

On the basis of equation (1) we are able to show in a first approximation 
that the shortening of the divalent cationic radii, running from the meta- 
antimonates to meta-arsenates, is about 8—9% in average. With the aid of 
this fact it is possible to give the shortened ionic radius for Cot? and then 
also the difference volume for the case of CoAs,0;. With the knowledge of 
this difference volume we are able to give successively the difference volume 
for all the compounds of the group in question, and from these the corrected 
divalent cationic radii, given in Table 8, can be computed. As it may be seen, 
the non-shortened ionic radii belonging to the meta-antimonates are nearly the 
same as given by AHRENS. 

The regularity in the shortening of the ionic radii of the divalent 
cations of the meta-arsenates is easily understood, if we suppose that the 
ionic radius of As*® is smaller than (|/2 —1) 1,32 A and therefore, having a 
great specifical charge, attracts and deforms the electronic cloud of the oxygens 
so strongly, that on the opposite side the bivalent cations A occupy positions 
closer to the oxygens and the distance A—O decreases. At the same time, 
however, the smallest distance of two neighbouring oxygens does not decrease 
below 2,64 A. 

An uncertainty as to which ion the shortening of A—O should be attri- 
buted seems to exist. Probably we are more exact, if we consider the pheno- 
menon as a change of the cationic radii, which are used in the construction of 
the ideal crystal lattice, since a contraction of the lattice is here rather effec- 
ted by the shortening of A—O than by the decrease of the O—O below 2,64 A. 
So it may be stated that the cationic radii are varying to some extent from 
lattice type to lattice type depending not only on the coordination number 
but also on the influence of the neighbouring cations. A considerable change 
in the ionic radii can be observed especially then, if the neighbouring cations 
are small and have a great charge polarizing strongly the anions. In this 
way the explanation for the varying cationic radii which were considered - 
to be fictitious, proved to be correct. Actual values will be obtained only when 
it is possible to get a reliable and exhaustive picture of the electron distribution 
of the ions in the crystal lattice. . 

There is no distortion in the fluorite lattice and therefore we may assume’ 
that the actual lattice will not be expanded relative to the ideal one. Corrected 
cationic radii of Table 9 are obtained. [9] on the basis of this supposition. 
There are many divalent cations in the fluorite lattice type the radii of which 
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ks own from the rutile type crystals. By comparing these cationic radii 
w ean see the dependence of ionic radii upon the coordination number, a fact 
which was already stated by Go.tpscumipt. In two cases, i.e. for HgF, 
and Pb,OF, the calculated ionic radii are too large. Most probably the bonding 
forces in the lattice are significantly different from the ionic ones. 


. 
"] 


Beets: | Table 9 


Corrected cationic radii of compounds AX, with fluorite lattice compared with that ones given 
_by Goxpscumipt (G), AwRens (A) and by the author (S) for the coordination wanber 6 


Compounds V(X) | ra(A) | v(x) | v(x) ral®) 
pate. hi = “au oe (6) a | © 
3 20.37 | 1.035 | 20.37 0.00 1.06 0.99 | 1.01 
GL ee aa 24.31 1.18 24.35 —0.04 1.27 1.12 1.12 
oS Ae 29.73 1.35 29.64 +0.09 1.43 1.34 1.31 
SA Ses 32.48 1.43 32.37 +0.11 1.52 1.43 = 
ae 24.49 1.185 | 24.49 0.00 1.24 a = 
ne 19.79 1.01 | 19.73 | +0.06 1.03 0.97 0.94 
PaaS, .c....55-- 21.37 1.07 21.28 +0.09 1.12 1.10 0.96 
5 26.20 1.24 26.13 +0.07 1.32 1.20 1.18 
7 19.86 1.025 | 19.85 +0.01 1.02 0.94 Js 
eS are 19.68 1.02 19.73 —0.05 1.00 0.92 = 

i ers 17.71 0.94 17.77 —0.06 0.89 0.81 = 
AR et ceases 21.76 1.10 21.82 —0.06 1.10 1.02 = 
Ge rasacacnc ~~ 20.46 1.05 20.50 —0.04 1.05 0.97 = 
Dok aiming 20.08 1.03 19.98 +0.10 = 0.95 = 
> 19.65 1.02 19.73 —0.08 = 0.93 = 
a eee 19.55 1.01 19.47 +0.08 ee 0.92 = 
ice man 16.32 0.88 16.39 —0.07 0.87 0.79 = 
BE es Sistine > 16.83 0.90 16.84 —0.01 0.84 0.78 = 
0, re 42.69 1.22 42.83 —0.14 1.27 £12 1.15 
> | 37.68 1.09 37.55 +0.13 - = = 
oe 20.03 1.03 20.11 —0.08 1.06 0.92 = 
EON bce < psc.» 23.96 Wee 23.91 +0.05 1.22 1.14 = 
PDE at « ats 5 22.67 1.125 | 22.64 +0.03 1.18 1.07 vs 
PrOF ... ..... 22.47 1.12 22.50 —0.03 1.16 1.06 ae 
NAOE ds ip ox 21.89 1.10 21.96 —0.07 1.15 1:04 = 
SmOF .......- 21.01 1.065 | 21.02 —0.01 1,13 1.00 ma 
RAVE fee asesria 5 26.24 1.25 26.29 —0.05 Se i aa 
PuOF ....... wsmehs 2327 115 | 23.34 —0.07 See Oe = 
Pi OF ts. 5 a2 » 23.75 1.16 23.77 —0.02 1.20 1,32 1.18 


Jattices with the same cation 


Eile slat eecieal with the difference of the ionic radii 


; responding two anions. This is the case with the compounds of A,O ; 


when the anionic radii of GoLDscumIDT are taken. In the other cases th 
requirement can only be satisfied, if for the other two anionic radii of h 
antifluorite lattices S-2 = 1,86 A and Te-? = 2,08 A are taken. These dé 
are somewhat smaller than those given by GOLDSCHMIDT. > 


Table 10 


The difference of distances A—X in the antifluorite lattice having the same cation but 
~~ different anions ” 


Compounds of which (ra trx}—(ra tre’) | 


the difference of computed from rxeE 
(cade) aatiocmed the rs: lattice 


iS = Li, O.. . eaten tem ors 0.47 
NaS NasQn co emaresins ¢ 0.42 0.42 
[Ace ee RN ee 0.41 

Rb,S— RbsO si awit wa. ais 0.40 

LiSe—Ti 8 2.1, RR.. 0.12 

INa,Se~4Na,S .) . deathns m 0.12 0.12 
KSé—BagS ... 2. Seaheen 0.12 

Li, Te=LisSex,. a Mose ch 0.22 

Na,Te—Na,Se .......... 0.22 0.22 
K,Te=K,Se. ei... 20. on 0 0.21 


Knowing the anionic radii the corrected cationic ones can be determined 
on the basis of 4V(X)=0, for the same reason as in the former case (Table 11). 
The cationic radii computed from this lattice type show a slight fluctuation 
depending on the compound from which they are computed, and the radii 
seem to be somewhat smaller towards the compounds of greater anions. 

A more significant phenomenon can be recognized if we compare the 
cationic radii obtained by us with those of coordination number 6 given by 
Gotpscumipt and AnreEns. So it can bevestablished that the cationic radius 
of Li* is in most cases almost equal with that of AnRENs, but for the other 
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Table 11 


cationic radii, of ‘compounds Ag -wih-oncifidcriie.tatticesand.th 
Sigel ad GoLpscuMIpT and Aunens for the ee 6 ionic mat 


Mid) | TAY | yay | area) 

@) =| (ence) | AY (As) 

0.68 12.32 | 0.07 

1.09 2855) 0.06 

1.47 33.44 | +011 

1.61 38.53 | +0.02 

0.74 23.48 | —0.09 

1.09 34.90 | +0.05 

1.47 50.92 | —0.14 

} 1.58 | 56.34 +0.06 
ae 27.23 0.74 27.22 +0.01| 0.78 0.68 8.8 
BeNaiSe....2 eh oo. 39.70 1.09 39.73 —0.03 0.98 - 0.97 12.4 
ee 56.89 1.47 9 a Me a 10.5 
tert 2 34.60 0.74 34.53 | +0.07| 0.78 | ” 0.68 8.8 
INEETS Gono. Sa 49.21 1.09 49.04 | +017] 0.98 | 0.97 12.4 
eee 68.12 1.46 bag | ais * 198 1.33 9.8 


* ra(A) = Ionic radius of AHRENS 


The same phenomenon may be observed also in the case of the crystals 
of the NaCl type but in a somewhat reduced manner. The numerical data, 
upon which our statements are based, can be seen in Tables 12 and 13 in 
which the cationic radii computed from the lattices of rutile and NaCl, and 


_ NaCl and antifluorite, respectively, are given side by side. 


The phenomenon arising from the last two tables may be related to the 
fact that in the antifluorite and NaCl lattice type four times and twice as 
many cations, respectively, are present compared to the anions and a more 
intensive repulsion of the cations will lead to an expansion of the lattice, 
i. e. to an increase of the cationic radii. This effect seems to be the greater 
the greater the cationic radii, but may also disappear if the cations are small 


| ar AT9,0, | ANb,O, | ASb,O, 
|(F=1,33)|(O==1.32)|(0==1.32) (o"=t 3: 


AO j AS 


Mg ..---.----| 0.68] 0.69] 0.70) — | 0.79/ 0.86} 0.87/ — | 145 
Che ceccaeeee sf ep LOL 108 Pra dele (e116 aoe 
Spr eater (he = LS 254° 126s" .226 |. 1.95.) A See 
Hence ee = PSP srt) as] Las) ae ae ee 
Mar .ve.ccecee | 081 | | O80] "7 '9.90 | oaT') Cer eee 
Fens ait ee = =. Ue ae es = 16.74 
Cee ethos Lee dt hSg.g hs her RNR wees 9.5 
Ape eas 072 {O4. fas EP exe Oe zi a 8.3 
Chaat ae re == | @94b. 863 fe = gt ts 9.6 
Barer. ea = se = || Laster see) £5 8 esr ete (?) 
Table 13 


Ionic radii of cations computed from the NaCl and antifluorite lattices, respectively 


_ r4(A) 
from the NaCl-type crystals from the antifluorite-type crystals Tnorenae 
Cations : ary 
@+) AF ACI ABr AJ A,O AS -| (de>)! 4% % 
(F—=1.33)|(CI-=1.81)|(Br =1.96)| (J-=2.20) |(O==1.32)| (S==1.74)| (SE =1.86)|(TF =2.08) 
| 
Pali mace clekera’e sions 0.68 0.76 0.79 0.81 0.68 0.74 0.74 0.74 
IN ite eec mete « 0.98 1.01 1.03 1.04 1.09 1.09 1.09 1.09 
Kole ics eiecare 1.34 1.34 1.34 £33 1.47 1.47 1.47 1.46 


Rb Piya cress oreconanets 1.49 1.46 1.47 1.47 1.61 1.58 _ _ 


enough, as this is the case e.g. in most compounds Li,X. The deviations from 
this rule are connected most probably with the alteration of the chemical 
bond. 

The different cationic radii corrected in this paper are summarized 
for the coordination number 6 in Table 14 and for the coordination number 8 
in Table 15; for a comparison the cationic radii given by Gotpscumipt (G) and 
AuReENs (A) are also given. In Table 15 under (S) the cationic radii determined 
by the author for the coordination number 6 are given. 


ig 2 sal 
5 Aig Apion eae; i 
~ 9 t = — 
-) an = 
PQs 0.7)! 
3 —_ = 
4 eS = 
a 0.70 
See hs 2 0.76 | 0.67!*) 
3 = = 
2 tegen 3 = sat 
: ratte 4 _ 
He ee . = 
teats a 
e Mg ....; 2 0.69 | 0.70 
2 2 0.81 
, . = . 
Sa 4 = = 
Mo .. 4 = _ 
BIND 5. ss 4 a o= 
a 5 = 
Ni.«..--- 2 0.70 | 0.68! 
Os. .s 4 = & 
- Pb .....- 2 — = 
a 4 == 23 
a t Ree ) 0.85 = 
= Re.....- 4 — = 
.. Rh -..:. 3 = = 
ela axa ai9, 6 4 = _— 
Eee 3 a = 
4 or as T° 0.66 » 
Z Sn es ee 4 See = — 
2 ee 2 — = a 
- Ta....-- 4 ies ze of 
% 5 — 0.68 — 
Tes coccia, 4 = = = 
a Te oo pees 4 a = — 
ee 3 — — — 
; 4 - = — — 
a ee 3 - _ - 
4 4 — — — 
y Ot ike tock ae 
BW a oieeieis 4 = eS a 
4 EGA svexataves 2 0.73 |-0:72 . | 0.72 
*) 0,74 in tapiolite; . * reduced value. 
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OB OMPENENEHHMY PATUYCA HOHOB 
K. WIAUIBAPH 


Pesiome 


Ha oOcHoBe NpHHUHNa MWIOTHOH ynakKOBKH KO MHOPHM peaJIbHbiIM KPHCTaJIHYeCKHM 
pelleTKaM, KOTOpbie MOUTH BCerfla HCKa>KeHI, HMCETCH BOSMODKHOCTh CKOHCTPYHPOBaTb He- 
WCK@)KeHHY!0 HeabHy!0 KPHCTasiMyecKylo peuleTky. B pesysbTaTe UCKa)KeHHA peasibHaA 
peliierka OObIUHO OONbUIe UfeabHOH, BCNeACTBHe YerO PaSHOCTL OObEMA, Nafaioujan Ha OAH 
aHHon, 4r(x) > 0. B npegenax KaxKQOH rpynnbl MOHHbIX COeqMHeHHH, COCTOALIMX H3 TODKTe- 
CTBCHHbIX AHHOHOB, HO M3 pasHbIX KATHOHOB, HMeIOWINX OMHAKOBble BaJICHTHOCTb, KOOP MHAallHto 
VW HOHHBIe pasMyCbl KOTOPbIX JIMUIb MaJIO OTIMYAIOTCA, PasHOCTh OObEMA, Nafalollad Ha O/MH 
aHHOH, NOnyyaeTcA OfMHAKOBOM. JjaHHOoe MpeAMONOKeHHe a0 BOSMO)KHOCTS AIA MOBTOpHOrO 
ompefeneHuaA payuyca KaTHOHOB, BCTpeyalollMxcA B peuleTKe PyTHJIa H PO/CTBEHHbIX CMY 
CTpyKTYpax, Jasiee B pewieTKe Ca F,, MeTOOM, OTJIMYAIOLUMMCA OT MpHMCHAeMbIX M0 HACTOA- 
ulee Bpema. U3 sToro BHIBOMHTCA 3aKIOUeHHe, COraCHO KOTOPOMY /\JIA MOHHbIX pajMyCcosB 
KaTHOHOB, HCCeYeMbIx B JaHHOM OMbITe, B OOJIDUIMHCTBE CIyYaeB HanyuUlee NMPHOMMKeHHE 
jlaioT 3HayeHva Apeuca. B Apyrux ciryyaAx HanOOsIee BEPOATHbIMH CueAyeT CUMTATh HOHHbIC 
paguyce! Tonquimugta, HM sHayeHHsA, OTIMYAIOWHeCA OT AAaHHbIX 9THMH ABYMA aBTOpaMH. 
HaGsofaetca HeKOTOpOe, pacxOrKeHHe y PasMyCOB HOHOB B Cilydae KPHCTaOB CocTaBa 
AB,X,, B KOTOPBIX JBYXBaJICHTHbIM KaTHOHOM sBsiseTCcA Fe, Co, Ni wan Mn. YcTaHoBJeHo, 
YTO HOHHBIe pajychl — CKOpee PUKTHBHbIe SHANeHHsA, KOYOPbIe HSMCHAIOTCA HE TOJIbKO C 
V3MeHEHHeEM KOOPAMHAalMOHHOrO YHCJIa, HO M B 3aBHCMMOCTH OT BJIMAHHA COCEAHHX KaTHOHOB, 
NOJAPHSyeMOCTH AHHOHOB HOT BeJIMYMHbI OTHOWCHHA YHCIa KATHOHOB K YHCJIY AaHHOHOB B 
KpHcTasM4ecKOl pelleTKe. OnpefeneHHble 34eCb MOHHbIC pawHyCbl B CpaBHeHHH C aHHbIMH 
Tonqumuyra u Apexca faHbi B TadsIMLle. 
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This paper deals with the construction of crystal lattices of ionic compounds of compo- 
_ sition AX, based on close packing. If the ratio of the ionic radii satisfies the inequality 
ra/rx > 0,732, then the construction is very similar to that of CsCl and the lattice is built 
up from close-packed ionic planes which contain both the anions and cations, respectively, 
in the adequate ratio. In this case only one solution is possible, namely the CaF, lattice. If the 
ratio of the ionic radii satisfies the inequality 0,732 > ra/rx > 0,414 the solution can be 
found by investigating several possibilities of uniform cationic distributions in the octahedral 
cavities of the different spatial close-packed anionic frames which satisfy PAULING’s coordi- 
nation principle. Many such solutions can be found, several of them giving the lattice of 
rutile and its sister lattices with different chemical composition and cationic distribution, 
the lattice of brookite and anatase. However, no actual crystal lattices have been found till 
now, corresponding to some of the possibilities. ; 

The actual crystal lattices are almost always distorted and dilated compared to the 
ideal ones built by close packing, but for the isotypic lattices forming a group the difference 
volume associated with one anion has to be the same. With this supposition the author was 
able to show that a deviation from this rule occurs in the crystal lattices of compounds AB,X, 
when the divalent A cations are Fe, Co, Ni or Mn. The most serious deviation can be found 
in the case of Fe. Another deviation can be found in the compounds AAs,O, which has to be 
attributed to the influence of As*® causing an apparent decrease of the ionic radii of the 
divalent cations A. 


A. - 


Introduction 


The construction of the lattice of ionic crystals of the composition AX, 
may be based on the same principles which have been outlined recently for 
the composition AX [1]. But in case of the composition AX, it cannot any 
more be required that the arrangement of anions and cations should be geo- 
metrically indistinguishable. Rather it may be imagined that only one kind 
of the ions is building a close-packed ionic framework and mostly the cations 
are distributed in the cavities of the anionic framework. What kind of ionic 
arrangement arises in case of this composition depends also on the ratio of 
ionic radii and this will be the first. viewpoint in grouping the lattice types 
discussed here. Many lattices are built without a strict close packing. In these 
cases, however, there is an essential change in the chemical bond, and these 
compounds thus fall outside the scope of this paper. 
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If the ratio of the ionic radii satisfies the inequality 1 > (ra: rx) > 9 fe 
" the close-packed ionic planes of the lattice can be built of the two kinds of 
ions in a ratio corresponding to the chemical composition as shown in the 
case of CsCl [1]. This can be accomplished in two different ways. The most 
uniform distribution of the ions in the ionic planes is that of Fig. 1. Here in” 
every second row half of the ionic places are occupied by cations and the 


Fig. 1. The most uniform distribution of two different-sized ions in an undistorted close-packed 
ionic plane, if the ratio of the two kinds of ions (anions and cations) is 2 : 1. In every second 
row of the ionic places only half of them are occupied by cations 


remaining ionic rows are entirely occupied by anions. The deformation and 
superposition of these close-packed ionic planes should be accomplished as 
in CsCl. In this way we get a unit cell with double edges of the CsCl cell, with 
eight primitive cubes of anions of which every second is filled with cations. 
The neighbouring cubes filled with cations have partly common edges and 
sides, respectively, and this was found not to be the most uniform spatial 
distribution of the cations. 

If the cationic arrangement in the close-packed planes is that of Fig. 2, 
in which every Second row of the ionic places is empty or entirely occupied 
by cations, the superposition of these ionic planes may take place as shown 
in Fig. 3. Here rows of empty ionic places and such filled with cations, res- 
2 aes alternate in the direction perpendicular to the close-packed ionic 
planes. 


: - a ; oe 


Bur picaesi sine as the fo 
type, in which all the anionic cubes Wieiiaske = 
are ahead pe by edges. This letnee less to the actual one by the 
‘same distortion which was given in the case of CsCl [1]. 
aaah The same solution of the problem can be attained also then, if both 
ds of ions are building close-packed ionic planes, separately, and are 
| together according to the close packing. Since the cations must have 
a coordination number of eight, on account of the ratio of ionic radii, one 


cannot think of a cationic arrangement in the cavities of the close-packed 


Fig. 2. A second kind of uniform distribution of two different-sized ions in an undistorted 
close-packed ionic plane in which the ratio of the two kinds of ions (anions and cations) is 
2: 1. Every second ionic row of the ionic places is alternately entirely empty and full of cations 


~ anionic frame. Such a restriction is not known for the anions and therefore 
there remains the possibility of trying the arrangement of the anions in the 
cavities of the close-packed cationic frame. Since the number of anions is 
twice that of cations, the former can only be put in the tetrahedral cavities 
of the cationic framework. This can be performed theoretically in two differ- 
ent ways. 

a) If a cubic close packing is ashi the types of the successive ionic 
planes can be arranged according to Fig. 4 in which the small and capital 
letters represent the cationic and anionic planes, respectively. Here the 
cationic frame is dilated to such an extent, that the anions may occupy a 
place in the tetrahedral cavities. The anions themselves form two cubic close- 
packed frames fitted into each other and into the cationic frame, respectively, 
resulting in a tetrahedral coordination of the anions. In this way the same 
unit cell is obtained which was given before and agrees with that of CaF. 
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Fig. 3. Superposition of the ionic planes of Fig. 2, giving the most uniform spatial ionic. 
distribution. The two projections allow to recognize the spatial distribution of the ions and 
the position of the unit cell 
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Fig. 4. Superposition of purely cationic and anionic close-packed ionic planes according to 
cubic close packing if ionic planes of cations and anions are present in the ratio of 1 : 2. The 
small and capital letters denote the cationic and anionic planes, respectively 


b) Another theoretically possible cationic arrangement is a hexagonal 
one. In this framework the anions occupy all the tetrahedral cavities. But 
since the tetrahedra have here common sides for each pair, the anions would 
come in pairs too close to each other, disturbing in this way also the uniform 
anionic distribution, so that this kind of arrangement must be rejected. 
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i , an pea sister lattices [2] the yr sna eee is 
enough and ive lattice will be built up without distortion, so that the 
mane will give immediately the edge of the actual unit cell. 


The intermediate lattice of CaF, and NaCl 


In the lattice of CaF, the cations and the anions are building each a ¢ 3 
cubic close-packing fitted into each other according to the tetrahedral coordi- : 
nation of the anions. But the anions and cations can also form a cubic close 


a > 


UBS wma Saale as ad 


Ys —--------- 


A ilies a a: 

& 

= 

| 

| 

| 

| 

| 


@ 


a 


yk ee ae Ae ee 


Fig. 5s Superposition of close-packed ionic planes by inserting an ionic plane between the 
anionic plane pairs of Fig. 4, so that the cationic and anionic planes build together a-cubic 
close-packed frame 


packing together, if we put still another close-packed ionic plane between 
the two neighbouring anionic planes of the CaF, lattices. This can be accom- 
plished, however, only in the manner of cubic close packing, and in this case 
the succession of the ionic planes is that of Fig. 5. 

If the newly-fitted plane is a cationic one, the crystal lattice will be that 
of NaCl, but if we put in, in the same manner, a plane of anions, we get the 
lattice of BiF;. From the picture of this latter we recognize that the same 
cations form a CaF, lattice with the original anions and a NaCl lattice with 
the other ones. In other words, we obtain such a lattice in which all kinds 
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of cavities of the close-packed cations are occupied by the same kind of anions. 
But this lattice can be also regarded as a NaCl lattice in which every second 
cationic plane is replaced by an anionic one. Thus this lattice may be regarded 
as an intermediate one between NaCl and CaF,. 

There are several compounds of the composition AX, crystallizing in 
BiF,-type lattices and Mo,O is known to have a defective BiF, lattice [3]. 
This lattice type is also without any distortion, and therefore it seems unne- 
cessary to give numerical data of the unit cells measured and calculated. 


The crystal lattices of the ionic compounds AX, with an octahedral 
coordination 


If the ratio of the ionic radii of compounds AX, satisfies 0.732 > (r4 : rx) 
= 9.414 then the construction of the ionic lattice can be accomplished only 
by finding the different possibilities for the uniform cationic arrangements 
in the octahedral cavities of the close-packed anionic framework, satisfying 
Pauling’s coordination principle. Since there are twice as many octahedral 
Cavities as cations, only half of these cavities are occupied by cations. Essen- 
tially several solutions are possible depending on the fact whether the close- 
packed anionic framework is a cubic or a hexagonal one, or what kind of 
cationic distribution would be accomplished in both of them. 

The cationic distribution of the spatial anionic framework can be built 
up by a successive shifting of a two-dimensional octahedral framework, consist- 
ing of the octahedra between two neighbouring close-packed anionic planes. 
Essentially, in the two-dimensional octahedral framework several kinds of 


Fig. 6a) Anionic octahedral rows empty and full of catio 


d ms are interchanging each other. 
(Known in rutile.) =s 


Fig. 6b) In every octahedral row half the cavities are occupied by cations. 
(Known in columbite.) 


¢ 


Fig. 6c) In every octahedral row half the cavities are occupied by cations, so that the direction 
of displacement of cationic rows changes after every second cationic row. (Known in SbTaQ,.) 


Fig. 6. Octahedral anionic frame of two dimensions with three different cationic distributions, 
when the ratio of cations @ and anions (© is 1:2 


cationic arrangement can be imagined, three of which are pictured in Fig. 6. 
In one of them (Fig. 6a) octahedral -rows entirely empty and full of cations 
are alternating. In the other two cases (Fig. 6b and 6c) half of the cavities 
are occupied by cations in every octahedral row, but in two different ways. 

All three cationic distributions of Fig. 6 satisfy the condition that in 
the two-dimensional octahedral frame every octahedron containing a cation 
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is sharing two neighbouring octahedron by edges. So every anion of the two- : 
dimensional octahedral frame belongs to two cations, and therefore to satisfy — 
Pauling’s coordination principle, the same cationic distributions in the succes- : 
sive octahedral frames are always shifted relative to each other in such a 
way, that in the spatial lattice every anion should belong to three cations. — 

In the sister lattices of the compounds AX, having a different chemical : 
composition, e. g. AB,X,, the successive octahedral frames can be filled up 
also by different cations and this leads to further possible crystal modifi- 
cations (see later). 

The grouping of the different sister lattices of rutile can be performed 
by taking into account the kind of cationic arrangement of the two-dimensional 
octahedral framework marked by a small Greek letter (a for rutile, 8 for 
columbite, y for SbTaO, and 6 for PbSb,O,). A capital Latin letter as a second 
symbol gives the crystal system of the unit cell, and an Arab number indicates 
the presence of different cations (also the case of one cation with two different 
valencies) distinguishing also the cases, where the ratio of the several cations 
is different. 


The rutile lattice aT and aM 


The succession of the octahedral frames outlined in Fig.6a satisfying 
Pauling’s coordination principle can be given as a first solution of the spatial 
cationic arrangement according to Fig.7 in the hexagonal close-packed 
anionic frame. Here perpendicular to the plane of the octahedral frames full 
and empty octahedral rows alternate. This gives the ionic arrangement of 
the rutile lattice. 

Yn this lattice (Fig. 7) a rhombic unit cell can be marked out, and with 
an undistorted close packing the axes of this lattice will be 


b= V3. a’ (1) 


where a’ denotes the distance between two neighbouring anions in the undis- 


torted close-packed anionic frame, which can be computed from the ionic 
radii according to the equation 


a’ = 2 (r, + ry). (2) 
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The unit cell given in this way is called the ideal one of the rutile lattice. 

_ The actual unit cell of the rutile lattice differs somewhat from the ideal one 

because of the distortion of the lattice. The kind and degree of the distortion 

‘ is a direct consequence of the characteristic electronic structure and polariz- 
__ ing power of the cation and of the polarizability of the anion. 

Every octahedral row in the two-dimensional octahedral frame of the 

rutile lattice is composed of one cationic and four anionic rows which are all 
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L iti ionic distributi i in the hexagonal close-packed 

. 7. Superposition of the cationic distribution of Fig. 6a in t g cke: 

pees Dg ae in two projections perpendicular and parallel to the close-packed anionic 
planes. (Rutile lattice.) 


parallel to each other. Among the anionic rows there are two, the anions 
of which belong to two cations, in contrast to the anions of the other two 
anionic rows, each of which belongs only to one cation of the selceted octa- 
hedral row. The deformation of the rutile lattice is performed so that every 
cationic row attracts those two anionic rows, the anions 38 which sare belong: 
ing to two cations of the cationic row in question. By this deformation the 
anionic distance in the anionic rows increases from 2.77 A to 2.89 A in the 
case of TiO, and at the same time the two attracted anionic rows Wrist 
to each other, so that the distance between them decreases to 2.41 and 
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this shortened distance is the common edge of the octahedra in the octahedral 
rows. By this distortion anions of the two attracted anionic rows come also 
closer to the central cations and the distance of A—X in the lattice of TiO, 
becomes 1.89 A, instead of 1.96 A, the sum of the ionic radii. The anions of 
the other two rows remain, however, at a distance from the cations equal 
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Fig. 8. Actual ionic arrangement of the rutile lattice projected on the plane (001) 


Fig. 9. Two cross sections of an octahedron of the rutile latt; 
é attice parallel t : 
diagonal planes P el to two different 


to the sum of the ionic radii. The deformed anionic and cationic rows remain 
parallel to each other, but the ionic rows become puckered. Fig. 8 gives the 
projection of the rutile lattice on the plane (001). 

— The jonic arrangement around the cations after deformation is pictured 
in Fig. 9, giving two cross sections of the TiO, octahedron in two diagonal 
planes. In one of the diagonal planes containing the two common edges of the 
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neighbouring octahedra the four anions are found to be at an equal but shorter 
distance from the central cation than the further two anions of the octahedron. 
‘According to this picture the cationic electron distribution of the rutile lattice 
seems to have a two-fold rotation axis. 

{ This distorted ionic arrangement and these distances in.an octahedron 
of the rutile lattice can be understood by taking into consideration the pictured 
electron configuration of the cation, which arises most probably from its 


individual properties resulting in a partly covalent bond between the ions 


[101] 
Fig. 10. The actual ionic arrangement of WO, projected on the plane (101) 


in the diagonal plane containing the common edges of the ectahedra. Be 
mostly ionic bond, however, causes the increase of the anionic distances a a 
direction parallel to the octahedral rows, as a consequence of repulsion of the 


neighbouring cations. ape 
i i on results in a 
“he distortion caused in the rutile lattice by the cat 


he ideal rhombic one, and this is the case in 
most compounds isotypic with e which are eet pet es er sat 
ideal unit cell are given, whi 
Re ces ee cae corrected by the author and -spaiere another 
r [4]. The distortion of the lattice is comparatively praall, ut causes 
S aight expansion of the actual lattice compared with - ideal jer -.. 
The last five compounds of Table 1 [5] show some deviations Ir 
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tetragonal unit cell instead of t 
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Data of the ideal and actual crystal lattice of compounds AX, with structure of rutile — 
and sister lattice of rutile 
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Table 1 


Ideal lattice Actual lattice AV 
Compounds TATTX i) oi Seer Gee ai ee % 
. (A) } ag) | way | ety | rudy | oy | ody | ty | (2) 
TiO, | 1.96 | 4.53 4.80 | 297 60.24 | 4.594 _ 2.959 62.45 | 3.5 
NbO, | 2.015) 4.64 4.92. | 2.84] 65.45 | 4.78 = 2.966 |67.77 | 3.4 
CrO, | 1.89 | 4.36] 4.63 | 2.67] 54.01 | 4.42 Se 2.866 |55.99 | 3.5 
MnO, | 1.88 | 4.34 4.61 | 2.66 | 53.16 | 4.39 = 2.866 | 55.23 | 3.7 
RuO, | 1.97 | 4.55 4.83 | 2.79 | 61.16 | 4.52 = 3.116 | 63.66 | 3.9 
Os0, | 1.99 | 4.60 4.87 | 2.81 | 63.04 | 4.52 _ 3.196 | 65.30 | 3.5 
IrO, | 1.97 | 4.55 4.83 | 2.79 | 61.16 | 4.50 = 3.146 | 63.71 | 4.0 
GeO, | 1.88.| 4.34 4.61 | 2.66 | 53.16 | 4.395 = 2.860 155.24 | 3.8 
SnO, | 2.05 | 4.73 5.02 | 2.90 | 68.86 | 4.737 — 3.185 |71.47 | 3.7 
PbO, | 2.15 | 4.97 5.27 | 3.04] 79.51 | 4.94 = 3.377 |82.41 | 3.5. 
TeO, | 2.19 | 5.06 5.36 | 3.10 | 84.03 | 4.80 xy 3.778 |87.05 | 3.5 
TaO, | 2.015] 4.64) 4.92 2.84 | 65.45 | 4.709) one 3.065 167.97 | 3.7 
MgF, | 2.01 | 4.64 4.92 | 2.84 | 64.96 | 4.625 = 3.052 |65.28 | 0.5 
MnF, | 2.14 | 4.94 5.24 | 3.03 | 78.40 | 4.88 = 3.317 178.99 | 0.7 
FeF, | 2.08 | 4.80 5.09 | 2.94] 71.99 | 4.68 = 3.307 | 72.43 | 0.6 
CoF, | 2.065) 4.78 5.07 | 2.93 | 70.44 | 4.71 _ 3.196 |70.90 | 0.6 
NiF, | 2.05 | 4.73 5.02 | 2.90] 68.92 | 4.72 r= 3.116 | 69.42 | 0.7 
PdF, | 2.18 | 5.03 5.34 | 3.08 | 82.88 | 4.956 —  _|3.389 |83.24| 0.6 
ZnF, | 2.06 | 4.76 5.05 | 2.91} 69.93 | 4.73 = 3.146 | 70.39 | -0.7 
VO, | 1.92] 5.43 4.43 | 5.43 | 113.25] 5.743 4.517. |5.375 |117.46| 3.7 
B = 120° B=122,61° 

MoO, | 1.99 | 5.63 4.60 =! 126.09] 5.584 4.842 ‘ 130.05} 2.9 - 
B = 120° B=120,94° 

WO, | 2.00 | 5.66 4.62 | 5.66 | 128.00! 5.565 4.892 5.650 | 132.28] 3.1 
B = 120° B=120,69° 

TcO, | 2.02 | 5.71 4.66 | 5.71 | 131.88] 5.53 4.79 5.93 | 136.03) 3.3 
B = 120° B=120° 

ReO, | 1.98 | 5.60 4.57 | 124.20] 5.562 4.838 “ 128.45] 3.4 
B = 120° B=120,87° 
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_ Symmetry can no longer be recognized as in the other cases. Consequently 
_ the distorted anionic planes are less wavy (Fig. 10). 

In consequence of distortion the symmetry of the lattice will be here 
monoclinic instead of tetragonal. The axes of the hexagonal unit cell in the 
ideal hexagonal close-packed anionic frame can be given by 
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According to Table 1 the monoclinic unit cell can be derived from the ideal 
hexagonal one by slightly changing the hexagonal axes and angle. 

The speciality of this lattice can be seen again in the octahedral rows 
of the framework, in which the cations of the successive octahedra are no more 


Fig. 11. Cross section and connection of four neighbouring octahedra in the lattice of WO, 


equidistant as in rutile, but shorter and longer distances are succeeding 
each other. Accordingly, also the successive common edges are different, 
longer where the cations are closer and vice versa, as it is pictured in Fig. 11. 
As MaenE 1 [5] pointed out first, the cations are building pairs at a distance 
of about 2.50 A in the direction of the octahedral rows of the crystal lattice 
of WO,. There seems to be a partly covalent bond between the two cations 
forming a pair and a repulsion between the cations of two wg a | 
pairs, thus showing an ionic character in this direction. The anionic distance 
is increased to some extent along the common edge inside the pairs, and 
slightly decreased along the common edge between the octahedral pairs 

The values of AV in Table 1 show the volume differences of the unit 
cells of the actual and ideal lattices. These amount to approximately 3 per 
cent in all cases, when the anion is oxygen, but are nearly zero for the anion 
of fluorine. This phenomenon will be obvious if we consider the fact that the 
fluorine ion is practically unpolarizable compared with oxygen. The deviation 
of the values of AV inside of both groups of compounds may be attributed 
to the fact that the ionic radii can be determined only to two decimals, and 
to errors in the determination of the crystal axes. 
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__ The sister lattice of rutile with the composition ABX, aT1 


The substitution of the cations in the rutile lattice can be of more than — 
one kind. One of these possibilities results in the composition ABX,. Here — 
the sum of the electrostatic valencies of the cations has to be eight and the 
radii of these cations may not differ significantly. In every case the substi- 
tution may be ordered or statistically disordered. In the latter case the unit — 
cell remains the same as in rutile and the axes of the ideal unit cell can be 
calculated by equation (1), but using an averaged cationic radius computed — 
from the two actual ones. At present only the statistically disordered substi- 
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Fig. 12a) The places of cationic rows are occupied alternately by A and B cations 


tution is known. The compounds (6, 7, 8) crystallizing in this lattice are 
listed in Table 2. The differences of the volumes belonging to actual and 
ideal unit cells approximate here 4 per cent, which is slightly higher than in 
the lattice of rutile with the composition AX,. This may be a consequence 
of the difference in the size and valency of the cations. 

Ordered cationic arrangements in the hexagonal close-packed anionic 
frame can be established for the chemical composition in question, theoreti- 
cally, in three different ways, which are shown in Figs. 12a—c. There are 
given two different projections and the outlined axes of the unit cells. In 
every three cases PAULING’s coordination principle is satisfied only in average 
for the unit cell. Up till now no compounds ABX, have been found crystalliz- 
ing with an ordered cationic arrangement of the rutile distribution. 
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frames filled up alternately with cations A and B, 
respectively 


Fig. 12. Ionic arrangement of the sister lattice of rutile with ordered cationic distribution 
of the compounds ABX,. Two projections with outlined unit cell 


Fig. 12c) Two-dimensional ‘octahedral 


368 K. SASVARI 


Table 2 
Data of the ideal and actual crystal lattice of compounds ABX, having a sister lattice of rutile 


¢ Ideal lattice Actual lattice = 
Compennds)| 402 : % 
A] ay | ot) | ety | vad | (dy | A) | rtd) | 
: } 
AISbO, 1.935 4.47 4.74 2.74 | 57.96 4.519 | 2.967 60.59 43 | 
CrNbO, 1.98 4,57 4.85 2.80 62.10 4.644 | 3.011 64.94 4.4 
CrTaO, 1.98 4.57 4.85 2.80 62.10 4.635 | 3.015 64.77 4.1 
CrSbO, 1.97 4.55 | 4.83 | 2.79 | 61.16 | 4.586 | 3.048 | 64.10 | 4.6 
FeNbO,. 2.00 4.62 4.90 "2.83 | 64.00 4.69 3.06 67.31 4.9 
FeTaO, 1.995. 4.61 4.89 2.82- | 63.52 4.681 3.048 66.79 4.9 
FeSbO, 1.975 4.56 4.84 2.79 | 61.63 4.632 3.017 64.73 4.8 
RhNbO, 1.995 4.61 4.89 2.82 63.52 4.695 3.020 66.57 4.6 
RhTaO, 1.995 4.61 4.89 2.82 63.52 _ 4.693 3.026 66.65 4.7 
RhSbO, 1.99 4.60. 4.87 2.81 63.04 4.610 3.106 66.01 4.5 
RhVO, 1.995 4.51 4.79 2.76 59.78 4.616 2.932 62.47 4.3 
GaSbO, 1.97 4.55 4.83 2.79 61.16 4.60 3.04 64.33 4.9 
MnSbO, | 2.01 4.64 | 4.92 | 2.84 | 64.96 | 4.68 | 3.13 | 6855 | 5.2 
TiVO, 1.95 4.50 4.78 2.76 59.32 4.58 2.95 61.88 4.1 
veu0 197 | 455 | 4as | 279 | e136 | 456 }3.06 | 649°] 47 
The sister lattice of rutile AB,X, (trirutile) cT2 
Another substitution of the cation in the rutile lattice can be accomplish- 
ed also according to the composition AB,X,. A statistical, disordered arrange- 
ment of the cations in the hexagonal close-packed framework would lead 
to the unit cell of rutile. These molecules with whole numbers, however, 
do not fit.in this unit cell and therefore this possibility must be rejected. 
Ordered cationic arrangements can be performed in three different ways.’ 
a) As a first solution the cationic rows of the rutile lattice may consist 
of the two kinds of cations alternating in a ratio corresponding to the chemical 
composition. In this ionic arrangement, pietured in Fig. 13a, the axes of the 
unit cell will be 
a=2 & -q’ 3 
3 
st.” (a ta", (4) 
c= 3 -a’ , 
Here in order to determine the numerical value of a’ the mean cationic radius 
has to be calculated by weighted averaging according to which it will be 
shes Tat 2ctg . (5) 


3 


3 
3 
3 
j 
? 
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= unit cell (enlarged three times in the direction of the axis c ) is sometimes 
called ‘“‘trirutile”’. 

be The compounds crystallizing in this lattice [8, 9, 10] are listed in Table 3. 
‘The differences between the volumes of the actual and ideal lattices are larger 
than i in the former case in accordance with the greater discrepancy between 
the radii and valencies of the different cations, causing a larger distortion 
of the lattice. 


Table 3 


: Data of the idéal and actual crystal lattice of compounds AB,X, having a sister lattice of rutile 


= Ideal lattice Actual lattice 
Compounds t so fey = 4V 
(A) | aA) | ody) | ey | rudy | a(t) | Ay | (A) | vay | % 
ZnSb,0,..... 2.00 4.62 | 4.90 | 8.49 | 192.00] 4.67 _ 9.26 | 201.95} 4.9 
MgSb,0, 1.99 4.60 | 4.87 | 8.44 | 189.13) 4.64 ~ 9.23 | 198.72} 4.8 
PeSb,O, =... | 2.01 4.64 | 4.92 | 8.53 | 194.89) 4.63 ~ 921° 19743)— 13! 
CoSb,0, ... 2.007 | 4.63 | 4.92 | 8.51 | 194.02) 4.65 _ 9.27 | 200.44) 3.2! 
“NiSb,O, ...- 2.00 4.62 | 4.90 | 8.49 | 192.00) 4.64 =. 9.20 | 198.07} 3.1! 
“MgTa,0,.... | 2.003 | 4.63 | 4.91 | 8.50 | 192.87] 4.71 = 9.20 | 204.09} 5.5 
FeTa,O, .... | 2.023 | 4.67 | 4.96 | 8.58 | 198.70) 4.68 — 9.16 | 200.63) 43.0! 
CoTa,O, .... | 2.02 4.67 | 4.95 | 8.57 | 197.82; 4.74 _ 9.18 | 206.25) 4.1 
mNiTa,O0,..».- 2.013 | 4.65 | 4.93 | 8.54 | 195.77) 4.71 — 9.12 | 202.32} 3.2! 
CuSb,0, eee oe 1.993 | 4.60 | 4.88 | 8.46 | 189.99] 4.63 4.63 9.30 | 199.30) 4.7 
. B = 88,5° 
FeTa,0, .... | 2.023 | 4.67 | 4.96 | 8.58 | 198.70) 4.754 _ 9.23 | 208.60) 4.7 
(tapiolite) 


In the case of compounds with the ‘divalent cations of Fe the values of AV 
become surprisingly small, and this decrease has been found also in those 
crystals in which the divalent cations are Co and Ni, respectively, though 
in the latter two cases the effect is not so marked as in case of Fe. This dis- 
crepancy seems to arise from the fact that in the lattices of Fe5b,0O, and 
FeTa,O, the Fe ion, which prefers to appear rather as trivalent than. eae 
will be a trivalent one [4]. In the same manner the Nit? and Co*? cations are 
also changed into trivalent ones in the case of the other compounds in question, 
but because of a reduced change in the difference volume here only a partial 
substitution takes place. A justification of this explanation seems to be given 
by the mineral tapiolite (8), the last compound in Table 3, containing Fe as 
divalent cation and showing an appropriate value of AV. Actually tapiolite 
has the chemical, composition of (Fe, Mn) (Ta, Nb),O,, but as Mn and Nb 
are present only as contaminations we are right also in taking the formula 
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Fig. 13c) Two-dimensional octahedral frames filled up with cations A and B, respectively, are 
succeeding each other in the ratio 1 : 2 


Fig. 13. Ionic arrangement of the sister lattice of rutile with ordered cationic distribution 

of the compounds AB,X, in two projections and with outlined unit cell. Where in the pro- 

jections the two kinds of cations are covering each other, only one of them is pictured, but 
from the two projections the distribution can be recognized unambiguously. 


FeTa,O,. Experiments are going on to establish the conditions under which 
the related compounds can be preparaed by solid phase reactions with di- 
or trivalent Fe, Ni, Co and Mn ions, and what kind of alterations in the struc- 
ture follows on the change of valency. 

b) The second way to arrange the cations is pictured in Fig. 13h, where 
the cationic rows consist of one kind of cations, and two rows of different 
cations alternate in the ratio corresponding to the chemical composition. 
The unit cell will be increased here three times in the direction of the axis b 
compared with the rutile lattice. 

c) A third cationic arrangement can be given according to Fig. 13c, 
in which every two-dimensional octahedral frame contains only one kind 
of cations and such frames of two different kinds of cations are succeeding 
each other in the ratio corresponding to the chemical composition. In this 
case the unit cell is increased in the direction of the axis a compared to rutile. 
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In the two latter cases PAULING’s coordination principle is satisfied — 


only in average for the unit cell and up to now no compound has been found 
to crystallize in these lattices. . | 


a ea 


ee one 


The sister lattice of rutile with the composition AX, and cationic distribution — 


of columbite SO 


Taking the two-dimensional cationic distribution of Fig. 6b for the chemi- — 


cal composition AX, this may be shifted in the successive two-dimensional 
octahedral frames of the hexagonal close-packed anionic frame according 
to Fig. 14. Since this cationic arrangement was found first in the columbite 
lattice the author suggests to use this denomination even then, when the 
chemical composition is AX,. we = 

In this ionic arrangement a rhombic unit cell can be marked out, the 
axes of which are given by the equations a 


a=J3 -a’, 


bon 2 Ses (6) 


ys ' 
c=|/ —-a’. 
3 


The connection of the neighbouring octahedra is here substantially the 
same as in the rutile lattice. The common edges, however, are no more sym- 
metrical to the central cations, but asymmetrical as it is shown in Fig. 15. 
This requires another kind of asymmetrical electron distribution of the cations, 
differing from that in the monoclinic rutile modification. The linear octa- 
hedral rows are changed to zigzag octahedral strings [13], in which, however, 
equidistant short metal-metal distances are found and the common edges are 
all equally long. : 

This cationic distribution is known at present in the crystal lattice 
of only two compounds of the composition AX,, whose structure has been 
determined recently [11, 12] and the data of which are listed in Table 4. 
It is intersting that these compounds crystallize also in the rutile. lattice 
with a monoclinic unit cell and in the case of ReO, it can be produced from 
the rutile modification by heat treatment at-a temperature above 300° C 
[13] and exists also at room temperature as a stable modification. 

By the transformation of rutile to columbite modification the volume 


of the unit cell becomes smaller, giving evidence of a greater stability of the’ 


new cationic arrangement. Most probably that 'is the reason for the insigni- 
ficantly small value of the difference volume shown in Table 4. 
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Fig. 14. The ionic arrangement of the sister lattice of rutile for the chemical niga 
_ AX, and the two-dimensional cationic arrangement of columbite (Fig. 6b) ia coeur 
with the outlined unit cell (ReO,) 


3,10 


Fig. 15. An octahedron of the lattice of Fig. 14 showing the length of the edges and the relative 
positions of the two edges (thick dark lines) which are common to the neighbouring octahedra 


Table 4 


Data of the ideal and actual crystal lattice of compounds AX, having a sister lattice ef 


rutile and a cationic distribution of columbite 


~ Tdeal lattice Actual lattice 


Compounds TATTX $$$ 4V 
Ta] aay | ocd) | aia) | rady | a | oa | od | rad |” 
| 
Reo, | 1.98| 4.85] 5.60] 4.57 124.20] 4.810 | 5.643 | 4.601 | 124.88] 0.5 
poo, | 215/ 5.27] 6.08] 4.97 (59.01) 4.94 | 5.94 | 5.49 | l6l.10] 1.3 
4 € 
os 
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The sister lattice of rutile with the composition AB,X, and cationic 
distribution of columbite 02 


In this second kind of cationic distribution the substitution of the cation - 

by others is also possible according to both chemical compositions of ABX, — 
and AB,X, as it is known in the case of rutile. 
With the composition ABX, a statistical distribution of the cations 
leads to the unit cell with the dimensions of ReO,. The ordered cationic distri- 
bution, however, can be imagined in three different ways pictured in Fig. 
16a—c. In all three latter cases PAULING’s coordination principle is satisfied 
only in average for the unit cell. Till now no substance has been found show- 
ing the composition ABX, and crystallizing with the cationic distribution 
of columbite. 

In case of the composition AB,X, theoretically again only the ordered 
cationic distribution is possible, which can have three different modifications, 
pictured in Fig. 17, where the unit cell is-always outlined. In all three cases 
PAULING’s coordination principle. is satisfied only in average for the unit 
cell. In spite of that there exist several compounds of the composition AB,X, 
[6] crystallizing with the cationic arrangement of Fig. 17c, the compounds 
of which are listed in Table 5. 
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Fig. 16a) In the half-filled octahedral rows the two kinds of cations are succeeding each other 
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sive octahedral frames are filled up alternately with cations A and B, 
respectively 
ement of sister lattices of rutile with the composition ABX, having the 
lumbite with an ordered distribution. There are two projections 
with the outlined unit cell 


Fig. 16c) The succes 


Fig. 16. Ionic arrang 
cationic arrangement of co 
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Table 5 


Data of the ideal and actual crystal lattice of compounds AB,X, having a sister lattice” 
of rutile and a cationic distribution of columbite. a 


= Taeal lattice Actual lattice ‘ 
Compoundis |) 429%, |e ee ee eee 
A) | ty | ody | et) | rd | oa) | od) | 1d) | racy | % 

MgNb,O, | 2.003} 13.88 | 5.67 | 4.91 | 385.73| 14.21 | 5.675 | 5.027| 405.39) 4.8 
FeNb,0, 2.023} 14.02 | 5.72 | 4.96 | 397.40|- 13.99 | 5.626 | 5.002 | 393.70! —0.9! 
MnNb,O, | 2.04] 14.13] 5.77] 5.00 | 407.50| 14.42 | 5.776 | 5.091 | 424.03| 3.9 
CoNb,0, 2.02 | 13.99 | 5.71 | 4.95 | 395.64) 14.15 | 5.711 | 5.046 | 407.77/ 3.0! 
NiNb,O, 2.013; 13.95 | 5.69 | 4.93 | 391.54) 14.04 | 5.671 5.023 | 399.94 2.1! 
ZnNb,0, 2.013] 13.95 | 5.69 | 4.93 | 391.54] 14.21 5.725] 5.046 | 410.50] 4.6 
MnTa,0, 2.04 | 14.02 | 5.77] 5.00 | 407.50] 14.44 | 5.760 | 5.102 | 424.361 4.0 
ZnTa,O, 2.013} 13.95 | 5.69 | 4.93 | 391.54) 14.11 5.692 | 5.068 | 407.03 3.8 
MnSb,0, 2.027; 14.04 | 5.73 | 4.97 | 399.76] 14.21 5.746 | 5.116 | 417.72) 4.3 
( Columbite) 
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Fig. 17a) In the half-filled octahedral rows the two kinds of cations are succeeding each other 
in the ratio 1 ; 2 
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Fig. 176) In each octahedral frame half-filled cationic rows containing only cations A or B 
are succeeding each other in the ratio 1 : 2 


In the modification of Fig. 17c the cavities of the individual octahedral 
frames are occupied by only one kind of cations and so two kinds of octa- 
hedral frames are alternating in a ratio corresponding to the chemical composi- 
tion. The axes of the ideal unit cell of this ionic arrangement are given by 


an6[/2e 
3 


b=2-a’, (7) 
c= 3 -a’, 


the equations 
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Fig. 17c) The successive half-filled octahedral frames contain only one kind of cation and 
such frames of cations A and B alternate in the ratio 1 : 2 (MgNb,0,) 


Fig. 17. Ionic arrangement of sister lattices of rutile with the composition AB,X, having the 
cationic arrangement of columbite with an ordered distribution. There are two projections 
with the outlined unit cell 


where a’ has to be calculated again on the basis of the averaged cationic 
radius (weighted averaging according to equation 5). The crystal axes calcu- 
lated in this way approximate the measured ones very well and the differences 
between the volumes of the actual and ideal unit cell show an almost constant 
value. A larger deviation, however, occurs again, in some cases when the 
divalent cations are Fe, Co, Ni or Mn. This phenomenon has most probably 
the same cause as that which seems to have been found for the former cases. 
The deformation of this lattice differs slightly from that of ReO,, in consequence 
of the fact that the cationic distances in the zigzag octahedral strings, being 
2.61 A in the columbite lattice of ReO,, are here increased to 3.07 and 3.24 A 
for the di- and pentavalent cations, respectively. 
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_ The sister lattice of rutile with the composition ABX, and the cationic 
distribution of stibiotantalate yO1 2 


: 

= 
4 The two-dimensional cationic distribution of Fig.6c can be shifted in 
oa € successive two-dimensional octahedral frames of the hexagonal close- 


Fig. 18. The superposition of the two-dimensional cationic distribution of Fig. 6c in the hexa- 
gonal close-packed anionic frame given in two projections and outlined in it the size and 
position of the unit cell for the compounds ABX, (SbTa0O,) 


packed anionic frame according to Fig. 18. Here a rhombic unit cell can be 
marked out, the axes of which are 


b= 2a" (8) 


This unit cell is enlarged twice in the direction of the axis a of ReO,, being 
here the axis c. 

With this cationic distribution there occur octahedral strings similarly 
to the previous case but altered in such a way that half of the octahedra are 


Fig. 19. lonic arrangement of the sister lattice of rutile with the composition AB,X, having 
a columbite-like cationic distribution, where the direction of displacement of cationic rows 
changes after every third cationic row 


joined to their two neighbours by edges symmetric to the central cation, 
as it was shown in rutile, and in the other half of the octahedra the common 
edges are lying asymmetrically to the central cation, alike to columbite. 
Since it can be hardly imagined that the same cation will show different 
behaviour in the same lattice and under the same circumstances, it seems 
to be evident that only such compounds will crystallize in this lattice in 
which two different cations are present in equal numbers. Indeed, the two 
compounds [14] which are known to crystallize in this lattice (Table 6) support 
this suggestion. It is true, that in Sb,0, the same element is present, but 
with two different valencies 3 and 5, respectively, which may allow an appear- 
ance of two different kinds of joinings between the octahedra by edges. 
In both compounds of Table 6 the ‘common edges lying symmetrically 
belong always to the octahedra containing the trivalent cation. It has to be 


7 
4 

. 
J 
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a | 2. Me $F = : . “3 . . i e . e xe < — 
that here the Paviine’s coordination principle is satisfied only 
in average for the unit cell, “aie ese Maaddy 
sie = Oe 4 + . ‘Table 6 * 
‘Data of the ideal and 


actual crystal lattice of compounds ABX, having a sister lattice of 
Tutile and a cationic distribution of SbTaO, 


» Ideal lattice Actual lattice 


eA)" | way | ty | rua 


AV 
% 


aA) | ody | ofA) | raids) 


2.015 | 4.65 | 5.70 | 9.87 | 261.80) 4.926 5.553 | 11.804] 322.89] 18.9 
2.005 | 4.63] 5.67 | 9.82 | 257.92} 4.814 | 5.435 | 11.784] 308.32) 16.3 


5 SbTaO, 
b,0, 


94 


Phe ditierbner in joining of octahedra will, most probably, be the cause 
E of the very strong deformation and dilatation of the lattice in the direction 
of the axis cand the very significant difference between the volumes of the 
actual and ideal unit cells. : 

Also in the case of compounds with the composition AB,X, it is realizable 
that, referred to two kinds of cations, common edges of neighbouring octahedra 
would show a different position, if the cationic arrangement of Fig. 19 is 
taken into account. Compounds crystallizing with such structure have not 


i. a er 


been found up till now. 


The sister lattice of rutile with the composition AB,X, and the cationic 
distribution of PbSb,O, 6H2 
For the compounds of the composition AB,X, it is possible to give 
a cationic distribution quite different from the former ones by filling alter-. 
nately cations A into a third of the octahedral cavities being in one of the 
two-dimensional octahedral frames and cations B into two thirds of the octa- 
hedral cavities being in the other of the octahedral frames, as it is pictured 
in Fig. 20. 


To this lattice a hexagonal unit cell can be assigned, the axes of which 


ji ee (9) 
== Set! a 
3 


Here the two kinds of cations occupy the two-dimensional octahedral 
frames of the lattice in equal numbers, but parallel to the octahedral frames, 
twice as many octahedra are filled up by the cations B than by A. Therefore 
the two kinds of cations produce the same influence on the dimension of the 


are 
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_ attice in the direction perpendicular to the close-packed anionic planes — 
(octahedral frames), but parallel to the frames the two kinds of cations influ- 
ence the crystal dimensions in the ratio corresponding to the chemical compo- 
sition. On the basis of this fact, to compute the hexagonal axis a we have 
to use a cationic radius computed by weighted averaging (Equ. 5) of the actual 
ones, and to compute the axis c the arithmetic mean of the two actual cationic 
radii has to be used. 


Fig. 20. lonic arrangement of the sister lattice of rutile with the composition AB,X, for which 

in the successive octahedral frames of hexagonal close-packing alternately a third and two- 

third parts of the octahedral cavities are filled up with A and B cations, respectively. In the 
two projections the size and position of the unit cell is pictured (PbSb,O,) 


The compounds with the composition AB,X, and crystallizing in this 
lattice [15] are listed in Table 7. As it can be seen, the dimensions of the ideal 
unit cell calculated on the basis of equation (9) approximate the actual ones 
well enough and for all the compounds of this Table the difference in the 
volumes of the actual and ideal unit cells shows in a good approximation 
the value of 4.5%. This agreement is achieved by taking into consideration 
the effect upon the bigger cations by the smaller ones with high valency, 
according to which the ionic radii of the divalent cations are taken to be 
smaller by about 8—9% if they are together with As*® instead of Sbt?, 
The explanation of this change of ionic radii is given elsewhere [4]. 


ON THE CONSTRUCTION OF THE LATTICE OF IONIC CRYSTALS 383 


Table 7 


Data of the ideal and actual crystal lattice of compounds AB having a sister lattice 
of rutile and a cationic distribution of PbSb,O, 
valle ; 4 trx Ideal lattice Actual lattice 4 
: Fatrx | (A) | (A) ee ee ee aes) stay | ee a % 
2.15 
a ed eine Oe a : 124.61 SRE ee tae a ee err 5.298 | 5.375 | 130.66 | 4.6 
2.097 
oe re eck | Sas | 49 113.74 | 5.232} 2.020] 119.01] 4.4 
SrSb,0 3.2835). 5 
_ SHSb,O, ......- ae 25 | 5.14 | 122.60] 5.261 | 5.343 | 128.07} 4.3 
BaSb,O pes 4 tao 
aSb,0, ,.-.-. ip 38 | 5.32 | 133.53] 5.300| 5.752] 139.93] 4.6 
CdSb,0,.....-- aoe | «(508 | 4.90 | 109.33] 5.241) 4.799] 11416] 42 
HgSb,0, ...... 3 5.10 | 492 | 110.58] 5.27 | 4.81 | 115.69] 4.4 
PbAs,0, --.--- — 5.02 | 4.94 | 107.90] 4.869] 5.492] 112.76] 4.3 
aa 1.993 | 4 
«Se nipecke oa Be 97.96 | 4.828] 5.079 | 102.53] 4.5 
“a 2.037 
Ll a 4.99 | 490 | 105.58| 4.853] 5.408 | 110.30] 4.3 
CdAs,0, ...... an 4.83 | 4.67 94.09 | 4.829] 4.866] 98.27] 43 
ran 1.983 
1 ae pe 4.86 | 4.71 96.25| 4.836] 4.977] 100.80] 4.5 
oe, 1.913 
2h ae age | 469 | 4.47 84.99 | 4.7761 4.502] 88.93] 4.4 


The brookite lattice 


To some extent a hexagonal close-packed anionic frame is obtained 
also then, if in the close packing every second B-type anionic plane is repla- 
ced by a plane of the C type. In this case the successive close-packed anionic 


planes will be 
ABACABACABACABACA. 


‘which actually can be regarded as a mixture of the hexagonal and cubic 


close packing. 

A rutile-like arrangement of the cations in the two-dimensional octa- 
hedral frames leads here to the lattice pictured in Fig. 21,in which PauLine’s 
coordination principle is satisfied only in average for the unit cell. There 
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is little probability that this crystal modification occurs, and actually up to 
this day no material has been found crystallizing in this lattice. 

By putting the cations in the successive octahedral frames of the spatial 
lattice in a columbite-like distribution, the ionic arrangement of Fig. 22 is 
attained. The numbered rows in the Figure show the directions of the succes- 
sive translations which lead from the cationic arrangement of any octahedral 


frame to the next one. 


O © Be> 
Hi MI ee ° 


Fig. 21. Rutile-like cationic arrangement (Fig. 6a) in the hexagonal close-packed waldates 
frame with every second B-type anionic plane substituted by a C-type one in it. Two pro- 
: jections with outlined unit cell 


In this ideal ionic arrangement a rhombic unit cell can be marked out, 
the axes of which are : 


b=2-a', (10) 


The ionic arrangement of this lattice is identical with that of brookite 
and ideal axes computed from the ionic radii on the basis of equation (10) 
agree well enough with those of brookite (16, 17) as it can be seen in Table 8. 
In this lattice the distortion of the octahedra deviates from that of 
the columbite lattice, since every octahedron is shared by edges between three 
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Fig. 22. The columbite-like cationic arrangement (Fig. 6b) in the anionic framework of Fig. 

21. Two projections with outlined unit cell. (Brookite lattice.) The arrows show the trans- 

lations which transform the successive two-dimensional cationic arrangements into each 
other 


Table 8 


Data of the ideal and actual crystal lattice of the compounds AX, having the brookite structure 


- f eer "Ideal lattice Actual lattice av 
mpounds to) 

A) | afd) | oA) | oA) | rad) | ody | way | oA) | raid | 
Tio, | 1.96] 9.05} 5.54| 4.80 | 240.95] 9.184] 5.447 | 5.145 | 257.38] 6.4 


TeO, 2.19 | 10.12 6.19 5.36 | 336.11} 11.77 | 5.60 5.51 363.18) 7.5 


neighbouring ones instead of two. The relative position of the common edges 
can be seen in Fig. 23, according to which a limited assymmetric electron 
distribution of the cations is claimed. Partly this and partly the less stable 
anionic frame — not strictly hexagonal — causes the difficulties of building 
this lattice and can give an explanation for the fact that till now only two 
compounds have been found to crystallize in this modification. By heat 
treatment this modification can be transformed into rutile as the most stable 
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modification of TiO,. The smaller stability of brookite can be recognized also 
from the greater difference of the volumes of the actual and ideal unit cell. H 
’ 


Fig. 23. An octahedron of the lattice of brookite (Fig. 22) showing the length of the edges 
and the relative positions of the three edges (thick dark lines) -vhich are common to the neigh- 
bouring octahedra 


The anatase lattice 


In the cubic close-packed anionic frame the cationic distribution of 
both the rutile and columbite lattice, respectively, can be imagined theoreti- 
cally. 

By filling the two-dimensional octahedral frames according to the rutile 
lattice (Fig. 6a), a succession of them according to Fig. 24 ¢an be produced 
in the cubic close-packed anionic frame. Here PavLine’s coordination prin- 
ciple is satisfied but the cationic distribution cannot be regarded at all as 
uniform, and probably that will be the reason why no crystals with this 
lattice have been found so far. 

Putting the cations in the octahedral frames of cubic close packing 
according to the columbite lattice, we get the arrangement of F ig. 25, where 
the numbered arrows show the directions of translations through which 
the successive octahedral frames turn into each other. Not only Pauuine’ 


To this ionic arrangement a rhombic unit cell can be most easily assigned 
the axes of this cell being 
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Fig. 24. Rutile-like cationic arrangement (Fig. 6a) in the cubic close-packed anionic frame. 
Two projections with outlined unit cell. The arrows show the translations which transform 
the successive two-dimensional cationic arrangement into each other 


But apart from this there exists also a smaller unit cell, which corresponds 
to the actual one and the axes of which can be given from the former ones 


by the following axial transformations: 


ie 


ff —— ij ko = 
i —_—— A — __ § ars 
4 2 o 32 
- 1 = 1 = Ses 
b= ——_A+—B+-—_C, 12 
4 2 % 32 (12) 
és 3 — 5S 
C= — —C. 
2 16 


This is a tetragonal unit cell, in which the close-packed anionic plane is parallel 
to (111). 

In this lattice the distortion of the octahedra is still stronger than in the 
former modifications, which must be a consequence of the fact that every 
octahedron shares edges with four neighbouring ones instead of two or three. 
The edges of one octahedron common with the neighbouring ones are repre- 
sented in Fig. 26, according to which an electronic distribution of the cations 
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Fig. 25. Columbite-like cationic arrangement (Fig. 6b) in the cubic close-packed anionic 
framework. Two projections with outlined unit cell. The meaning of the arrows is the same 
as in Fig. 24 (Anatase lattice) 


Fig. 26. Octahedron of the lattice of anatase (Fig. 25) showing the length of the edges and 
the relative position of the four edges (thick dark lines) which are common to the neigh- 
bouring octahedra 


sn aT onan 334 “Pasi : ‘Table 9 
rian a pa _ Data of the ideal and actual crystal lattice of anatase 


Actual lattice 


ay |e) 


___ Heal lattice 
ernhtne eS a(A) | ri (AY 
SO nt hie 1 +2 == Tar ‘ 
‘TiO, | 1.96 | 3.69 | 8.36 


AV 
% 


7m (A8) 


3.777 | 9.501 | 135.54] 16 


113.83 


actual and ideal unit cells is twice and ten times larger than in brookite and 
‘rutile lattice, respectively, in accordance with the fact that it is the least == 
_ stable modification of TiQ,. . 
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O NOCTPOEHHUY PEWETOK HOHHbIX KPHCTAJIJIOB HA OCHOBAHHMH TIPHH- 
LWMA TWIOTHOK YOAKOBKHH il. — AX, 


K. WIAUIBAPH 
Peswme 
B yaHHoit padote uccefyeTca CrpoeHne KPHCTasJ10B HOHOB COCcTaBa AX, Ha 0cHOBaHIIH 
npHHyMNa NaoTHeMMeH ynaKOBKH. EcaM OTHOUIeHWe pawHYyCOB oOenx HonOB ra/rx = 0,732, 


peuwleTKa MOKCT ObITh TlOCTpoeHa, KaK HW B Ciiyuae CsCl, 43 NUOTHO yMaKOBaHHLIX HOHHBIX 
MIOCKOCTeH, KOTOPble COCTOAT H3 KaTHOHOB AHHOHOB, OTHOUICHHe KOTOPbIX ONT PCAeIACTCs 


Ze 
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XMMHYeCKMM COCTaBOM. B 9TOM ciay4ae BOSMO)KHO TOJIbKO OHO pelieHHe, STO HW eCTb pelleTKa 
F,. 


ueCKHE pellleTKH MOMyYawTCA CeAYIOUIMM NYTeEM: B OKTAI{PHYeCKUX 3az0paX Pa3/IMYHEIX, 
TI0THO yMaKOBaHHbIX AHMOHHBIX pelleTOK, KOTOPbie Ha MOJIOBHHY 3aNONHeHbI KaTHOHaMH, 
cieAyeT MOMCKATb Te PABHOMEPHBIe pacnipefesIeHHA KATHOHOB, KOTOPbIe YAOBIETBOPAWT KOOp- 
QMHauMOHHOMY npHHyMny laynunra. BosMo>KHO HeCKONbKO TaKHX pellleHHit ; K TaKHM OTHO- 
CATCA PYTHJI MH POACTBEHHOM CTPyKTYpbI BellecTBa, Wake HM B TOM Cyuae, ECAH XHMMUeCKHIi 
cocTaB MOCNeMHUX HM OTIMYAeTCA OT pyTHIa. Ciofa OTHOCATCA M CTpyKTypbl OpyKuTa H aHa- 
Ta3a. CpeqM TeopeTH¥eCKH BOSMO)KHBIX HeaJIbHbIX CJIyyaeB BCTPeyaeTCA HeCKOJIbKO TaKHx, 
B KOTOPbIX KPHCTaJIIH3y1oulvecaA BelllecTBa M10 HaCTOAIlee BPeMA MOKa He HaliqeHHI. 

PeasbHble KPHCTasMYeCKHe pellleTKM MO CpaBHeHHI0 C HjeaIbHBIMH, NOJ1Y YeHHbIMH 
TIpeANOIOKeHHEM O NJIOTHOH yNakOBKe, NOYTH BO BCex CIyYanX HCKa)KeHbI H HMCOT HEMHOrO 
yeBeJIMYeHHbIi OObeM. Cpeg OMHOTHNHBIX CTPyKTYP B KadKQOi H3OTUNHON rpymne pa3sHuya B 
oObeme, Nayaroujad Ha OAMH aHMOH, WIA BCeX 41eHOB MSOTHMHBIX Fpylill ABIAeTCA OHO H TOT 
axe. ABTOPOM NOKaSbIBaeTCA, YTO Y POACTBEHHBIX CTpyKTyp pyTua coctapa AB,X, oOHapy- 
*KHBaCTCA OTKJIOHCHHE OT JaHHOrO MpaBiia, eCIM KaTHOHOM A siBsiaetca Fe, Co, Ni wan Mn. 
HanOonbulee OTKIOHEHHE HMeeTCA B Ciyyae Fe. MuTepnpeTauHva 0 JaHHOM ABIIeHHH Cc006- 
wlaeTcA m03Ke. [pyroe pacxopKgeHHe HaOsmogaeTcA y coeqHHeEHHH cocTaBa ASb,0, u AAs,0,. 
B atom cuyuae Oonbwom yaenbHEli sapayq As*5 MOBHJHMOMY YMeHbillaeT pawWyC KaTHOHOB 
H, TaKHM 00pa30M, pa3HOCTh OObeMa, Najaloulad Ha OHH aHHOH, y coequHeHHii AAs,O, 
OyqeT MeHbUIe, 4em y coequHeHHit ASb,O,. 


EcaM OTHouleHve paguycos voHOB 0,732 > ra/rx > 0,414, Bo3smorKHBIe KPHCTasIH- | 


sid 


FERMISCHE POTENTIAL 


Von 
T. Tietz 


PHYSIKALISCHES INSTITUT DER UNIVERSITAT LODZ, LODZ, POLEN 


(Vorgelegt von A. Kénya. — Eingegangen: 16. XII. 1959) 


; In dieser Arbeit geben wir eine Methode zur Bestimmung der Eigenwerte und der 
Eigenfunktionen der Schrédinger-Gleichung fiir das Thomas-Fermische Potential des freien, 
neutralen Atoms. Fiir die Thomas-Fermische Funktion des freien, neutralen Atoms wird 
wegen der mathematischen Schwierigkeiten die Naherung des Verfassers benutzt. Einige 
numerische Resultate sind in Tabellen zusammengefasst. 

Man kann es als einen sehr bedeutenden Erfolg der Wellenmechanik 
betrachten, dass es auf Grund der Wellenmechanik gelungen ist, Methoden 
fir Mehrelektronenprobleme zu entwickeln, mit denen man die Eigenwerte 
und die Eigenfunktionen angeben kann. Eine wichtige Methode ist die Methode 
des self-consistent field, die von HARTREE ausgearbeitet wurde und durch 
Fock eine wichtige Erweiterung und Vervolikommnung erhielt. Allerdings 
ist die Anwendung dieser Methode mit einer enormen Rechenarbeit verbun- 
den. Ausserdem ist es in einigen Fallen von Nachteil, dass man mit dieser 
Methode fiir die Eigenwerte und die Eigenfunktionen keine analytischen 
Ausdriicke, sondern numerische Tabellen erhalt. Parallel zu dieser Methode 
des self-consistent field wurde die Methode von Tuomas [1] und Fermr [2] 
zur Behandlung von Atomen entwickelt. Diese Methode wurde im Laufe 
der Zeit durch mehrere Forscher zu einer konsequenten und abgeschlossenen 
Theorie erweitert. In dieser Arbeit geben wir eine Methode fir die Bestim- 
mung der Eigenwerte und der Eigenfunktionen der Schrédinger-Gleichung 
fiir das Thomas-Fermische Potential des freien, neutralen Atoms. Dieses Prob- 
lem wurde bereits von mehreren Forschern diskutiert [3]. Unsere Methode 
fiir die Bestimmung der Eigenwerte und der Eigenfunktionen hat den Vorteil, 
dass man in einfacher Weise genaue Eigenwerte und Eigenfunktionen analy- 
tisch bestimmen kann. Die numerische Bestimmung der Eigenwerte fiir das 
Thomas-Fermische Potential des freien, neutralen Atoms wurde sehr genau 
von Larrer [4] behandelt. LATTER berechnete numerisch die Eigenwerte 


der Schrédinger-Gleichung fiir. das folgende Potential: 


2 


r. 


: e 
MPS = = y (r/t) fiir V(r)<— - 
r 
und. 4 a .: 
Vitry= -—— fiir V(r) > - 
: 
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Fiir den Latterschen Ansatz kann man die Eigenwerte nur numerisch bestim- 
men. LATTER hat die Eigenfunktionen nicht behandelt. In der Formel (1) 
ist Z die Ordnungszahl des Atoms, e ist die Elektronenladung und g(r/u) 
ist die Thomas-Fermische Funktion fiir das freie, neutrale Atom. Der Kern- 
abstand des Elektrons, r, driickt sich durch die dimensionslose Variable 


x wie folgt aus: 


as aiid = 0.88534 ay (2) 
F : Zij3 


In der letzten Formel fiir « bezeichnet a, den kleinsten Bohrschen Wasser- 
stoffradius. In dieser Arbeit werden wir die Eingenwerte wie auch die Eigen- 
funktionen der Schrédinger-Gleichung fiir folgende Potentiale bestimmen [5]: 


a act cae = )-=, (3) 
Aker ae JF (4) 


Der Ausdruck (3) fiir neutrale Atome stammt aus der Zeit, als fiir die Ionen 
noch keine Lésung vorlag. Das Potential (3) gibt in grésserer Entfernung 
vom Kerne nur eine grobe Naherung. Fiir ziemlich grosse Hauptquanten- 
zahlen gibt dieses Potential, wie MEYER gezeigt hat, gute Eigenwerte. Fiir 
die Thomas-Fermische Funktion des freien, neutralen Atoms soll nun wegen 
der mathematischen Schwierigkeiten die Naherung des Verfassers behandelt 
werden: 


p(r/u)= 2 __, (5) 


wo die Konstante A in atomaren Einheiten durch die Beziehung A=0.64301-Z1/3 
gegeben ist. In dieser Arbeit rechnen wir die Eigenwerte wie auch die 
Eigenfunktionen in atomaren Einheiten. Da das Potential als zentralsym- 
metrisch angenommen wird, is. der winkelabhangige Teil der Eigenfunktionen 
derselbe wie beim Wasserstoffproblem, und man erhalt fiir den radialen 


Teil R = y/r fiir die Potentiale (3) and (4) die Gleichungen: 


y+|—at4 SED. grin) : ae Sea (6) 


Tr 


und 


y+] — a8 + 2 (ela — cea (7) 


r 


ee ye BE 7), 


n wir fiir g(r) folgende Differentialgleichungen: 


: 


a jee 2 ES tiple a ee bt eel ee 
“aa sie =e |e *| i fe 0 (9) 


r(1 + Ar)? 2 r 
a | SUE ry te a 2 degige. a 1)a 7 
| uae as Wares cD peed sid 
_ Weiter machen wir den Ansatz 
g=(1+Ar)w. (11) 


+ 


; - Setzen wir (11) in (9) ein, so lautet die Differentialgleichung fiir w wie folgt: 


Pe, + fae pA ad) pete +2 + ipa 

oe AeA peer ei de pid, ™ = sh cont Bae ile bin a 
ane ae eee 
; __2pAa fee leo. ? (12) 
(1 + Ar) r 


In dieser Differentialgleichung ist der Exponent p durch die Beziehung 


ah Aes ie ee 
ete 1) oder patzi|is se) (13) 
p(p—1)4 2 2 4 7 
gegeben. 


Einsetzen von (11) in (10) liefert folgende Differentialgleichung fiir w: 


eeney ae ae [zee ap ee 
. nee a r ee r(1 + Ar) 


eeutApers astdht We) Ga 'g (14) 


F el i wh 
ayy SU een 
ey) eae 


ene Te emigt 


Die Cn aah Funktion F (—», 21 ¥ 2,2ar) ist wie bekannt cine 3 


aoe der Difarentelalcichasg [6] ie 
= 


~ 


PE 5 ate2—200 So = —2avF. (17) 
dr i 


Mit Hilfe dieser Formel (17) wie auch mit Hilfe folgender Beziehungen [7] 


dF 2av 
= — —— F(— 1,21 + 3,2 ‘ 

dr a+2 woe ? a) 

rF(—v+1,21-+-3,2ar) = ——— ae F(—»+1,21+2, ane 
wae ener cree (18) 
und 
rF(—»,21+42,2ar) = ——~— F(—» + 1,214 2,2a7) 
a 


+ 7FOEE F(— 9214 2,2a7) — ate F(—»—1,2142,2a) 


bekommen wir fiir die unbekannten Koeffizienten c, im Falle der Differential- 
gleichung (12) folgende dreigliedrige Rekursionsformel: 


Cyay (21+ %+ 1) 4 [a(p+1+>)—1] +26, {0+ >41)f—a— 
Aa(lt+»+1)+ A] +Za}+e4,4(v+1)[(l+»+4+2—p)a—1]=0 
omit c_, = UF (19) 


In dieser Formel ist p durch (13) gegeben. Ersetzt man w in (14) durch (16) 
und beachtet die Formeln (17) und (18), so lautet in diesem Kalle die Rekur- 


Y, 


ee ee oe 


BA i 


die unb on. Koeffizienten c, wie folgt: 
as har , its Fa) Pamitdsiyly init tetas | 4. c oe by ; =. 
alt y+A(p+l+y) +e, QZ—2l+y41) [a+ Ad +14 9)]} 


7, = 
a 


a dieser Rekursionsformel ist p durch die Formel (15) gegeben. Die zwei 
letzten Formeln fiir die c, zeigen, dass die Hauptquantenzahl n durch die 


; Beziehung 


} = Waskd- Te wast peo, 1o. 5. (21) 


_ gegeben ist. Diese Tatsache ist gut zu sehen, wenn wir in den Formeln (19) 
und (20) A =0 setzen. Fir A —0 bekommen wir die bekannte Formel 


PD atomaren Einheiten fiir die Eigenwerte a = Z/n des Wasserstoffatoms. 
; Das Verschwinden des Koeffizienten von c, in Gleichung (19) liefert uns fiir 
; die nullte Naherung der Eigenwerte a, die Formel 


j 
2 
rpm (22) 


Diese Formel ist die nullte Naherung der Eigenwerte fiir das Potential (3). 
Im Falle der Rekursionsformel (20) erhalten wir im Falle des Verschwindens 
_ des Koeffizienten von c, fiir die nullte Naherung der Eigenwerte a, folgenden 


Ausdruck: 


ay = = —An = (23) 


Diese Formel gilt fiir das Potential (4). Beide Formeln fiir die Eigenwerte 
geben uns fiir A = 0 die bekannten Eigenwerte des Wasserstoffatoms. Jetzt 
wollen wir die erste Naherung der Eigenwerte berechnen. Diese Eigenwerte 
werden jetzt von der Hauptquantenzahl n so wie auch der Nebenquantenzahl 
1 abhangen. Die erste Naherung der Eigenwerte fiir die Rekursionsformel 
(19) kénnen wir mit Hilfe von (21) wie folgt schreiben: 


| 24(n —1)[—@—A a(n—1) Nee Za\,A(n—I—1)[(n—p)a—1], 0 
A(n+1)[a(p+n—1)—1],2 n[{[—a? — Aan + A] + Za}, =a 

A(n—I) {HW +1—p)a—1] 

0,(n +141) A [o(p+n)—1], 2{(n+1)[—@—A a(n+1) +4] +Za} 1 (24) 
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Die Formel fiir die Eigenwerte (24) fiir das Potential (3) hat ihre Begriindung 
in der Theorie der Hitischen Differentialgleichung [8]. Diese Formel kann 
fiir praktische Zwecke auch so geschrieben werden: 


Z (n —1)[—03 — Aa, (n —1) + A] + Za}, A (n —1—1) 
t [(n — p)a — 1], 0 


A(n —1)[1+1—p)a—1] 
0,(n +1+1)A [o(p +n) —1],2{(n + 1)[—G—Aaw 
(n +1) + A] + Zap} | 


wo a, durch die Gleichung (22) gegeben ist. Die Formeln (24) und (25) erlauben 
uns die Berechnung der Eigenwerte a, in erster Naherung. In Tabelle I haben 
wir einige Werte fiir a, und a, fir Hg Z = 80 zusammengestellt. Tabelle I 


Tabelle I 


Ein Vergleich unserer Eigenwerte a) (GI. 22) und a, (Gl. 25) fiir Hg (Z = 80) mit den 
entsprechenden numerischen Eigenwerten von HARTREE 


Zustand 1s | 2s | 2p | 3s 3p | 3d | 4s | 4p 4d 4f 
ay 77,27 | 34,54 — 18,50 — _ 9,22 — _ = 
ay 77,27 | 31,20 | 30,93 | 15,85 | 15,49 | 14,83 7,98 7,65 6,96 6,35 
HartTREE | 74,48 | 30,41 | 29,87 | 14,76 | 14,19 | 13,08 6,87 6,34 5,27 3,09 


zeigt, dass die a,-Werte besser sind als die aj-Werte. Die Werte von ay 
liegen noch zu hoch im Vergleich mit den HARTREEschen Werten. Im Falle 
der Rekursionsformel (20) kénnen wir in dhnlicher Weise die erste Naherung 
der Eigenwerte a, aus folgender Determinante bestimmen. Diese Eigenwerte 
gelten fiir das Potential (4). 


Z—(n—1)[at 4 (m—)], = (n~1—1 (np), 0 | 


: | 
> +) (pt+n—1), Z—n (a+ An), + (1 —)(n +1—p) |=0, (26) 


0, S(n+lt (p+n)Z— (n+ [at An +d] 


Fir praktische Zwecke schreiben wir (26) ahnlich wie vordem in folgender 
Form: 


<> progye 


A(n+D[a(p + —1)—1),.2{n[—@—Aan+A]+Za}, | _ 9 95) 


— a ie 
ee A Song? 
a 


Set ar el 
1=)in—p),0 


1 Swti+ 1)(p+n),Z—(W+1)[aq+ A(n+])] © i (27) 


a : 


In dieser Formel ist a, durch die Gleichung (23) gegeben. Setzt man diesen 
, m ert von a, in (27) ein, so bekommt man fiir die erste Naherung der Eigen- 
_werte a, folgende einfache Formel: 

o. ' 


2 gg AM —D (M1 =p) M4141)(p +2) 

tn|Z— (nt n|= ae A\| 

. ‘ n ai 
_ A?(n—1—))(n—p)(n+))(p+n—]) 
an|z— — y(= ay 4)| 

C a 
4 ; 
‘Diese Formel fiir die erste Naherung von Eigenwerten gilt fiir das Potential (4) 


In Tabelle II haben wir die Eigenwerte a, gemaB Gleichung (23) und die 
Eigenwerte a, gemass Gleichung (28) mit den HArrreeschen fiir Hg (Z = 80) 


A - 2 


Tabelle II 


Ein Vergleich unserer Eigenwerte a, (Gl. 23) und a, (GI. 28) fiir Hg (Z = 80) mit den 
entsprechenden numerischen Eigenwerten von HARTREE 


Zustand | 1s 2s | 2p | 3s | 3p | 3d 4s | 4p | 4d | 4f 
ay 77,23 | 34,46 _ 18,35 _ — 8,92 _ _ _ 
a, 74,73 | 30,82 | 30,35 | 15,22 | 14,71 | 13,70 7,52 7,04 6,08 4,64 


Hartree | 74,48 | 30,41 | 29,87 | 14,76 | 14,19 | 13,08 6,87 6,34 5,27 3,09 


verglichen. Tabelle II zeigt, dass unsere Eigenwerte a, ziemlich gut mit den 
Harrreeschen iibereinstimmen. Fiir gréssere Quantenzahlen ist die Uberein- 
stimmung schlechter. Tabellen I und II zeigen weiter, dass die Gleichung 
(28) bessere Resultate liefert als die entsprechende Gleichung (25). Gleichung 
(28) gilt fiir das Potential (4) und Gleichung (25) fiir das Potential (3). Das 


Potential (3) gibt fiir kleinere Quantenzahlen etwas zu grosse Eigenwerte. 


oo a . aes 


i {i sae 


i Ti bi a 
eee ee ee wx Barents 
+1) (p+n—1),—-Z—n(a+ An), = (n—N(n +1 =p) ig sre 


et 
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In Tabelle III haben wir unsere a,-Werte fiir 2s- und 2p-Zustande gemiss 


Gleichung (28) mit den entsprechenden numerischen LATTERschen Werten — 


verglichen. 


Tabelle Til 


“ ve % 


Unsere Eigenwerte a, (GI. 28) fiir die 2s- und 2p-Zustande fiir verschiedene Z-Werte im q 


Vergleich mit den entsprechenden numerischen Werten von LATTER 


Zz 92 
a> aes SNe eee Ss Se ee See ee Se SS 
2s LATTER 1,69 | 4,34 | 8,51 | 11,72) 15,87] 20,06) 23,58] 27,52 31,05) 35,51 
Gl. (28) 1,47 | 4,54 | 8,54 | 12,08} 16,29] 20,63] 25,15] 28,19 31,70; 36,21 
2p LATTER 1,11 | 4,13 | 7,92 | 11,13} 15,24) 19,97] 22,97] 26,93 30,47| 34,93 
Gl. (28) 1,34 | 4,44 | 8,38 | 11,58} 15,81} 20,16] 24,38) 27,71 31,25) 35,78 


Tabelle III zeigt, dass unsere Resultate gut mit den LATTERschen numerischen 
Werten iibereinstimmen. Die héheren Naherungen fiir die Eigenwerte kénnen 
wir wie folgt berechnen. Zuerst schreiben wir die Rekursionsformel fiir die 
cy in folgender Form: 


Cy—y d, v—1 TC Cc, d,. v + Cy44 =0. (29) 


Fir die Rekursionsformel (19) haben die d,,_1 und d,, die Form: 


CT a? Sa 


(2¢+»+1)[a(p+l+»)—1] 
(y+ 1) [@+»+2—p)a—]] 


aa 2{(+»+1)[—at— dal +»4+1)+ 4] 
(+1)[(@+>»+2+4 p)a—1] 


und 


Im Falle der Rekursionsformel (20) sind die entsprechenden d,,_1 und d,, 
durch die Beziehungen 


(20+ %+1)(ptl+y)_ 


mm ACH GL 942—p) 
und . (31) 
nat 24Z— (+14 Dle+ A+ et+ y]} 
ail A(v+ 1) (1+ »+4+2—p) 


gegeben. Sollen die Gleichungen (29) fiir alle »-Werte gelten, so muss folgende 
Bedingung erfiillt werden, weil die unendlich vielen Unbekannten c, ein 
homogenes System darstellen [9]: 


(30) © 


S,S 


Ba be: 
Aus ate aes sehen wir, dass falgantte Bezichung fir die Unterdetermi- 


“nanten & + 1)-ter Ordnung erfiillt ist: 


a * . . A,4. =e d, s A, Sa | 4 : (33) 
_ Die Variation dieses Ausdruckes nach a gibt uns die Formel: 
6 A,+4 _ d.. 6 A, 2. ri 6 d,. d, sal 6 eats a A,-4 6 d, aa : (34) 


Ist a, ein Naherungswert des exakten Eigenwertes a und die Differenz a — == 
e = 6a klein, so haben wir folgende Formel: 
g 
F 


A,44(% + 6a) = Aya (4) + een da=0., (35) 


Die letzte Formel und die Formeln (34), (33) erlauben uns, da zu berechnen. 
Ist da bekannt, so ist damit der exakte Wert von a bekannt. Wir wenden 
dieses Verfahren fiir die d _;, und d,, (Formeln (31)) an, und berechnen 
6a und damit a fiir den 1s-Zustand. Fiir a, wird hier der Wert ag = 74,73 
aus der Tabelle II angenommen. In Tabelle IV sind die Rechnungen gegeben, 


Tabelle IV 
Ein Beispiel fir die praktische Percchnatig des exakten Eigenwertes a fiir den 1s-Zustand 
von Hg (Z = 80): fiir die Werte p = —7,1157 und 0) = 74,73 

A 40,0 | dy 41,0 6 diy»/da | Ay +1 | 64, ,,/6a | 6a 
0 0,19789 | —0,60458 —0,079189 0,19789 —0,079189 2,49896 
1 —2,87371 —0,46022 —0,071360 0,03590 0,21344, —0,16820 
2 —3,66118 | —0,33970 —0,064941 —0,04037 —0,82021 —,049219 
3 —3,92120 | —0,23755 —0,059581 0,17050 3,29113 —0,051806 
4 —3,99494 | —0,14988 —0,055039 —0,69073 | —13,35209 —0,051732 
5 —3,98977 | —0,073811 —0,051139 2,78140 53,80036 —0,051699 
6 —3,94917 | —0,0071739 | —0,047755 —11,03520 | —21,358513 | —0,051664 


Der exakte Eigenwert ist a = dj + 5a = 74.5784. 
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um zu zeigen, wie dieses Verfahren in der Praxis verlauft. Tabelle IV zeigt, 
dass schon einige Schritte geniigen, um da zu bestimmen, wenn der Anfangs- 
wert a) in der Nahe des exakten Wertes von a liegt. Hat man den exakten — 
Eigenwert a gefunden, so kann man die exakten Werte von A, berechnen. 
Die Rekursionsformeln (19) und (20) fiir die c, und die Formel (33) zeigen, 
dass c, folgender Formel geniigen muss: c, = (—1)’4v. Sind die c, bekannt, 
so ist auch die Eigenfunktion fiir den exakten Eigenwert a analytisch gegeben. 
Fur die praktischen Rechnungen ist die in dieser Arbeit dargestellte Methode 
sehr wichtig. Die einfache Form der Naherung der Thomas-Fermischen 
Funktion, die hier gegeben ist, erlaubt die Schrédiger-Gleichung exakt zu 
lésen. 

Ich habe noch die angenehme Pflicht, Herrn Prof. P. GomsBAs zu danken 
fiir die mir gegebene Méglichkeit, das Physikalische Institut der Universitat 
fiir Technische Wissenschaften in Budapest besuchen zu kénnen. Weiter 
danke ich herzlich Herrn Prof. A. K6nya fiir sein Interesse an dieser Arbeit. 
Fri. J. Vacz6 bin ich fiir die numerischen Rechnungen verpflichtet. 
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The injection efficiency of a point contact has been measured as a function of the 
_. field pixength of the normal drift field, at different emitter currents. 


4 Introduction 


‘ The proportion of the hole current to the total current flowing through 

the point contact is called the injection efficiency of the point contact. The 

_ usual method [1], [2] for measuring this injection efficiency is as follows. 

; Through a long germanium filament of a small cross section there passes 
current by which the point contact injected holes are displaced in the corre- 
sponding direction. The holes so displaced reduce the resistivity of those parts 
of the filament which they have already reached. The change of the resistance 
is measured by potential probes and in this way the apparent injection effi- 
ciency can be calculated. This value is smaller than the injection efficiency 
to be determined, as part of the holes travelling from the emitter point to the 
potential probe recombines and these holes do not reduce the resistivity. There- 
fore, when determining the injection efficiency, the apparent injection effi- 
ciency is measured at different drift currents and the values obtained in this 
way extrapolated to an infinite drift current, resp. drift field, i. e. to the case 
where the travelling time from the emitter to the potential probe is zero. 
According to the measurements of [1] and [2], in case of an appropriate sur- 
face treatment of the n-type germanium the injection efficiency is near to 
unity. , 

The method described above contains implicitly the hypothesis accord- 
ing to which the injection efficiency of the point contact is independent of 
the magnitude of the drift field. This problem has been theoretically studied 
by Toupyco [3]. He pointed out that the above hypothesis is not valid, as 

- the injected holes are being swept away by the drift current and so favourable , 
conditions are produced for the injection of further holes. According to his 
calculations the dependence of the injection efficiency on the emitter current 
— especially in case of strong emitter currents — is considerable and the 
injection efficiency determined in this way is of the value of unity as a con- 
sequence of the measuring method. 
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Experimental 


The aim of the measurements has been the determination of the depend- 


ence of the injection efficiency on the drift field. This dependence has been 


determined by measuring the current amplification factor of the filament — 


transistor. According to [1], the current amplification factor a is 


Ty Te 


Gee SEO TERS Sy eee (1) 


rT +f, type 


where ry, resp. r, are the resistances of the germanium filament zones from 
B to the emitter point contact, resp. from the point contact to C (Fig. 1); 
y the injection efficiency; 6 the quotient of the electron and hole mobility 
(its value is in case of pure germanium: 2.1). In case of a not very high fre- 


quency 


— Tebpte Ey pre pos 2 
ee eee ae 


I, (r, - T») 


taking the recombination into consideration. Here Tp means the life time of — 


the holes, y, the hole mobility (its value is in case of pure germanium 


1700 cm?/Vsec), E, the field strength of the drift field, J. the Jength from~ 


the emitter point contact to C. 
The injection efficiency, as it can be seen from equ. (1), becomes 


ae a(r, + r,) Eb 


re(1 +B 6) 


The filament used for the examinations: was made of an n-type germanium 


slice of a resistivity of about 40 Ohmem, its length was 5 mm, its cross-section | 


0.15 mm?, In order to avoid the injection of ‘the end contacts, the sample 
widened at its ends. Before being measured the sample had been etched with 
CP 4. The emitter point contact was made of phosphorus bronze. 

For the measurement of the value of a figuring in equ. (3) an arrange- 
ment similar to that described in [4] was used. (Fig. 1.) The current ampli- 


” 


fication factor is the quotient of the alternating voltages measured. on the _ 


50 Q resistances. The values of r, and re have been determined by means 


‘of potential measurements. Tp» necessary to the calculation of 8, has been — 


determined from the time variation of the resistance change coming about 
under the influence of the light impulse. This value was found to be 11 psec. 
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= Fig. 2 the measuring results can be seen: the injection efficiency 
a % a anction of the field strength of the drift field, at various emitter currents. 
t is obvious that with increasing field strength the injection efficiency defini- 
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tely increases and this-increase is of particular importance at high emitter 


currents. 
The author would like to express his best thanks to Dr. Z. Bové and 


Mr. Gy. PAszror for their stimulating remarks and their advice and to Dr. 
I. Szép and his collaborators for their help in solving the technological problems. 
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cA _ HALF-EMPIRICAL METHOD FOR THE DETERMINA- 
TION OF THE BOND ENERGY OF THE HYDROGEN 
‘MOLECULE’S GROUND STATE ON THE BASIS OF THE 
MOLECULAR ORBITAL METHOD 


Ss ; By 
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The ground state of the hydrogen molecule was investigated by CouLson 
_ [1] on the basis of the LCAO MO method. He has discussed the problem also 
_ with the aid of SCF MO-s [2]. Permitting also a variation of the nuclear charge 
he obtained 3.47 ev for the bond energy, while the calculation resulted only 
in a value of 3.63 ev also then, when this was performed with the best SCF 
MO-s. The fact that the LCAO MO method gives a worse result than the 
V. B. method in the same approximation (WANé [3], 3.76 ev) becomes clear 
when considering that by the LCAO MO method the ionic states are taken 
into account with too high weights. On the other hand, according to CouLson, 
the self-consistent field method is not very suitable for molecular problems. 

Recently Frost and BraunsTEIN [4] using MO-s, which included 
explicitly also r,., the distance between the two electrons, have obtained 
4.11 ev for the bond energy, while Harris [5] taking into account also the 
configuration interaction between the MO-s obtained a value of 4.44 ev 
The calculation of Frost and BRAUNSTEIN is, however, not a rea] MO calcu- 
‘lation. because their two-electron wave function is not constructed from 
wave functions depending only on the coordinates of one electron [6] and 
also the procedure of Harris is exceeding the scope of the simple molecular 
orbital method. It should be mentioned that JAmMEs and Coo.ipcE [7] already 
27 years ago using a trial function which contained many variational para- 
meters and members depending on rj», obtained 4.72 ev for the bond energy 
without considering the configuration interaction. This value practically 
agrees with the experimental value of 4,74 ev [8]. 

Taking into account these difficulties of the investigation of the hydro- 
gen molecule’s ground state it seems reasonable to use the eigenfunctions of 
the Hz ion = molecular orbitals. As is well known, the Schrédiger equation 
of the H} idn is exactly solved. Hytieraas [9] using the H, eigenfunctions, 


7T* 
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which he obtained treating the Hz ion, tried to discuss also the H, molecule 
as early as 1931. Here, however, he has made assumptions which turned 
out not to be acceptable. Since that time, according to my knowledge, no 
attempt has been made to approach the problem of the H, molecule with 
the aid of the eigenfunctions of the Hz ion. 

Writing the expectation. value of the Hamiltonian of the H, ee 


in the usual form of 


_ _ Sy*(1,2)H y(1,2)dt,dz, 
He =~" Fy (12) v (52) dtd 7, “ 
and taking 
y (1.2) = vai (1) vast (2) (2) 
for y(1, 2), we obtain 
= § vhs (1) pit (2) H vat (1) vat (2) dt, dt, . (3) 


Here the normalizing condition for the YH; eigenfunctions [10] has been 
taken into account. Substituting the Hamiltonian (in atomic units) of the two 
electrons of the H, molecule 


1 
ni Meme SY a T tS. 47 sd wae (4) 
into equation (3) this becomes 


= | vis (y|— said a ~ ie =| vet (de | lve (2) [?+ 


2 a1 by 


+f vhs (2)| — +4, — a = =| at Q)d [| yns (1) [Pd x, + 


tafuatt | Put (1) |? | pat (2) |*dt,dt, 
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(5) 


Taking into account, that the wave functions Yui are the eigenfunctions 
of the Hamiltonian of the H, ion, 


1 1 1 
Hy* == [Aes eS 


Te 


But ¥ut = Ext Yui » (7) 
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‘considering again the momaliiie condition for the functions Put we 


Ty 


The expectation value (8) is of course a function of R, the distance 
. _ between the two nuclei. The values for E;;+ are given for different inter- 
- nuclear distances by Hy tieraas [9], but the value of the integral, which 
_ occurg on the right side of equation (8), cannot be found in the literature. 
__-The evaluation of the missing integral would be, however, rather cumbersome, 
_ because the YH; functions are involved. Therefore it seemed reasonable 
j to apply ‘only a half-empirical procedure and to calculate the energy only 
_ for the experimental value of 0.74 A = 1.40 a. u. of the internuclear distance. 
A more correct method would be, of course, the determination of the mini- 


mum of the energy curve, 


Ey (R) = Hy, (BR) +7) (9) 


of the H, molecule and to determine the value of the equilibrium internuclear 
distance also theoretically. — Substituting instead of the Hz functions as 
first approximation the best SCF MO-s of the H, molecule into the integral 
occurring in equation (8) we obtain 


E,,, (1,40 a. u.) = 2 E,,; (1.40 a. u.) + 


1) 2) |? 1 
an bet ) Pl ¥scr (2) | dz,dt, ne : 


(10) 


Tie 


For Eys (1.40 a. u.) the value —1.2828 a. u. is obtainable on the basis 
of the interpolation of the values given by Hyitieraas. The integral occurring 
in equation (10) was evaluated for 1.40 a. u. internuclear distance by CouLson 
using the best SCF MO-s, he obtained for it 17.8 ev = 0.6563 a. u. [11]. The 


value of the repulsion term between the nuclei is ——~ = 0.7143 a. u. Substi- 


> 


tuting these values into equation (10) and subtracting the energies of two 
free H atoms we obtain for the bond energy of the H, molecule at the equi- ‘ie 


librium internuclear distance: 
Ey, (1,40 a. u.) = Ey, (1,40 a. u.) — 2 Ey = 
= [2 - (—1,2828) + 0,7143 — 2 (—,5000)| a.U. — (11) 
+ 0,6563 a. u. = (— 23,1 + 17,8) ev = — 5,3 ev. 
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The value of the bond energy obtained with the aid of this half-empirical 
approximation method is roughly larger by 0.6 ev than the experimental 
value of-4.74 ev. The fact that we have gained a bond energy value being 
larger than the experimental value contradicts the results of the usual varia- 
tion methods. This becomes, however, understandable, if we take into account, 
that for the interaction integral between the electrons we have taken a value 
which was computed with SCF MO-s. Namely, this value might be expected 
to be smaller than the value obtainable in the calculation of this integral 
with the wave functions of the Hz ion and therefore for the bond energy 
a value which is more negative than the experimental one can be expected. 
On the other hand it has to be remarked that the deviation from the experi- 
mental figure of the value, obtained with this rough approximation, is smaller 
in absolute value, than in the case of the SCF MO-s (the deviation is 1.1 ev), 
which is the best approximation among the MO approximations in the narrow- 
est sense. For the final elucidation of the problem it would be necessary to 
evaluate the integral giving the energy term, which arises from the repulsion 
between the electrons, with the eigenfunctions of the H, ion. 

I am especially indebted to G. Scoay, Member of the Hungarian Aca- 
demy of Sciences, who has called my attention to the problem and to T. 
HorrMann, Doctor of Physical Sciences, for his valuable remarks. 
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= 
The energy expression as well as the first and second order density 
matrices have recently been deduced for wave functions built up of orthogonal 


two-electron orbitals {1, 2, 3] Identifying the respective two-electron orbitals 


eo a ae ee 


with the corresponding bonds, the mean value of the energy and of other 


physical quantities can take [a visual form. For wave functions built up of 


_ non-orthogonal two-electron orbitals the first and second order density matrices 


will in the general case be very complex. The density matrices can also be 
deduced for ‘almost orthogonal’? two-electron orbitals if some terms are 
neglected (in many cases this may lead to a greater error), in this case, however, 


_ the visuality of the mean value of the physical quantities cannot be maintained 


[4, 5]. Now the question arises whence to derive the orthogonal and the “almost 
orthogonal” two-electron orbitals. The most simple way is to start from the 
well-known one-electron orbitals. Let us assume the molecule to have N bonds 
and lone pairs. We identify these bonds and lone pairs with the orthonorma- 
lized two-electron orbitals Y)(x, | %), [= 1, 2, 3,... N (in addition to the 
3 space coordinates x also contains the spin coordinate). Let us assume further 
that all Y (x, | %) belong to singlet spin states, i.e. they are of the form 


1 
WY, (x,| x2) = vr (r| yg [2 e@) = 2(2)6()| 
(r means the space coordinates). We shall start from the one-electron orbitals 
G1, 9}, ... GA... PL Gh... Ph +. Phy ees ON ON». Poe 


which are orthonormalized, i.e. 
J ph (r) f(r) dv = 5774, - 


Such orbitals can be obtained in the following manner: 


} 9 + 
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1. From the orbitals of atoms in the molecule (adding an arbitrary 


number of orbitals corresponding to excited states) we form one- and two- — 


center orbitals corresponding to the local symmetries of the individual bonds 
and lone pairs, respectively. . 

2. Afterwards we orthogonalize these orbitals by L6wp1n’s well-known 
method [6]. 

The y;-s are taken in the form 


i § oi 
1 (Ty| 72) = > Che Ph (ry) Ph (Ta) + SCL Gh (ra) Pi (re) + 4 (7) v2 (r2)) - 
x=1 l=x>A 
If the normalization conditions 
21 Che + S| V2 ChP= 1,” 
are satisfied for every I,-then the two-electron orbitals y; (r, | r,) are ortho- 
gonal and normalized : 
S vr (ra| 72) vy (ra 72) doy = 0, if I+J, 


J v1 (| 72) Yr (ry | 72) do, dv, =1, for every! . 


All y,(r,|r,) are symmetric in the variables r,, r,, thus all y, (x, | x2) in the 
variables x,, x, are antisymmetric. As the Hamilton operator and the 7-8 
are real, the coefficients C!, will also be real. 


By integrating over the spin variables the energy expression of the. 


molecule becomes [1, 2, 3]: 
E=H(0)+25 rf H (1) yy (ry | 12) v1 (ry | 72) dv, dv, + 


seh nad (ry 73) v1 (ry | 79) doy dv, + 7 (1) 


2 — P,,) : ‘ 
ea ( m 2’ vy (ra | 74) Py (r.| 14) Y, (ri | 73) ¥7 (ry | rs) dv, dv, dv, dv, . 
12 


(It should be noted that, as usual, first the operators are applied to the un- 
primed coordinates, then, putting the primed coordinates equal with the 
unprimed ones, we carry out the integrations.) 
To avoid piling up of the indices we introduce new coefficients 
»;(%, +1) 


C1(i = 1,2, .., Se Cl G1 paeeen 


tel 


' oe 
5 ee the tworelectron, quantal ig 


a3 = 30 ol (ry| 7) 


Pag! vin |r9) = 92 (04) 1 (74) if 3 = 1,2. ,..0, - and 
Heald = Pe rueorleg + eledetca) US alld dant der ohe 


Zee) | 
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‘The normalization condition is the following: 


S(CH=1, for every I. 
, | 


With the usual notations _ 


(1i| H (1)| Jj) = {94 (r, |r.) H (1) y/ (r, | 72) dv, = 


Se ; 

; (i A \1) = fottalen 2 oteiedaedes, 
A To Fe 
| (1 Ji Pauaead = { vitesl70) 9f Cale) 
4 Tio 
4 PK (Ta | T4) PF (T2| 14) dv, dv, dv, du, , 
: . f I a} 1 
: (" L1|—|KkJj =| ollie) 9 (72 | T3) — 

To | 7 The 


Pie (To | 4) gt (r, | 74) dv, dv, dv, dv, , 


_ the energy expression (1) becomes: 


E=H()+2> Sewusaisnes+ > Pra li 4) oy+ (3) 
aa (2c! oj(ti Tes | ses} che} — CC} tit a Jk ni) cf). 
J#I - 1732 


ms ’ ae eee ie rg } | sa = cee Bs a 
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x oy (1 n\—\, n| jex}| C}—E'C}=0. 
? | 


The expression in brackets can be considered as a matrix element of the ope- — 
rator a 


— 


“HP 2H) ++ 2 fe Fis) yl (r5)ry) w! (ry|ta) -~- dos dey. (A) 


Toe J Tig 
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This operator is different for each I. The system of equations takes the form 


> (li| H"| Tj) C} —E'C]=0 for every i and I. (5) 
H 


_ The subsystems relating to the respective I-s can be solved in the usual manner, 
by successive approximation. 

Making a certain assumption for the C; /_s we form all matrix elements 
for each operator H' and then we determine the lowest roots of the N sub- 
systems one by one, together with the respective poclicrgty G/™., The proce- 
dure is repeated until the assumed and the calculated Cj-s agree. 

In principle, in addition to the C/-s, the functions e may also be varied. 
This leads to a special case [7] of the extended Hartree-Fock equations [8]. _ 
The solution of these for molecules, however, is still impracticable. 


ee 


pone 


Knowing the coefficients C} the respective two-electron orbitals can 
take simpler forms with the aid of the so-called “natural orbitals” [7, 9, 10]. 
Returning from C/-s to Ci,-8, for each I separately we transform the matrix 
C’ of the coefficients to diagonal form with the unitary transformation U!: 


u'* c'U! = ec! = diagonal matrix. 
The “natural orbitals” y/(r) will be: 


Xx (1) = 2?! (r) Ui, 


os 
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‘to this the operator H' (and the energy expression as well) become | 4 
igs By the lowest roots E' of the N subsystems the energy can be expressed 
in the following manner: : 


i: 1 ele 
E=H(0)+ S§E'+ = Z [ectesfrea) ~ | sen) cxer — 
: Bi pa Tis 


hos iiss 


: ~ cic) [H wt) Aloe 4 C] a 

d is 
_ Omitting the second term of the Hamilton operator (4) and adding to the sum re 
_ in the third term the [I-th term we obtain a universal operator - a 


H (1) = 2H (1) + Bey of scsbillayy (r3| 14) vy (73 | 14)... dvgdv,, 


eee 


identical for every I. Strict agreement between this and (4), however, is only 

obtained if all two electron functions consist of a single term of the form 
g’ (r:) v' (rg). Going over to ‘natural orbitals” we may observe the fact that 

_ such a change in the operators H ' does not mean a great error, as | et |~1 

and | c,| <1, if x = 2, 3, ... »; for every I. 

The system of equations obtained by the variation of the Ci-s (taking 

the normalization condition (2) into account) is 


> (i| H(1) |G) Cj —2'Ci = 0 for every i and I. (7) 
j 


This is also factorized into N subsystems, the lowest roots of which are the 
respective “pair energies”. These can be solved in the same way as the equa- 
tions (5). ; 

In case the two-electron orbitals are built up of one-electron orbitals 
the “natural orbitals” give the most rapid convergence. To obtain a good 
approximation we have to take a large number of suitable orthonormalized 
one-electron orbitals q), into account, even in this case. Having solved the 
equations (5) or (7) and gone over to “natural orbitals”, it seems appropriate 
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to keep only a few of these for each two-electron orbital. The truncated two- 
electron orbitals @'(r, |r.) so obtained are completed by such f(r, | Tr.) terms 


which involve expressions not separable into one-electron coordinates (e.g. — 
; : ease I 
Tj. and its powers), as well as variation parameters. Naturally the f(r, | r2)-s 


have to be symmetric in the coordinates r,, To. 
Take the new two-electron orbitals in the form 


@! (r,| 7.) + al f1 (ry | 75) . 


To simplify the further calculations it is suitable to take the f'(r, T,)-S in a 
form orthogonal to any “natural orbital pair” yJ(r), yi (r) in any of the 
truncated D'(r, | Ty)-8, i.e. 


ff (r,| ro) x2 (r,) xi (r2) dv, dv, = 0 for every I, J, K and x, A. (8) 


The orthogonalization does not involve serious difficulties. Let us require 
that the fis are normalized, i.e. 


Sf? (r, | ra) Sf! (7, | 72) dv, dv, (for every I). 


If the truncated ©'(r, r,) orbitals already give a good approximation, by 
varying the a’-s (as well as the parameters in the f’s), the a/-s so obtained 
will in general be small numbers as compared to 1 (a’ <1 for every I). 
Thus the energy expression can be written 


E= E+ Fl4 F24.,,, 

E® in the a’-s is of zeroth order (similar to 1), 
E’ in the a’-s is of first order, 

E? in the a'-s is of second order etc. 


Depending on the required accuracy terms of higher order can be neg- 
lected. The orthogonality conditions (8) greatly simplify the terms appearing 
‘in the energy expression. The first order term is of the form 


B= 4 Se! [HONS Gln) OG I)dedy +2 Saf 2 

I I Tio 

PCa aN ely dei dies ae [ [2.6 (ry 74) ©! (ry | 15)! (ra| 174) ® (ry 74) — 
FEF 73) P! (7q| 75) BY (rg | rq) ®/ (r, | 1r4)] dv, dv, dv? dv, . 


. I A : 
Varying thea’-s, and the parameters in f’ we obtain the best “almost ortho- 
gonal” two-electron orbitals for the given case. 
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In this paper we derive an exact formula for the phase shifts of the 
Drrac’s equations for non-singular potential. We require the potential V to 
be non-singular in the interval 0, oo, as also for r—» co V decreases more 
rapidly than the Coulomb potential. If we denote by G, and F,, the radial 
parts of the Drrac’s equations, then G, and F,,, as known are given by 


oe 

ixire c dr r 

ae eau aie: (ka ae (1) 
Pe c Tr St 9 


Eliminating the solution F,, for the above-written equations, we obtain! the 


following differential equation of the second order for G, 


dr? ra 


2 ae 


In this equation the symbols a.and f are given by 


— mc} - (3) 


a= [= + md and p= : @ 
ack c 


h 


c 


Taking into consideration the substitution U, = a’!? y,/r’ we obtain for yp 
the following differential equation for the second order of the normal form 


TS 4 Alas ap BPD Winter cayre ying ae 
he U@|mn=0. 


In this equation k, U are 


k2 = (W2 — m? c4) | hi? c? 


1N. Morr and H. S. W. Massey, Tho Theory of Atomic Collisions, Oxford, 1950. 
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and 4 a 
2eVW e2 V2 (n+1)@ 3a”? a (5) 
Pal Siar R22 Pe? ra 4a? 2a’ 


In case if V = 0, the linear independent solutions of eq. (4) are given by 


a kr kr 

Yn (7) = =. 7 7 and 2y,(r)= | “gets (n+ ay} ; (6) 
The solution ,y,(r) is non-singular at the zero point r = 0 and the other solu- 
tion ,y,(r) is singular at this point. The solutions ,y,(r) and ,y,(r) given by 
eq. (6) have the following asymptotic forms for r—> co 2 


LY n(r) > sin [Ar _ - and 5y,(r)—> cos (> — ea , (7) 
The asymptotic form of y,(r) given by eq. (4) is 
¥n (7) —> sin [er _ ie _ nal : (8) 


In the above-written formula 7, is the phase shift of the Drrac’s equations 
in case if the potential V is non-singular in the interval 0, coo and V vanishes 
at infinity more rapidly than l/r. If the potential V possesses the above- 
mentioned properties, then for a sufficiently large r (r > r)) we can express 
the exact solution y.(r) given by eq. (4) as follows 


x kr : 
Yn (r) = | (cons, 4 a) oF sales Oe s(n] : (9) 


¥n(r) has the required asymptotic behaviour given by eq. (8) and also ‘fulfils 
the eq. (4) for V = 0. For large r (r > rq), where r, is sufficiently large, y,,(r) 
given by eq. (9) gives the exact solution of eq. (4). Since the solution ¥n(r) 
is oscillatory, and if we denote by r, a zero of y,(r), so that r, is larger than 
ry then eq. (9) gives us for the phase shifts 7, of the Drrac’s equations the 
following formula 
J 1 (Ary) 
n+ > 


tang 7, = Bi fan) (hr oi (10) 


This formula allows us to calculate the phase shifts 7, if we know the suffi- 
cienty large zero r, of the exact solution y,(r) given by eq. (4). The above- 
mentioned zero r, must be calculated numerically. The formula for "n given 
by eq. (10) is exact, if only the potential V of the Drrac’s equations (1) is 
non-singular and decreases at infinity more rapidly to zero than 1/r, 
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